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Abstract

In this paper, the g-analogue modified Laguerre matrix polynomials of three variables are
introduced as finite series and Some properties of these matrix polynomials are obtained.
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1. Introduction

Matrix generalization of special functions has become important in the last two decades. The
reason of importance have many motivations. For instance, using special matrix functions provides
solutions for some physical problems. Also, special matrix functions are in connection with
different matrix functions.

J'odar et al introduced Laguerre matrix polynomials in [11]. Some important and different
properties of Laguerre matrix polynomials were investigated (see [1,2, 6,7, 9,11,18,20] ).

Throughout this paper, for a matrix A in CVN*V, its spectrum o(A) denotes the set of all
eigenvalues of A.

The matrix analogues of Pochhammer symbol or shifted factorial is defined by [14]

A)p,=4AA+DA+2D..A+(n—-1D), n=1,(A), =1, (1.2)
where, A € CV*N | The hypergeometric matrix function F (4, B; C; z) is defined by [14]

F(AB; C;2) = Tpag 222lOn o, (12)
for matrices A4, B, C in CVN*N such that C + nlI is invertible for all integers n > 0 and for z < 1 (see
[10l]:)ﬁrthermore, for a matrix A in CV*N | the authors exploited the following relation due to [10]:

- =TStym, lyl<1, (13)

n!

Also, for a matrix A(k,n) in CN*N for n > 0 and k > 0, the following relation is given by
Defez and J odar in [4]

Y=o Xkeo Alk,n) =3 o0Xk=0 Alk,n—k). (1.4)

Ym=o k=0 Alk,n) =X oYk=0 Alk,n+k). (1.5)

We conclude this section by recalling the Laguerre matrix polynomials. Let A be a matrix in

CN*N such that —k ¢ o (A) for every integer k > 0 and A be a complex number whose real part is

positive. Then the Laguerre matrix polynomials L%“) (x) are defined by [11]:
LA () = By Al A
The generating function of Laguerre matrix polynofnials is given in [11] by
(1= ) Wexp () =32, L) ", teC, |t1<1, x€C
and Rodrigues formula is

Lg{“) (x) = %Dn[x“"’exp(—lx)], n = 0. (1.7)
Also, Laguerre matrix polynomials satiéfy the three-term recurrence relation
(n+ DL () + [Axl — (A + @n + DD () + (A + nDLED (x) = 0, (1.8)
and second order matrix differential equation

(1.6)
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[xD? + ((4 + D) = xI)D + I LS (x) = 0. (1.9)

In [3], it is shown that an appropriate combination of methods, relevant to operational calculus

and to matrix polynomials, can be a very useful tool to establish and treat a new class of two
variable Laguerre matrix polynomials in the following form:

AL (DS A+D pm [(A+Ds41] "1 (AX)S Ak
LED (x,9) = X_o T Dne S)'k'(mwlc(), , {n,m} > 0.(1.10)

The generating relation for the matrix function L(A A) (x,y) is given by the formula:
(1—u—v) @ exp (FEE2) = B2y Lot e y)umv™
where {x,y,u,v} € Cand |u + v| < 1.

Recently, g-calculus has served as a bridge between mathematics and physics. Therefore, there
is a significant increase of activity in the area of the g-calculus due to its applications in
mathematics, statistics and physics.

Let the g-analogues of Pochhammer symbol or g-shifted factorial be defined by [8]

1 , n=0
(a;q)n={ i1 -aq®), nen’
also, (@ Pn+re = (@ Qnlaq™; Q.
Now, the g-shifted factorials, where k and n are nonnegative integers [21]:
. k (k
(@ Qi = e (-9) g g e0 k=012 .0 (112

(a=1q"q)k a

(1.11)

n
The g-binomial coefficient (or Gaussian polynomial analogue to (kJ is defined by ([8] and
[21]) N -
_ @Dn
[ ] (q q)n k(@D [n k] (1.13)
Q)k aNk
[k] (q D q%)*q (2) ,a € C,k € Ny, (1.14)

The g-analogue of the power (binomial) function (x + y)™ ([17]) is given by

@£y = @£y, = x"(£Y/x;q), = 2" [k] )Y/ @)

