
q-Analogue Modified Laguerre Matrix Polynomials of ……………….Fadhl  S.N. Alsarahi 
 

 

 

Univ. Aden J. Nat. and Appl. Sc. Vol. 25 No.1 – April 2021                                            149 

 

q-Analogue Modified Laguerre Matrix Polynomials of Three Variables 
Fadhl S.N. Alsarahi 

Department of  Mathematics, Faculty of Education, Yafea, Aden University, Yemen 

/uajnas.2021.n1.a12https://doi.org/10.47372: DOI 

 

Abstract 
 

       In this paper, the q-analogue modified Laguerre matrix polynomials of three variables are 

introduced as finite series and Some properties of these matrix polynomials are obtained. 
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1. Introduction 
      Matrix generalization of special functions has become important in the last two decades. The 

reason of importance have many motivations. For instance, using special matrix functions provides 

solutions for some physical problems. Also, special matrix functions are in connection with 

different matrix functions. 

     J´odar et al introduced Laguerre matrix polynomials in [11]. Some important and different 

properties of Laguerre matrix polynomials were investigated (see [1,2, 6,7, 9,11,18,20] ).  

     Throughout this paper, for a matrix 𝐴 in 𝐶𝑁×𝑁, its spectrum 𝜎(𝐴) denotes the set of all 

eigenvalues of 𝐴. 

     The matrix analogues of Pochhammer symbol or shifted factorial is defined by [14] 

 (𝐴)𝑛 = 𝐴(𝐴 + 𝐼)(𝐴 + 2𝐼) … (𝐴 + (𝑛 − 1)𝐼),   𝑛 ≥ 1, (𝐴)0 = 𝐼 ,              (1.1) 

where,  𝐴 ∈ 𝐶𝑁×𝑁 . The hypergeometric matrix function  𝐹(𝐴, 𝐵; 𝐶; 𝑧) is defined by [14] 

𝐹(𝐴, 𝐵; 𝐶; 𝑧) = ∑
(𝐴)𝑛(𝐵)𝑛[(𝐶)𝑛]−1

𝑛!
𝑧𝑛

𝑛≥0 ,                                    (1.2) 

for matrices 𝐴, 𝐵, 𝐶 in 𝐶𝑁×𝑁 such that 𝐶 + 𝑛𝐼 is invertible for all integers 𝑛 ≥ 0 and for 𝑧 < 1  (see 

[10]). 

     Furthermore, for a matrix 𝐴 in 𝐶𝑁×𝑁, the authors exploited the following relation due to [10]: 

                (1 − 𝑦)−𝐴 = ∑
(𝐴)𝑛

𝑛!
𝑦𝑛∞

𝑛=0 ,      |𝑦| < 1.                                (1.3) 

Also, for a matrix 𝐴(𝑘, 𝑛) in 𝐶𝑁×𝑁 for 𝑛 ≥ 0 and 𝑘 ≥ 0, the following relation is given by 

Defez and J´odar in [4] 

              ∑ ∑∞
𝑘=0

∞
𝑛=0 𝐴(𝑘, 𝑛) = ∑ ∑𝑛

𝑘=0
∞
𝑛=0 𝐴(𝑘, 𝑛 − 𝑘).                               (1.4) 

∑ ∑𝑛
𝑘=0

∞
𝑛=0 𝐴(𝑘, 𝑛) = ∑ ∑∞

𝑘=0
∞
𝑛=0 𝐴(𝑘, 𝑛 + 𝑘).                               (1.5) 

     We conclude this section by recalling the Laguerre matrix polynomials. Let 𝐴 be a matrix in 

𝐶𝑁×𝑁 such that −𝑘 ∉ 𝜎(𝐴)  for every integer 𝑘 > 0 and 𝜆 be a complex number whose real part is 

positive. Then the Laguerre matrix polynomials 𝐿𝑛
(𝐴,𝜆)(𝑥) are defined by [11]: 

       𝐿𝑛
(𝐴,𝜆)(𝑥) = ∑

(−1)𝑘(𝐴+𝐼)𝑛[(𝐴+𝐼)𝑘]−1𝜆𝑘𝑥𝑘

𝑘!(𝑛−𝑘)!
𝑛
𝑘=0 .                                       (1.6) 

      The generating function of Laguerre matrix polynomials is given in [11] by 

(1 − 𝑡)−(𝐴+𝐼)𝑒𝑥𝑝 (
−𝜆𝑥𝑡

1−𝑡
) = ∑ 𝐿𝑛

(𝐴,𝜆)(𝑥) 𝑡𝑛∞
𝑛=0 ,   𝑡 ∈ ℂ,   |𝑡| < 1, 𝑥 ∈ ℂ, 

and Rodrigues formula is 

   𝐿𝑛
(𝐴,𝜆)(𝑥) =

𝑥−𝐴𝑒𝑥𝑝(𝜆𝑥)

𝑛!
𝐷𝑛[𝑥𝐴+𝑛𝐼𝑒𝑥𝑝(−𝜆𝑥)],   𝑛 ≥ 0.                           (1.7) 

     Also, Laguerre matrix polynomials satisfy the three-term recurrence relation 

(𝑛 + 1)𝐿𝑛+1
(𝐴,𝜆)(𝑥) + [𝜆𝑥𝐼 − (𝐴 + (2𝑛 + 1)𝐼)]𝐿𝑛

(𝐴,𝜆)(𝑥) + (𝐴 + 𝑛𝐼)𝐿𝑛−1
(𝐴,𝜆)(𝑥) = 0,  (1.8) 

and second order matrix differential equation 
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   [𝑥𝐷2 + ((𝐴 + 𝐼) − 𝜆𝑥𝐼)𝐷 + 𝜆𝑛𝐼]𝐿𝑛
(𝐴,𝜆)(𝑥) = 0.                                         (1.9) 

     In [3], it is shown that an appropriate combination of methods, relevant to operational calculus 

and to matrix polynomials, can be a very useful tool to establish and treat a new class of two 

variable Laguerre matrix polynomials in the following form: 

     𝐿𝑛,𝑚
(𝐴,𝜆)(𝑥, 𝑦) = ∑ ∑

(−1)𝑠+𝑘(𝐴+𝐼)𝑛+𝑚[(𝐴+𝐼)𝑠+𝑘]−1(𝜆𝑥)𝑠(𝜆𝑦)𝑘

𝑠!(𝑛−𝑠)!𝑘!(𝑚−𝑘)!
𝑚
𝑘=0

𝑛
𝑠=0 , {𝑛, 𝑚} ≥ 0.(1.10) 

     The generating relation for the matrix function 𝐿𝑛,𝑚
(𝐴,𝜆)(𝑥, 𝑦) is given by the formula: 

(1 − 𝑢 − 𝑣)−(𝐴+𝐼)𝑒𝑥𝑝 (
−𝜆(𝑥𝑢+𝑦𝑣)

1−𝑢−𝑣
) = ∑∞

𝑛,𝑚=0 𝐿𝑛,𝑚
(𝐴,𝜆)(𝑥, 𝑦)𝑢𝑛𝑣𝑚, 

where {𝑥, 𝑦, 𝑢, 𝑣} ∈ ℂ and |𝑢 + 𝑣| < 1. 
 

     Recently, q-calculus has served as a bridge between mathematics and physics. Therefore, there 

is a significant increase of activity in the area of the q-calculus due to its applications in 

mathematics, statistics and physics. 

    Let the q-analogues of Pochhammer symbol or q-shifted factorial be defined by  [8] 

       (𝑎; 𝑞)𝑛 = {
1                           ,    𝑛 = 0

∏ (1 − 𝑎𝑞𝑘)𝑛−1
𝑘=0 ,    𝑛 ∈ 𝑁

 ,                                            (1.11) 

also,                                (𝑎; 𝑞)𝑛+𝑘 = (𝑎; 𝑞)𝑛(𝑎𝑞𝑛; 𝑞)𝑘.                                                                   

Now, the q-shifted factorials, where k and n are nonnegative integers [21]: 

(𝑎; 𝑞)𝑛−𝑘 =
(𝑎;𝑞)𝑛

(𝑎−1𝑞1−𝑛;𝑞)𝑘
(−

𝑞

𝑎
)

𝑘
𝑞

(𝑘
2

)−𝑛𝑘
,   𝑎 ≠ 0, 𝑘 = 0,1,2, … , 𝑛.     (1.12)                      

The q-binomial coefficient (or Gaussian polynomial analogue to 








k

n
 is defined by ([8] and 

[21]) 

[
𝑛
𝑘

]
𝑞

=
(𝑞;𝑞)𝑛

(𝑞;𝑞)𝑛−𝑘(𝑞;𝑞)𝑘
= [

𝑛
𝑛 − 𝑘

]
𝑞

 ,                                                  (1.13) 

         [
𝛼
𝑘

]
𝑞

=
(𝑞−𝛼;𝑞)𝑘

(𝑞;𝑞)𝑘
(−𝑞𝛼)𝑘𝑞

−(𝑘
2

)
    , 𝛼 ∈ ℂ, 𝑘 ∈ Ν0 ,                           (1.14)                                     

     The q-analogue of the power (binomial) function (𝑥 ± 𝑦)𝑛 ([17]) is given by 

(𝑥 ± 𝑦)𝑛 ≡ (𝑥 ± 𝑦)𝑛 ≡ 𝑥𝑛(±
𝑦

𝑥⁄ ; 𝑞)
𝑛

= 𝑥𝑛 ∑ [
𝑛
𝑘

]
𝑞

𝑛
𝑘=0 𝑞

(𝑘
2

)
(±

𝑦
𝑥⁄ )

𝑘
.        (1.15)      

     The formulas for the q-difference 𝐷𝑞 of a addition, a product and a quotient of functions are 

𝐷𝑞(𝜆𝑓(𝑥) + 𝜇𝑔(𝑥)) = 𝜆𝐷𝑞𝑓(𝑥) + 𝜇𝐷𝑞𝑔(𝑥),                                         (1.16) 

𝐷𝑞(𝑓(𝑥). 𝑔(𝑥)) = 𝑓(𝑞𝑥)𝐷𝑞𝑔(𝑥) + 𝑔(𝑥)𝐷𝑞𝑓(𝑥),                                   (1.17) 

𝐷𝑞 (
𝑓(𝑥)

𝑔(𝑥)
) =

𝑔(𝑥)𝐷𝑞𝑓(𝑥)−𝑓(𝑥)𝐷𝑞𝑔(𝑥)

𝑔(𝑥)𝑔(𝑞𝑥)
,     𝑔(𝑥)𝑔(𝑞𝑥) ≠ 0.                            (1.18)                        

      The q-exponential function is defined by [21]:                                                           

𝑒𝑞(𝑥) = ∑∞
𝑛=0

𝑥𝑛

(𝑞;𝑞)𝑛
 .                                                           (1.19) 

     Moak (1981) introduced and studied the q-Laguerre polynomials [15] 

𝐿𝑛
(𝛼)(𝑥; 𝑞) =

(𝑞𝛼+1;𝑞)
𝑛

(𝑞;𝑞)𝑛
∑

(𝑞−𝑛;𝑞)𝑘𝑞
𝑘(𝑘+1)

2⁄ (𝑞𝑛+𝛼+1𝑥)
𝑘

[𝑘]𝑞!(𝑞𝛼+1;𝑞)𝑘

𝑛
𝑘=0 ,   𝛼 > −1, 𝑛𝜖𝑁0.    (1.20) 

      Fixed 0 < 𝑞 < 1 and 𝛼 > 1, the explicit form of the 𝑛th degree monic q-Laguerre polynomial 

reads ([15, 2.3])  

𝐿𝑛
(𝛼)(𝑥; 𝑞) =

(−1)𝑛(𝑞𝛼+1;𝑞)
𝑛

(1−𝑞)𝑛
∑

(𝑞−𝑛;𝑞)𝑘(1−𝑞)𝑘𝑞
𝑘(𝑘+1)

2⁄

(𝑞𝛼+1;𝑞)𝑘(𝑞;𝑞)𝑘𝑞(𝑛−𝑘)(𝛼+𝑛)
𝑛
𝑘=0 𝑥𝑘 ,    𝑛𝜖𝑁0.         (1.21) 

     Mohsen and Alsarahi [16] introduced q-analogue modified Laguerre polynomial of two 

variables by the following: 



q-Analogue Modified Laguerre Matrix Polynomials of ……………….Fadhl  S.N. Alsarahi 
 

 

 

Univ. Aden J. Nat. and Appl. Sc. Vol. 25 No.1 – April 2021                                            151 

𝐿𝑛,𝑚
(𝛼,𝛽)

(𝑥, 𝑦; 𝑞) =
(𝑞𝑚;𝑞)𝑛(𝛽𝑦)𝑛

𝑞𝑚𝑛(𝑞;𝑞)𝑛
ϕ11 (𝑞−𝑛; 𝑞𝑚; 𝑞, −𝑞𝑚+1 𝛼𝑥

𝛽𝑦
).                (1.22) 

           where ϕ11  is the basic hypergeometric or q-hypergeometric function. 

     The generating relation for  𝐿𝑛,𝑚
(𝐴,𝜆)(𝑥, 𝑦) is given by the formula: 

[1 − 𝛽𝑡𝑦]𝑞
−𝑚𝑒𝑥𝑝𝑞 [

−𝛼𝑥𝑡

1−𝛽𝑡𝑦
] = ∑∞

𝑛=0 𝐿𝑛,𝑚
(𝛼,𝛽)

(𝑥, 𝑦; 𝑞)𝑡𝑛.             (1.23) 

 

2. q-Analogue Modified Laguerre Matrix Polynomials of Three  Variables 

    In this section, we introduce the q-analogue modified Laguerre matrix polynomial of three  

variables by the following generating function: 

[1 − 𝛽𝑧(𝑢 + 𝑣)]𝑞
−(𝐴+𝐼)

𝑒𝑥𝑝𝑞 (
−𝛼(𝑥𝑢+𝑦𝑣)

1−𝛽𝑧(𝑢+𝑣)
) = ∑ 𝐿𝑛,𝑚

(𝐴,𝛼,𝛽)
(𝑥, 𝑦, 𝑧; 𝑞) 𝑢𝑛𝑣𝑚∞

𝑛,𝑚=0 ,     (2.1) 

where 𝑢, 𝑣, 𝑥, 𝑦, 𝑧 ∈ ℂ,   |𝑧(𝑢 + 𝑣)| < 1. 

Now, we get the series representation of the q-analogue modified Laguerre matrix 

polynomials in the form of the following theorem: 

 

Theorem 2.1 

       Let us assume that 𝐴 is a matrix in 𝐶𝑁×𝑁 and 𝛼, 𝛽 be a complex number whose real part is 

positive, then the series representation of the q-analogue modified Laguerre matrix polynomials 

𝐿𝑛,𝑚
(𝐴,𝛼,𝛽)

(𝑥, 𝑦, 𝑧; 𝑞)  is given by: 

𝐿𝑛,𝑚
(𝐴,𝛼,𝛽)

(𝑥, 𝑦, 𝑧; 𝑞) = ∑ ∑

𝑚

𝑘=0

𝑞
(𝑘

2
)+(𝑚−𝑘

2
)+(𝑠+𝑘

2
)−(𝑛+𝑚)(𝑠+𝑘)

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

𝑛

𝑠=0

(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
𝑛+𝑚

(𝑞; 𝑞)𝑛−𝑠(𝑞; 𝑞)𝑚−𝑘
 

        × [(𝑞−(𝐴+(𝑛+𝑚+𝑠+𝑘)𝐼); 𝑞)
𝑠+𝑘

]
−1

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
𝑛+𝑚

(
𝑞𝛼𝑥

𝛽𝑧
)

𝑠
(

𝑞𝛼𝑦

𝛽𝑧
)

𝑘
.  (2.2) 

 

Proof. Let us denote the left hand sides of (2.1) by W , then, by using of the q-exponential series 