The formulas for the g-difference D, of a addition, a product and a quotlent of functions are
Dq(Af (x) + ug(x)) = ADgf (x) + uDqg (x), (1.16)
Da(f (). g(x)) = f(gx)Dqg(x) + g(x)Dgf (x), (1.17)

FQ) _ 9D (¥)=F (X)Dgg (x)
a (g(x>) - sog@n -+ IXgax) # 0. (1.18)
The g-exponential function is defined by [21]:
— y'© x™

eq(x) = Y=o T (1.19)

Moak (1981) introduced and studied the g-Laguerre polynomials [15]

k(k+1) k
@/ ~_ (@50, o @ Dka f2(qn+atiy) ~
Ln (x’ q) - (@:Dn k=0 [k]q!(qa+1;q)k , a>-—1, TIENO. (120)

Fixed 0 < g < 1 and a > 1, the explicit form of the nth degree monic g-Laguerre polynomial
reads ([15, 2.3])

n(.a k(k+1)
@g.. D™(a" a), @ ea-akq V2 Xk
Ly Cxq) = 1-@n k= 0 (@™ L) (@:q) g 0@ X neNo. (1.21)

Mohsen and Alsarahi [16] introduced g-analogue modified Laguerre polynomial of two
variables by the following:

Univ. Aden J. Nat. and Appl. Sc. Vol. 25 No.1 — April 2021 150



g-Analogue Modified Laguerre Matrix Polynomialsof ................... Fadhl S.N. Alsarahi

(aﬂ) @™ (B" —n. m. ., _ m+1 9%
Lnm (6 ;@) = =200 141 (e a™a.,—q ﬁy)- (1.22)

where ;¢, isthe ba3|c hypergeometric or g-hypergeometric function.
The generating relation for L )(x y) is given by the formula:

[1 - Beylgmep, [224] = 55y LD G ys e (1.23)

1-Bty

2. g-Analogue Modified Laguerre Matrix Polynomials of Three Variables
In this section, we introduce the g-analogue modified Laguerre matrix polynomial of three
variables by the following generating function:

[1-Bz(u+v)], (AH)equ (%) Xrm=0 L(Aaﬁ)(x, y,z;q) u™v™, (2.1)

where u,v,x,y,z € C, |z(u +v)| < 1.
Now, we get the series representation of the g-analogue modified Laguerre matrix
polynomials in the form of the following theorem:

Theorem 2.1
Let us assume that A is a matrix in C¥*N and a, 8 be a complex number whose real part is
positive, then the series representation of the g-analogue modified Laguerre matrix polynomials
Lgf,’,‘f’ﬁ)(x y,2;q) is given by:
k k
m +(5+ ) (m+m)(s+k) (qA+(s+k+1)I’q)

) n+m
=35 !
. . =0 k= (4 9)s(q; q)k (@ Dn-s(@ Pm—i
- - n+m (qax\° (qay k
X [(q (A+(n+m+5+k)1);q)s+k] (Bzq~(4+(+k+DD) (E) (E) 22

Proof. Let us denote the left hand sides of (2.1) by W, then, by using of the g-exponential series
(1.19), we get

. ( 1)5a’ [xu+yv]q
W=2s- (@:9)s
by using the relation (1.15) in (2.3), we get

W = ((ql)qs) Z[ ]qq(lzc)(xu)s"‘(yv)"
S k=0

X ¥ [ A+ (s+ 1)1)] (2 [—Bz(u + )], (2.4)

n
applying relations (1 13), (1.14) and (1.15) on (2. 4) we obtain
VgD e G (@),
W= Z (@ Ds—1(q; Di Z @D

n a0 42 (—p2) "W W)™, (2.5)

Mm=0 (4 D nm(@m L

[1—-pBz(u+ v)] (A+(S+1)I) (2.3)

( —(A+(s+1)1))n

s=0 k=

which on using relation (1.4), gives
_ )S+kas+kq(’2‘)+(’£‘) (qA+(s+k+1)I; q)

v v (1 ntm
W= 2 Z (CHONCH D) (@ Dn(@ Dm

n,m=0 s,k=0
+
X (ﬂzq—(A+(s+k+1)I))n mxsyk(u)n+5(v)m+k, (2.6)

using the relation (1.5), we find
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CHANCH D) (@ Dn-s(@ Dm—k