(1.19), we get 

               𝑊 = ∑
(−1)𝑠𝛼𝑠[𝑥𝑢+𝑦𝑣]𝑞

𝑠

(𝑞;𝑞)𝑠

∞
𝑠=0 [1 − 𝛽𝑧(𝑢 + 𝑣)]𝑞

−(𝐴+(𝑠+1)𝐼)
,                            (2.3) 

by using the relation (1.15) in (2.3), we get 

𝑊 = ∑
(−1)𝑠𝛼𝑠

(𝑞; 𝑞)𝑠

∞

𝑠=0

∑ [
𝑠
𝑘

]
𝑞

𝑞
(𝑘

2
)(𝑥𝑢)𝑠−𝑘(𝑦𝑣)𝑘

𝑠

𝑘=0

 

× ∑ [
−(𝐴 + (𝑠 + 1)𝐼)

𝑛
]

𝑞
𝑞(

𝑛
2)∞

𝑛=0 [−𝛽𝑧(𝑢 + 𝑣)]𝑞
𝑛,           (2.4) 

applying relations (1.13), (1.14) and (1.15)   on (2.4), we obtain  

𝑊 = ∑ ∑
(−1)𝑠𝛼𝑠𝑞

(𝑘
2

)(𝑥𝑢)𝑠−𝑘(𝑦𝑣)𝑘

(𝑞; 𝑞)𝑠−𝑘(𝑞; 𝑞)𝑘

𝑠

𝑘=0

∑

∞

𝑛=0

(𝑞𝐴+(𝑠+1)𝐼; 𝑞)
𝑛

(𝑞; 𝑞)𝑛

∞

𝑠=0

(−𝑞−(𝐴+(𝑠+1)𝐼))
𝑛

 

× ∑
(𝑞;𝑞)𝑛

(𝑞;𝑞)𝑛−𝑚(𝑞;𝑞)𝑚
𝑞(

𝑚
2 )(−𝛽𝑧)𝑛(𝑢)𝑛−𝑚(𝑣)𝑚𝑛

𝑚=0 ,           (2.5) 

which on using relation (1.4), gives 

𝑊 = ∑ ∑
(−1)𝑠+𝑘𝛼𝑠+𝑘𝑞

(𝑘
2

)+(
𝑚
2 )

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

∞

𝑠,𝑘=0

∞

𝑛,𝑚=0

(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
𝑛+𝑚

(𝑞; 𝑞)𝑛(𝑞; 𝑞)𝑚
 

× (𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
𝑛+𝑚

𝑥𝑠𝑦𝑘(𝑢)𝑛+𝑠(𝑣)𝑚+𝑘,             (2.6) 

using the relation (1.5), we find  
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𝑊 = ∑ ∑ ∑

𝑚

𝑘=0

(−1)𝑠+𝑘𝛼𝑠+𝑘𝑞
(𝑘

2
)+(𝑚−𝑘

2
)

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

𝑛

𝑠=0

∞

𝑛,𝑚=0

(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
𝑛+𝑚−(𝑠+𝑘)

(𝑞; 𝑞)𝑛−𝑠(𝑞; 𝑞)𝑚−𝑘
 

× (𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
𝑛+𝑚−(𝑠+𝑘)

𝑥𝑠𝑦𝑘𝑢𝑛𝑣𝑚,             (2.7) 

applying relation  (1.12)   on (2.7), we obtain  

𝑊 = ∑ ∑ ∑

𝑚

𝑘=0

(−1)𝑠+𝑘𝑞
(𝑘

2
)+(𝑚−𝑘

2
)

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

𝑛

𝑠=0

∞

𝑛,𝑚=0

(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
𝑛+𝑚

(𝑞; 𝑞)𝑛−𝑠(𝑞; 𝑞)𝑚−𝑘
 

× [(𝑞−(𝐴+(𝑛+𝑚+𝑠+𝑘)𝐼); 𝑞)
𝑠+𝑘

]
−1

(−𝑞−(𝐴+(𝑠+𝑘)𝐼))
𝑠+𝑘

𝑞
(𝑠+𝑘

2
)−(𝑛+𝑚)(𝑠+𝑘)

 

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
𝑛+𝑚−(𝑠+𝑘)

(𝛼𝑥)𝑠(𝛼𝑦)𝑘𝑢𝑛𝑣𝑚,             (2.8) 

by equating the coefficients of 𝑢𝑛𝑣𝑚, we obtain the relation (2.2). 

     Next, we derive some recurrence relations for the polynomials 𝐿𝑛,𝑚
(𝐴,𝛼,𝛽)

(𝑥, 𝑦, 𝑧; 𝑞) in the form of 

the following theorems: 

 

Theorem 2.2 

The q-analogue modified Laguerre matrix polynomials of three variables 𝐿𝑛,𝑚
(𝐴,𝛼,𝛽)

(𝑥, 𝑦, 𝑧; 𝑞) 

satisfy the following relations: 
𝜕𝑟

𝜕𝑥𝑟
𝐿𝑛,𝑚

(𝐴,𝛼,𝛽)
(𝑥, 𝑦, 𝑧; 𝑞) 

= (−𝛼)𝑟 ∑ ∑

𝑚

𝑘=0

𝑞
(𝑘

2
)+(𝑚−𝑘

2
)+(𝑠+𝑘

2
)−(𝑛−𝑟+𝑚)(𝑠+𝑘)

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

𝑛−𝑟

𝑠=0

(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
(𝑛−𝑟)+𝑚

(𝑞; 𝑞)(𝑛−𝑟)−𝑠(𝑞; 𝑞)𝑚−𝑘
 

× [(𝑞−(𝐴+(𝑛−𝑟+𝑚+𝑠+𝑘+1)𝐼); 𝑞)
𝑠+𝑘

]
−1

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+2)𝐼))
(𝑛−𝑟)+𝑚

(
𝑞𝛼𝑥

𝛽𝑧
)

𝑠
(

𝑞𝛼𝑦

𝛽𝑧
)

𝑘
,     (2.8) 

and 
𝜕𝑟

𝜕𝑦𝑟
𝐿𝑛,𝑚

(𝐴,𝛼,𝛽)
(𝑥, 𝑦, 𝑧; 𝑞) 

= (−𝛼)𝑟 ∑ ∑

𝑚−𝑟

𝑘=0

𝑞
(𝑘

2
)+(𝑚−𝑘−𝑟

2
)+(𝑠+𝑘

2
)−(𝑛+𝑚−𝑟)(𝑠+𝑘)

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

𝑛

𝑠=0

(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
𝑛+(𝑚−𝑟)

(𝑞; 𝑞)𝑛−𝑠(𝑞; 𝑞)(𝑚−𝑟)−𝑘
 

× [(𝑞−(𝐴+(𝑛+𝑚−𝑟+𝑠+𝑘+1)𝐼); 𝑞)
𝑠+𝑘

]
−1

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+2)𝐼))
𝑛+(𝑚−𝑟)

(
𝑞𝛼𝑥

𝛽𝑧
)

𝑠
(

𝑞𝛼𝑦

𝛽𝑧
)

𝑘
. 

    (2.9) 

Proof. Differentiating both sides of (2.1) with respect to x , we get 

∑
𝜕

𝜕𝑥
𝐿𝑛,𝑚

(𝐴,𝛼,𝛽)
(𝑥, 𝑦, 𝑧; 𝑞) 𝑢𝑛𝑣𝑚

∞

𝑛,𝑚=0

 

= −𝛼𝑢 ∑
(−1)𝑠𝛼𝑠[𝑥𝑢+𝑦𝑣]𝑞

𝑠

(𝑞;𝑞)𝑠

∞
𝑠=0 [1 − 𝛽𝑧(𝑢 + 𝑣)]𝑞

−(𝐴+(𝑠+2)𝐼)
,               (2.10) 

applying relation (1.15) in (2.10), we get 

∑
𝜕

𝜕𝑥
𝐿𝑛,𝑚

(𝐴,𝛼,𝛽)
(𝑥, 𝑦, 𝑧; 𝑞) 𝑢𝑛𝑣𝑚

∞

𝑛,𝑚=0

= −𝛼𝑢 ∑
(−1)𝑠𝛼𝑠

(𝑞; 𝑞)𝑠

∞

𝑠=0

∑ [
𝑠
𝑘

]
𝑞

𝑞
(𝑘

2
)(𝑥𝑢)𝑠−𝑘(𝑦𝑣)𝑘

𝑠

𝑘=0

 

× ∑ [
−(𝐴 + (𝑠 + 2)𝐼)

𝑛
]

𝑞
𝑞(

𝑛
2)∞

𝑛=0 [−𝛽𝑧(𝑢 + 𝑣)]𝑞
𝑛,           (2.11) 

by using the  relations (1.13), (1.14) and (1.15)   in (2.11), we obtain  
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∑
𝜕

𝜕𝑥
𝐿𝑛,𝑚

(𝐴,𝛼,𝛽)
(𝑥, 𝑦, 𝑧; 𝑞) 𝑢𝑛𝑣𝑚

∞

𝑛,𝑚=0

 

= −𝛼𝑢 ∑ ∑
(−1)𝑠𝛼𝑠𝑞

(𝑘
2

)(𝑥𝑢)𝑠−𝑘(𝑦𝑣)𝑘

(𝑞; 𝑞)𝑠−𝑘(𝑞; 𝑞)𝑘

𝑠

𝑘=0

∑

∞

𝑛=0

(𝑞𝐴+(𝑠+2)𝐼; 𝑞)
𝑛

(𝑞; 𝑞)𝑛

∞

𝑠=0

 

× (−𝑞−(𝐴+(𝑠+2)𝐼))
𝑛

∑
(𝑞;𝑞)𝑛

(𝑞;𝑞)𝑛−𝑚(𝑞;𝑞)𝑚
𝑞(

𝑚
2 )(−𝛽𝑧)𝑛(𝑢)𝑛−𝑚(𝑣)𝑚𝑛

𝑚=0 ,      (2.12) 

using the relation (1.4), we find  

∑
𝜕

𝜕𝑥
𝐿𝑛,𝑚

(𝐴,𝛼,𝛽)
(𝑥, 𝑦, 𝑧; 𝑞) 𝑢𝑛𝑣𝑚

∞

𝑛,𝑚=0

 

= −𝛼 ∑ ∑
(−1)𝑠+𝑘𝛼𝑠+𝑘𝑞

(𝑘
2

)+(
𝑚
2 )

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

∞

𝑠,𝑘=0

∞

𝑛,𝑚=0

(𝑞𝐴+(𝑠+𝑘+2)𝐼; 𝑞)
𝑛+𝑚

(𝑞; 𝑞)𝑛(𝑞; 𝑞)𝑚
 

× (𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+2)𝐼))
𝑛+𝑚

𝑥𝑠𝑦𝑘(𝑢)𝑛+𝑠+1(𝑣)𝑚+𝑘,             (2.13) 

which on using relation (1.5), gives 

∑
𝜕

𝜕𝑥
𝐿𝑛,𝑚

(𝐴,𝛼,𝛽)
(𝑥, 𝑦, 𝑧; 𝑞) 𝑢𝑛𝑣𝑚

∞

𝑛,𝑚=0

 

= −𝛼 ∑ ∑ ∑

𝑚

𝑘=0

(−1)𝑠+𝑘𝛼𝑠+𝑘𝑞
(𝑘

2
)+(𝑚−𝑘

2
)

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

𝑛−1

𝑠=0

∞

𝑛,𝑚=0

(𝑞𝐴+(𝑠+𝑘+2)𝐼; 𝑞)
(𝑛−1)+𝑚−(𝑠+𝑘)

(𝑞; 𝑞)(𝑛−1)−𝑠(𝑞; 𝑞)𝑚−𝑘
 

× (𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+2)𝐼))
(𝑛−1)+𝑚−(𝑠+𝑘)

𝑥𝑠𝑦𝑘𝑢𝑛𝑣𝑚,             (2.14) 

applying relation  (1.12)   in (2.14), we obtain 

∑
𝜕

𝜕𝑥
𝐿𝑛,𝑚

(𝐴,𝛼,𝛽)
(𝑥, 𝑦, 𝑧; 𝑞) 𝑢𝑛𝑣𝑚∞

𝑛,𝑚=0   

= −𝛼 ∑ ∑ ∑

𝑚

𝑘=0

(−1)𝑠+𝑘𝑞
(𝑘

2
)+(𝑚−𝑘

2
)

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

𝑛−1

𝑠=0

∞

𝑛,𝑚=0

(𝑞𝐴+(𝑠+𝑘+2)𝐼; 𝑞)
(𝑛−1)+𝑚

(𝑞; 𝑞)(𝑛−1)−𝑠(𝑞; 𝑞)𝑚−𝑘
 

× [(𝑞−(𝐴+(𝑛+𝑚+𝑠+𝑘+1)𝐼); 𝑞)
𝑠+𝑘

]
−1

(−𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
𝑠+𝑘

𝑞
(𝑠+𝑘

2
)−(𝑛−1+𝑚)(𝑠+𝑘)

 

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+2)𝐼))
(𝑛−1)+𝑚−(𝑠+𝑘)

(𝛼𝑥)𝑠(𝛼𝑦)𝑘𝑢𝑛𝑣𝑚,             (2.15) 

by equating the coefficients of 𝑢𝑛𝑣𝑚, we obtain 
𝜕

𝜕𝑥
𝐿𝑛,𝑚

(𝐴,𝛼,𝛽)
(𝑥, 𝑦, 𝑧; 𝑞) 

= −𝛼 ∑ ∑

𝑚

𝑘=0

𝑞
(𝑘

2
)+(𝑚−𝑘

2
)+(𝑠+𝑘

2
)−(𝑛−1+𝑚)(𝑠+𝑘)

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

𝑛−1

𝑠=0

(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
(𝑛−1)+𝑚

(𝑞; 𝑞)(𝑛−1)−𝑠(𝑞; 𝑞)𝑚−𝑘
 

        × [(𝑞−(𝐴+(𝑛+𝑚+𝑠+𝑘+1)𝐼); 𝑞)
𝑠+𝑘

]
−1

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+2)𝐼))
(𝑛−1)+𝑚

(
𝑞𝛼𝑥

𝛽𝑧
)

𝑠
(

𝑞𝛼𝑦

𝛽𝑧
)

𝑘
. 

Thus, by same manner as above, we can obtain    

𝜕2

𝜕𝑥2
𝐿𝑛,𝑚

(𝐴,𝛼,𝛽)
(𝑥, 𝑦; 𝑞) 

= 𝛼2 ∑ ∑

𝑚

𝑘=0

𝑞
(𝑘

2
)+(𝑚−𝑘

2
)+(𝑠+𝑘

2
)−(𝑛−2+𝑚)(𝑠+𝑘)

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

𝑛−2

𝑠=0

(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
(𝑛−2)+𝑚

(𝑞; 𝑞)(𝑛−2)−𝑠(𝑞; 𝑞)𝑚−𝑘
 

        × [(𝑞−(𝐴+(𝑛+𝑚+𝑠+𝑘)𝐼); 𝑞)
𝑠+𝑘

]
−1

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+2)𝐼))
(𝑛−2)+𝑚

(
𝑞𝛼𝑥

𝛽𝑧
)

𝑠
(

𝑞𝛼𝑦

𝛽𝑧
)

𝑘
. 

Hence, by continuing the above steps, we get the required relation (2.8). 
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Similarly, differentiating (2.1), with respect to 𝑦 ,we get relation (2.9). 

 

Theorem 2.3 

The q-analogue modified Laguerre matrix polynomials of three variables 𝐿𝑛,𝑚
(𝐴,𝛼,𝛽)

(𝑥, 𝑦, 𝑧; 𝑞) 

satisfy the following relations: 

[𝑛 + 1]𝑞𝐿𝑛+1,𝑚
(𝐴,𝛼,𝛽)

(𝑥, 𝑦, 𝑧; 𝑞) 

= −𝛼𝑥 ∑ ∑ ∑ ∑

𝑚−𝑘

𝑝=0

𝑛−𝑠

𝑡=0

𝑚

𝑘=0

(−1)𝑠+𝑘𝑞
(𝑘

2
)+(

𝑚−𝑘−𝑝
2

)+(
𝑝
2

)+𝑡
(𝑞𝐴+2𝐼; 𝑞)𝑡+𝑝

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑡(𝑞; 𝑞)𝑝

𝑛

𝑠=0

 

×
(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)

𝑛+𝑚
[(𝑞−(𝐴+(𝑛+𝑚+𝑠+𝑘)𝐼; 𝑞)

(𝑠+𝑡+𝑘+𝑝)
]

−1

(𝑞; 𝑞)𝑛−𝑠−𝑡(𝑞; 𝑞)𝑚−𝑘−𝑝
(𝑞−(𝐴+𝐼))

𝑡+𝑝
 

× (𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
𝑛+𝑚

𝑞
(

(𝑠+𝑡+𝑘+𝑝)
2

)−(𝑛+𝑚)((𝑠+𝑡+𝑘+𝑝))
(

𝑞𝛼𝑥

𝛽𝑧
)

𝑠

(
𝑞𝛼𝑦

𝛽𝑧
)

𝑘

 

+𝛼(𝑥 − 𝑦) ∑ ∑ ∑ ∑

𝑚−𝑘−1

𝑝=0

𝑛−𝑠

𝑡=0

𝑚−1

𝑘=0

(−1)𝑠+𝑘𝑞
(𝑘

2
)+(

𝑚−𝑘−𝑝
2

)+(
𝑝
2

)+𝑡+1

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑡(𝑞; 𝑞)𝑝

𝑛

𝑠=0

 

×
(𝑞𝐴+2𝐼; 𝑞)𝑡+𝑝(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)

𝑛+𝑚
[(𝑞−(𝐴+(𝑛+𝑚+𝑠+𝑘)𝐼; 𝑞)

(𝑠+𝑡+𝑘+𝑝+1)
]

−1

(𝑞; 𝑞)𝑛−𝑠−𝑡(𝑞; 𝑞)𝑚−𝑘−𝑝−1
 

× (𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
𝑛+𝑚

𝑞
(

(𝑠+𝑡+𝑘+𝑝+1)
2

)−(𝑛+𝑚)((𝑠+𝑡+𝑘+𝑝+1))
 

× (𝑞−(𝐴+𝐼))
𝑡+𝑝

(
𝑞𝛼𝑥

𝛽𝑧
)

𝑠

(
𝑞𝛼𝑦

𝛽𝑧
)

𝑘

 

+𝛽𝑧(𝐴 + 𝐼) ∑ ∑

𝑚

𝑘=0

(−1)𝑠+𝑘𝑞
(𝑘

2
)+(𝑚−𝑘

2
)

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

𝑛

𝑠=0

(𝑞𝐴+(𝑠+𝑘+2)𝐼; 𝑞)
𝑛+𝑚

(𝑞; 𝑞)𝑛−𝑠(𝑞; 𝑞)𝑚−𝑘
𝑞

(𝑠+𝑘
2

)−(𝑛+𝑚)(𝑠+𝑘)
 

× [(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
(𝑠+𝑘)

]
−1

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+2)𝐼))
𝑛+𝑚

(
𝑞𝛼𝑥

𝛽𝑧
)

𝑠
(

𝑞𝛼𝑦

𝛽𝑧
)

𝑘
,               (2.16) 

and 

[𝑚 + 1]𝑞𝐿𝑛,𝑚+1
(𝐴,𝛼,𝛽)

(𝑥, 𝑦, 𝑧; 𝑞) 

= −𝛼𝑥 ∑ ∑ ∑ ∑

𝑚−𝑘

𝑝=0

𝑛−𝑠

𝑡=0

𝑚

𝑘=0

(−1)𝑠+𝑘𝑞
(𝑘

2
)+(

𝑚−𝑘−𝑝
2

)+(
𝑝
2

)+𝑡
(𝑞𝐴+2𝐼; 𝑞)𝑡+𝑝

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑡(𝑞; 𝑞)𝑝

𝑛

𝑠=0

 

×
(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)

𝑛+𝑚
[(𝑞−(𝐴+(𝑛+𝑚+𝑠+𝑘)𝐼; 𝑞)

(𝑠+𝑡+𝑘+𝑝)
]

−1

(𝑞; 𝑞)𝑛−𝑠−𝑡(𝑞; 𝑞)𝑚−𝑘−𝑝
(𝑞−(𝐴+𝐼))

𝑡+𝑝
 

× (𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
𝑛+𝑚

𝑞
(

(𝑠+𝑡+𝑘+𝑝)
2

)−(𝑛+𝑚)((𝑠+𝑡+𝑘+𝑝))
(

𝑞𝛼𝑥

𝛽𝑧
)

𝑠

(
𝑞𝛼𝑦

𝛽𝑧
)

𝑘

 

+𝛼(𝑦 − 𝑥) ∑ ∑ ∑ ∑

𝑚−𝑘

𝑝=0

𝑛−𝑠−1

𝑡=0

𝑚

𝑘=0

(−1)𝑠+𝑘𝑞
(𝑘

2
)+(

𝑚−𝑘−𝑝
2

)+(
𝑝
2

)+𝑡+1

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑡(𝑞; 𝑞)𝑝

𝑛−1

𝑠=0

 

×
(𝑞𝐴+2𝐼; 𝑞)𝑡+𝑝(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)

𝑛+𝑚
[(𝑞−(𝐴+(𝑛+𝑚+𝑠+𝑘)𝐼; 𝑞)

(𝑠+𝑡+𝑘+𝑝+1)
]

−1

(𝑞; 𝑞)𝑛−𝑠−𝑡−1(𝑞; 𝑞)𝑚−𝑘−𝑝
 

× (𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
𝑛+𝑚

𝑞
(

(𝑠+𝑡+𝑘+𝑝+1)
2

)−(𝑛+𝑚)((𝑠+𝑡+𝑘+𝑝+1))
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× (𝑞−(𝐴+𝐼))
𝑡+𝑝

(
𝑞𝛼𝑥

𝛽𝑧
)

𝑠

(
𝑞𝛼𝑦

𝛽𝑧
)

𝑘

 

+𝛽𝑧(𝐴 + 𝐼) ∑ ∑

𝑚

𝑘=0

(−1)𝑠+𝑘𝑞
(𝑘

2
)+(𝑚−𝑘

2
)

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

𝑛

𝑠=0

(𝑞𝐴+(𝑠+𝑘+2)𝐼; 𝑞)
𝑛+𝑚

(𝑞; 𝑞)𝑛−𝑠(𝑞; 𝑞)𝑚−𝑘
𝑞

(𝑠+𝑘
2

)−(𝑛+𝑚)(𝑠+𝑘)
 

× [(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
(𝑠+𝑘)

]
−1

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+2)𝐼))
𝑛+𝑚

(
𝑞𝛼𝑥

𝛽𝑧
)

𝑠
(

𝑞𝛼𝑦

𝛽𝑧
)

𝑘
.               (2.17) 

Proof. Differentiating the both sides of (2.1) , with respect to 𝑢  and using relations (1.17),(1.18) , 

we get 

∑ [𝑛]𝑞𝐿𝑛,𝑚
(𝐴,𝛼,𝛽)

(𝑥, 𝑦, 𝑧; 𝑞) 𝑢𝑛−1𝑣𝑚

∞

𝑛,𝑚=0

 

= [1 − 𝛽𝑧(𝑞𝑢 + 𝑣)]𝑞
−(𝐴+𝐼)

 (
−𝛼𝑥+𝛼𝛽𝑧𝑣(𝑥−𝑦)

(1−𝛽𝑧(𝑢+𝑣))(1−𝛽𝑧(𝑞𝑢+𝑣))
) 𝑒𝑥𝑝𝑞 (

−𝛼(𝑥𝑢+𝑦𝑣)

1−𝛽𝑧(𝑢+𝑣)
) 

+𝛽𝑧(𝐴 + 𝐼)[1 − 𝛽𝑧(𝑢 + 𝑣)]𝑞
−(𝐴+2𝐼)

𝑒𝑥𝑝𝑞 (
−𝛼(𝑥𝑢+𝑦𝑣)

1−𝛽𝑧(𝑢+𝑣)
),            (2.18) 

applying relation (1.19) in (2.18), we get 

∑ [𝑛 + 1]𝑞𝐿𝑛+1,𝑚
(𝐴,𝛼,𝛽)

(𝑥, 𝑦, 𝑧; 𝑞) 𝑢𝑛

∞

𝑛,𝑚=0

𝑣𝑚 = (−𝛼𝑥 + 𝛼𝛽𝑧𝑣(𝑥 − 𝑦)) 

× [1 − 𝛽𝑧(𝑞𝑢 + 𝑣)]𝑞
−(𝐴+2𝐼)

∑
(−1)𝑠𝛼𝑠[𝑥𝑢 + 𝑦𝑣]𝑞

𝑠

(𝑞; 𝑞)𝑠

∞

𝑠=0

[1 − 𝛽𝑧(𝑢 + 𝑣)]𝑞
−(𝐴+(𝑠+1)𝐼)

 

+𝛽𝑧(𝐴 + 𝐼) ∑
(−1)𝑠𝛼𝑠[𝑥𝑢+𝑦𝑣]𝑞

𝑠

(𝑞;𝑞)𝑠

∞
𝑠=0 [1 − 𝛽𝑧(𝑢 + 𝑣)]𝑞

−(𝐴+(𝑠+2)𝐼)
,       (2.19) 

by using the relation (1.15) in (2.19), we get 

∑ [𝑛 + 1]𝑞𝐿𝑛+1,𝑚
(𝐴,𝛼,𝛽)

(𝑥, 𝑦, 𝑧; 𝑞) 𝑢𝑛

∞

𝑛,𝑚=0

𝑣𝑚 = (−𝛼𝑥 + 𝛼𝛽𝑧𝑣(𝑥 − 𝑦)) 

× ∑ [
−(𝐴 + 2𝐼)

𝑡
]

𝑞
𝑞

(𝑡
2

)

∞

𝑡=0

[−𝛽𝑧(𝑞𝑢 + 𝑣)]𝑞
𝑡 ∑

(−1)𝑠𝛼𝑠

(𝑞; 𝑞)𝑠

∞

𝑠=0

 

× ∑ [
𝑠
𝑘

]
𝑞

𝑞
(𝑘

2
)(𝑥𝑢)𝑠−𝑘(𝑦𝑣)𝑘

𝑠

𝑘=0

∑ [
−(𝐴 + (𝑠 + 1)𝐼)

𝑛
]

𝑞
𝑞(

𝑛
2)

∞

𝑛=0

[−𝛽𝑧(𝑢 + 𝑣)]𝑞
𝑛 

+𝛽𝑧(𝐴 + 𝐼) ∑
(−1)𝑠𝛼𝑠

(𝑞; 𝑞)𝑠

∞

𝑠=0

∑ [
𝑠
𝑘

]
𝑞

𝑞
(𝑘

2
)(𝑥𝑢)𝑠−𝑘(𝑦𝑣)𝑘

𝑠

𝑘=0

 

× ∑ [
−(𝐴 + (𝑠 + 2)𝐼)

𝑛
]

𝑞
𝑞(

𝑛
2)∞

𝑛=0 [−𝛽𝑧(𝑢 + 𝑣)]𝑞
𝑛,                  (2.20) 

which using relations (1.13) and (1.14) in (2.20), gives 

∑ [𝑛 + 1]𝑞𝐿𝑛+1,𝑚
(𝐴,𝛼,𝛽)

(𝑥, 𝑦; 𝑞) 𝑢𝑛

∞

𝑛,𝑚=0

𝑣𝑚 = (−𝛼𝑥 + 𝛼𝛽𝑧𝑣(𝑥 − 𝑦)) 

× ∑

∞

𝑡=0

(𝑞𝐴+2𝐼; 𝑞)𝑡

(𝑞; 𝑞)𝑡
(−𝑞−(𝐴+2𝐼))

𝑡
∑

(𝑞; 𝑞)𝑡𝑞
(

𝑝
2

)(−𝛽𝑧)𝑡

(𝑞; 𝑞)𝑡−𝑝(𝑞; 𝑞)𝑝

(𝑞𝑢)𝑡−𝑝(𝑣)𝑝

𝑡

𝑝=0

 

× ∑ ∑
(−1)𝑠𝛼𝑠𝑞

(𝑘
2

)(𝑥𝑢)𝑠−𝑘(𝑦𝑣)𝑘

(𝑞; 𝑞)𝑠−𝑘(𝑞; 𝑞)𝑘

𝑠

𝑘=0

∞

𝑠=0

∑

∞

𝑛=0

(𝑞𝐴+(𝑠+1)𝐼; 𝑞)
𝑛

(𝑞; 𝑞)𝑛
(−𝑞−(𝐴+(𝑠+1)𝐼))

𝑛
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                          × ∑
(𝑞; 𝑞)𝑛

(𝑞; 𝑞)𝑛−𝑚(𝑞; 𝑞)𝑚
𝑞(

𝑚
2 )(−𝛽𝑧)𝑛(𝑢)𝑛−𝑚(𝑣)𝑚

𝑛

𝑚=0

+ 𝛽𝑧(𝐴 + 𝐼) ∑ ∑
(−1)𝑠𝛼𝑠𝑞

(𝑘
2

)(𝑥𝑢)𝑠−𝑘(𝑦𝑣)𝑘

(𝑞; 𝑞)𝑠−𝑘(𝑞; 𝑞)𝑘

𝑠

𝑘=0

∞

𝑠=0

∑

∞

𝑛=0

(𝑞𝐴+(𝑠+2)𝐼; 𝑞)
𝑛

(𝑞; 𝑞)𝑛
 

× (−𝑞−(𝐴+(𝑠+2)𝐼))
𝑛

∑
(𝑞;𝑞)𝑛

(𝑞;𝑞)𝑛−𝑚(𝑞;𝑞)𝑚
𝑞(

𝑚
2 )(−𝛽𝑧)𝑛(𝑢)𝑛−𝑚(𝑣)𝑚𝑛

𝑚=0 ,              (2.21) 

which using relation (1.5) in (2.21), gives 

∑ [𝑛 + 1]𝑞𝐿𝑛+1,𝑚
(𝐴,𝛼,𝛽)

(𝑥, 𝑦, 𝑧; 𝑞) 𝑢𝑛

∞

𝑛,𝑚=0

𝑣𝑚 = (−𝛼𝑥 + 𝛼𝛽𝑧𝑣(𝑥 − 𝑦)) 

× ∑

∞

𝑡,𝑝=0

𝑞
(

𝑝
2

)(𝑞𝐴+2𝐼; 𝑞)𝑡+𝑝

(𝑞; 𝑞)𝑡(𝑞; 𝑞)𝑝
(𝛽𝑧𝑞−(𝐴+2𝐼))

𝑡+𝑝
(𝑞𝑢)𝑡(𝑣)𝑝 

× ∑ ∑
(−1)𝑠+𝑘𝑞

(𝑘
2

)+(
𝑚
2 )

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

∞

𝑠,𝑘=0

∞

𝑛,𝑚=0

(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
𝑛+𝑚

(𝑞; 𝑞)𝑛(𝑞; 𝑞)𝑚
 

× (𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
𝑛+𝑚

(𝛼𝑥)𝑠(𝛼𝑦)𝑘(𝑢)𝑛+𝑠(𝑣)𝑚+𝑘 

+𝛽𝑧(𝐴 + 𝐼) ∑ ∑
(−1)𝑠+𝑘𝑞

(𝑘
2

)+(
𝑚
2 )

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

∞

𝑠,𝑘=0

∞

𝑛,𝑚=0

(𝑞𝐴+(𝑠+𝑘+2)𝐼; 𝑞)
𝑛+𝑚

(𝑞; 𝑞)𝑛(𝑞; 𝑞)𝑚
 

× (𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+2)𝐼))
𝑛+𝑚

(𝛼𝑥)𝑠(𝛼𝑦)𝑘(𝑢)𝑛+𝑠(𝑣)𝑚+𝑘,                 (2.22) 

by using relation (1.4) in (2.22), we get 

∑ [𝑛 + 1]𝑞𝐿𝑛+1,𝑚
(𝐴,𝛼,𝛽)

(𝑥, 𝑦, 𝑧; 𝑞) 𝑢𝑛

∞

𝑛,𝑚=0

𝑣𝑚 

= −𝛼𝑥 ∑

∞

𝑛,𝑚=0

∑ ∑ ∑ ∑

𝑚−𝑘

𝑝=0

𝑛−𝑠

𝑡=0

𝑚

𝑘=0

(−1)𝑠+𝑘𝑞
(𝑘

2
)+(

𝑚−𝑘−𝑝
2

)+(
𝑝
2

)+𝑡
(𝑞𝐴+2𝐼; 𝑞)𝑡+𝑝

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑡(𝑞; 𝑞)𝑝

𝑛

𝑠=0

 

×
(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)

𝑛+𝑚−(𝑠+𝑡+𝑘+𝑝)

(𝑞; 𝑞)𝑛−𝑠−𝑡(𝑞; 𝑞)𝑚−𝑘−𝑝
(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))

𝑛+𝑚−(𝑠+𝑡+𝑘+𝑝)
 

× (𝛽𝑧𝑞−(𝐴+2𝐼))
𝑡+𝑝

(𝛼𝑥)𝑠(𝛼𝑦)𝑘(𝑢)𝑛(𝑣)𝑚 

+𝛼𝛽𝑧(𝑥 − 𝑦) ∑

∞

𝑛,𝑚=0

∑ ∑ ∑ ∑

𝑚−𝑘−1

𝑝=0

𝑛−𝑠

𝑡=0

𝑚−1

𝑘=0

(−1)𝑠+𝑘𝑞
(𝑘

2
)+(

𝑚−𝑘−𝑝
2

)+(
𝑝
2

)+𝑡

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑡(𝑞; 𝑞)𝑝

𝑛

𝑠=0

 

×
(𝑞𝐴+2𝐼; 𝑞)𝑡+𝑝(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)

𝑛+𝑚−(𝑠+𝑡+𝑘+𝑝+1)

(𝑞; 𝑞)𝑛−𝑠−𝑡(𝑞; 𝑞)𝑚−𝑘−𝑝−1
 

× (𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
𝑛+𝑚−(𝑠+𝑡+𝑘+𝑝+1)

(𝛽𝑞−(𝐴+2𝐼))
𝑡+𝑝

(𝛼𝑥)𝑠(𝛼𝑦)𝑘(𝑢)𝑛(𝑣)𝑚 

+𝛽𝑧(𝐴 + 𝐼) ∑ ∑ ∑

𝑚

𝑘=0

(−1)𝑠+𝑘𝑞
(𝑘

2
)+(𝑚−𝑘

2
)

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

𝑛

𝑠=0

∞

𝑛,𝑚=0

(𝑞𝐴+(𝑠+𝑘+2)𝐼; 𝑞)
𝑛+𝑚−(𝑠+𝑘)

(𝑞; 𝑞)𝑛−𝑠(𝑞; 𝑞)𝑚−𝑘
 

× (𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+2)𝐼))
𝑛+𝑚−(𝑠+𝑘)

(𝛼𝑥)𝑠(𝛼𝑦)𝑘(𝑢)𝑛(𝑣)𝑚,                 (2.23) 

applying relation  (1.12)   in (2.14), we obtain 
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∑ [𝑛 + 1]𝑞𝐿𝑛+1,𝑚
(𝐴,𝛼,𝛽)

(𝑥, 𝑦, 𝑧; 𝑞) 𝑢𝑛

∞

𝑛,𝑚=0

𝑣𝑚 

= −𝛼𝑥 ∑

∞

𝑛,𝑚=0

∑ ∑ ∑ ∑

𝑚−𝑘

𝑝=0

𝑛−𝑠

𝑡=0

𝑚

𝑘=0

(−1)𝑠+𝑘𝑞
(𝑘

2
)+(

𝑚−𝑘−𝑝
2

)+(
𝑝
2

)+𝑡
(𝑞𝐴+2𝐼; 𝑞)𝑡+𝑝

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑡(𝑞; 𝑞)𝑝

𝑛

𝑠=0

 

×
(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)

𝑛+𝑚
[(𝑞−(𝐴+(𝑛+𝑚+𝑠+𝑘)𝐼; 𝑞)

(𝑠+𝑡+𝑘+𝑝)
]

−1

(𝑞; 𝑞)𝑛−𝑠−𝑡(𝑞; 𝑞)𝑚−𝑘−𝑝
 

× (𝑞−(𝐴+(𝑠+𝑘)𝐼)
(𝑠+𝑡+𝑘+𝑝)

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
𝑛+𝑚−(𝑠+𝑡+𝑘+𝑝)

 

× 𝑞
(

(𝑠+𝑡+𝑘+𝑝)
2

)−(𝑛+𝑚)((𝑠+𝑡+𝑘+𝑝))
(𝛽𝑧𝑞−(𝐴+2𝐼))

𝑡+𝑝
(𝛼𝑥)𝑠(𝛼𝑦)𝑘(𝑢)𝑛(𝑣)𝑚 

+𝛼𝛽𝑧(𝑥 − 𝑦) ∑

∞

𝑛,𝑚=0

∑ ∑ ∑ ∑

𝑚−𝑘−1

𝑝=0

𝑛−𝑠

𝑡=0

𝑚−1

𝑘=0

(−1)𝑠+𝑘𝑞
(𝑘

2
)+(

𝑚−𝑘−𝑝
2

)+(
𝑝
2

)+𝑡

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑡(𝑞; 𝑞)𝑝

𝑛

𝑠=0

 

×
(𝑞𝐴+2𝐼; 𝑞)𝑡+𝑝(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)

𝑛+𝑚
[(𝑞−(𝐴+(𝑛+𝑚+𝑠+𝑘)𝐼; 𝑞)

(𝑠+𝑡+𝑘+𝑝+1)
]

−1

(𝑞; 𝑞)𝑛−𝑠−𝑡(𝑞; 𝑞)𝑚−𝑘−𝑝−1
 

× (𝑞−(𝐴+(𝑠+𝑘)𝐼)
(𝑠+𝑡+𝑘+𝑝+1)

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
𝑛+𝑚−(𝑠+𝑡+𝑘+𝑝+1)

 

× 𝑞
(

(𝑠+𝑡+𝑘+𝑝+1)
2

)−(𝑛+𝑚)((𝑠+𝑡+𝑘+𝑝+1))
(𝛽𝑧𝑞−(𝐴+2𝐼))

𝑡+𝑝
(𝛼𝑥)𝑠(𝛼𝑦)𝑘(𝑢)𝑛(𝑣)𝑚 

+𝛽𝑧(𝐴 + 𝐼) ∑ ∑ ∑

𝑚

𝑘=0

(−1)𝑠+𝑘𝑞
(𝑘

2
)+(𝑚−𝑘

2
)

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

𝑛

𝑠=0

∞

𝑛,𝑚=0

(𝑞𝐴+(𝑠+𝑘+2)𝐼; 𝑞)
𝑛+𝑚

(𝑞; 𝑞)𝑛−𝑠(𝑞; 𝑞)𝑚−𝑘
 

× [(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
(𝑠+𝑘)

]
−1

(𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
(𝑠+𝑘)

𝑞
(𝑠+𝑘

2
)−(𝑛+𝑚)(𝑠+𝑘)

 

× (𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+2)𝐼))
𝑛+𝑚−(𝑠+𝑘)

(𝛼𝑥)𝑠(𝛼𝑦)𝑘(𝑢)𝑛(𝑣)𝑚,                 (2.24) 
 

Equating the coefficients of (𝑢)𝑛(𝑣)𝑚, we get the relation (2.16). 

Similarly, differentiating (2.1) ,with respect to 𝑣, we get relation (2.17). 
 

Theorem 2.4 

The q-analogue modified Laguerre matrix polynomials of three variables 𝐿𝑛,𝑚
(𝐴,𝛼,𝛽)

(𝑥, 𝑦, 𝑧; 𝑞) 

satisfy the following relation: 
𝜕

𝜕𝑧
𝐿𝑛,𝑚

(𝐴,𝛼,𝛽)
(𝑥, 𝑦, 𝑧; 𝑞) 

= −𝛼𝛽𝑥 ∑ ∑ ∑ ∑

𝑚−𝑘

𝑝=0

𝑛−𝑠−2

𝑡=0

𝑚

𝑘=0

𝑞
(𝑘

2
)+(

𝑚−𝑘−𝑝
2

)+(
𝑝
2

)+𝑡+(
(𝑠+𝑡+𝑘+𝑝)

2
)−((𝑛−2)+𝑚)((𝑠+𝑡+𝑘+𝑝))

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑡(𝑞; 𝑞)𝑝

𝑛−2

𝑠=0

 

×
(𝑞𝐴+2𝐼; 𝑞)𝑡+𝑝(−𝑞−(𝐴+𝐼))

𝑡+𝑝
[(𝑞−(𝐴+((𝑛−2)+𝑚+𝑠+𝑘)𝐼; 𝑞)

(𝑠+𝑡+𝑘+𝑝)
]

−1

(𝑞; 𝑞)𝑛−𝑠−𝑡−2(𝑞; 𝑞)𝑚−𝑘−𝑝
 

× (𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
(𝑛−2)+𝑚

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
(𝑛−2)+𝑚

(
𝑞𝛼𝑥

𝛽𝑧
)

𝑠

(
𝑞𝛼𝑦

𝛽𝑧
)

𝑘

 

−𝛼𝛽(𝑥 + 𝑦) ∑ ∑ ∑ ∑
𝑞

(𝑘
2

)+(
𝑚−𝑘−𝑝−1

2
)+(

𝑝
2

)+𝑡+(
(𝑠+𝑡+𝑘+𝑝+1)

2
)−(𝑛+𝑚−2)((𝑠+𝑡+𝑘+𝑝+1))

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑡(𝑞; 𝑞)𝑝

𝑚−𝑘−1

𝑝=0

𝑛−𝑠−1

𝑡=0

𝑚−1

𝑘=0

𝑛−1

𝑠=0
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×
(𝑞𝐴+2𝐼; 𝑞)𝑡+𝑝(−𝑞−(𝐴+𝐼))

𝑡+𝑝
[(𝑞−(𝐴+(𝑛+𝑚+𝑠+𝑘−2)𝐼; 𝑞)

(𝑠+𝑡+𝑘+𝑝+1)
]

−1

(𝑞; 𝑞)𝑛−𝑠−𝑡−1(𝑞; 𝑞)𝑚−𝑘−𝑝−1
 

× (𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
𝑛+𝑚−2

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
(𝑛−1)+(𝑚−1)

(
𝑞𝛼𝑥

𝛽𝑧
)

𝑠

(
𝑞𝛼𝑦

𝛽𝑧
)

𝑘

 

−𝛼𝛽𝑦 ∑ ∑ ∑ ∑

𝑚−𝑘−2

𝑝=0

𝑛−𝑠

𝑡=0

𝑚−2

𝑘=0

𝑞
(𝑘

2
)+(

𝑚−𝑘−𝑝−2
2

)+(
𝑝
2

)+𝑡+(
(𝑠+𝑡+𝑘+𝑝)

2
)−(𝑛+(𝑚−2))((𝑠+𝑡+𝑘+𝑝))

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑡(𝑞; 𝑞)𝑝

𝑛

𝑠=0

 

×
(𝑞𝐴+2𝐼; 𝑞)𝑡+𝑝(−𝑞−(𝐴+𝐼))

𝑡+𝑝
[(𝑞−(𝐴+(𝑛+(𝑚−2)+𝑠+𝑘)𝐼; 𝑞)

(𝑠+𝑡+𝑘+𝑝)
]

−1

(𝑞; 𝑞)𝑛−𝑠−𝑡(𝑞; 𝑞)𝑚−𝑘−𝑝−2
 

× (𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
𝑛+(𝑚−2)

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+1)𝐼))
𝑛+(𝑚−2)

(
𝑞𝛼𝑥

𝛽𝑧
)

𝑠

(
𝑞𝛼𝑦

𝛽𝑧
)

𝑘

 

+𝛽(𝐴 + 𝐼) ∑ ∑

𝑚

𝑘=0

𝑞
(𝑘

2
)+(𝑚−𝑘

2
)+(𝑠+𝑘

2
)−((𝑛−1)+𝑚)(𝑠+𝑘)

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

𝑛−1

𝑠=0

(𝑞𝐴+(𝑠+𝑘+2)𝐼; 𝑞)
(𝑛−1)+𝑚

(𝑞; 𝑞)𝑛−𝑠−1(𝑞; 𝑞)𝑚−𝑘
 

× [(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
(𝑠+𝑘)

]
−1

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+2)𝐼))
(𝑛−1)+𝑚

(
𝑞𝛼𝑥

𝛽𝑧
)

𝑠

(
𝑞𝛼𝑦

𝛽𝑧
)

𝑘

 

+𝛽(𝐴 + 𝐼) ∑ ∑

𝑚−1

𝑘=0

𝑞
(𝑘

2
)+(𝑚−𝑘−1

2
)+(𝑠+𝑘

2
)−(𝑛+(𝑚−1))(𝑠+𝑘)

(𝑞; 𝑞)𝑠(𝑞; 𝑞)𝑘

𝑛

𝑠=0

(𝑞𝐴+(𝑠+𝑘+2)𝐼; 𝑞)
𝑛+(𝑚−1)

(𝑞; 𝑞)𝑛−𝑠(𝑞; 𝑞)𝑚−𝑘−1
 

× [(𝑞𝐴+(𝑠+𝑘+1)𝐼; 𝑞)
(𝑠+𝑘)

]
−1

(𝛽𝑧𝑞−(𝐴+(𝑠+𝑘+2)𝐼))
𝑛+(𝑚−1)

(
𝑞𝛼𝑥

𝛽𝑧
)

𝑠
(

𝑞𝛼𝑦

𝛽𝑧
)

𝑘
.  (2.25) 

 

Proof. Differentiating (2.1), with respect to 𝑧, we get 

∑
𝜕

𝜕𝑧
𝐿𝑛,𝑚

(𝐴,𝛼,𝛽)
(𝑥, 𝑦, 𝑧; 𝑞) 𝑢𝑛𝑣𝑚

∞

𝑛,𝑚=0

 

= [1 − 𝛽𝑞𝑧(𝑢 + 𝑣)]𝑞
−(𝐴+𝐼)

 (
−𝛼𝛽(𝑥𝑢+𝑦𝑣)(𝑢+𝑣)

(1−𝛽𝑧(𝑢+𝑣))(1−𝛽𝑞𝑧(𝑢+𝑣))
) 𝑒𝑥𝑝𝑞 (

−𝛼(𝑥𝑢+𝑦𝑣)

1−𝛽𝑧(𝑢+𝑣)
) 

+𝛽(𝐴 + 𝐼)(𝑢 + 𝑣)[1 − 𝛽𝑧(𝑢 + 𝑣)]𝑞
−(𝐴+2𝐼)

𝑒𝑥𝑝𝑞 (
−𝛼(𝑥𝑢+𝑦𝑣)

1−𝛽𝑧(𝑢+𝑣)
),            (2.26) 

applying relation (1.19) in (2.26), we get 

∑
𝜕

𝜕𝑧
𝐿𝑛,𝑚

(𝐴,𝛼,𝛽)
(𝑥, 𝑦, 𝑧; 𝑞) 𝑢𝑛

∞

𝑛,𝑚=0

𝑣𝑚 = (−𝛼𝛽(𝑥𝑢2 + 𝑥𝑢𝑣 + 𝑦𝑢𝑣 + 𝑦𝑣2)) 

× [1 − 𝛽𝑞𝑧(𝑢 + 𝑣)]𝑞
−(𝐴+2𝐼)

∑
(−1)𝑠𝛼𝑠[𝑥𝑢 + 𝑦𝑣]𝑞

𝑠

(𝑞; 𝑞)𝑠

∞

𝑠=0

[1 − 𝛽𝑧(𝑢 + 𝑣)]𝑞
−(𝐴+(𝑠+1)𝐼)

 

+𝛽(𝐴 + 𝐼)(𝑢 + 𝑣) ∑
(−1)𝑠𝛼𝑠[𝑥𝑢+𝑦𝑣]𝑞

𝑠

(𝑞;𝑞)𝑠

∞
𝑠=0 [1 − 𝛽𝑧(𝑢 + 𝑣)]𝑞

−(𝐴+(𝑠+2)𝐼)
,       (2.27) 

    Hence, by continuing the above steps of theorem (2.3), we get the required relation (2.25). 
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