X (ﬁzq—(A+(S+k+1)1))n+m_(s+k)xsykunvm, (27)
applying relation (1.12) on (2 7) we obtain

s+l g ) ( _k) A+(s+k+ DI,
W= Z Zz -1 (CI. .q)nm
(q; q) @D (@G Dn-s(@ Dm-k

nm=0s=0 k=

. i z”:i (_1)s+ka5+kq(lzc)+(m2_k) (qA+(S+k+1)I;q)n+m—(s+k)
= k=0

n,

% [(q—(A+(n+m+s+k)I);q) ] 1(_q—(A+(s+k)1))S+kq(5§")—(n+m)(s+k)

s+k
(Igzq—(A+(s+k+1)1))n+m_(s+k) (ax)S(ay)kunvm, (2.8)
by equating the coefficients of u™v™, we obtain the relation (2.2).

Next, we derive some recurrence relations for the polynomials L ﬁ)(x ¥, z; q) in the form of
the following theorems:

Theorem 2.2

The g-analogue modified Laguerre matrix polynomials of three variables L ﬂ)(x v,2;q)
satisfy the following relations:

ar
o b (13123)
n-r m m kY, (s+k A+(s+k+1)I.
. a)riz )+( ) (n—r+m)(s+k) (q ’q)(n—r)+m
L (@ Ds(@ Di (@ Dn—r)-s@G Dm-k
_ _ -1 _ (n-r)+m (qax\S (qay\¥
% [(q (A+(n r+m+s+k+1)1);q)s+k] (Bzq~(A+G+i+2D) (E) (E) , (2.8)
and
a” ()
3y L == Lom" (x,y,2q)
n m-r —k s+k\_ _ A+(s+k+1)I.
. a)rz Z )+( 5 ) (n+m-r)(s+k) (q s ’q)n+(m_r)
L L (@ Ds(q Dk (@ Dn-s(@ D an-—r)-k
-1 S k
—(A+(m+m-r+s+k+1D)D). —(A+(s+k+2)D V(M=) (qax\® (qay
x[(a )] (Bza )" () ()
(2.9)

Proof Differentiating both sides of (2.1) with respectto X, we get

Z P — 1898 (x,y, 2; q) urv™

nm=0

= —qu Y, S et ‘E‘q[;“;‘”"]q [1 — Bz(u +v)];A+E+DD, (2.10)

applying relation (1.15) in (2.10), we get
[ee] S
(Aa[i’) n,m (=Da’ S (k) s—k k
—L,; xX,v,z,q)uv™ = —au _— 2/ (xu v
2 L (6,3, 7:0) ZO oo, kz:()[k]qq () (yv)

nm=0

X Yin=0 [_(A " Ef " 2)1)] @ [~pz(u + )L, (2.11)
q
by using the relations (1.13), (1.14) and (1.15) in (2.11), we obtain
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Z — — L3P (x,y, 2; ) utv™

n,m=0
o (—1)%a?q(2) Gru)s* () (q**¢+2hq),
Bl auzz (@ D sk (@ Dr Z @ D.

s=0 k=

e o(qq)ff%q( 2 (g2, (2.12)

using the relation (1.4), we find

Z 7% L(A“ﬁ)(x.y,z;CI)u”vm

nm=0
®© k), m
= —q (—1)S+ka5+kq(2)+(2) (qA+(S+k+2)1; q)n+m
n,m=0 s,k=0 (@ Ds(@; Dy (@ DT D
x (Bzq UG DDY sy st gy, (2.13)

which on using relation (1.5), gives

n,m=0
) — k -k
z | li (_1)S+ka5+kq(2)+(m2 )(qA+(S+k+2)I; Q)(n—1)+m—(s+k)
= _a . . . .
e CHONCHD) (@ @ (n-1)-5(@ Dm-k
% (’gzq—(A+(s+k+2)1))(n_1)+m_(s+k)xsykunvm’ (2.14)

applying relation (1.12) in (2.14), we obtain
an O_L(Aaﬁ)(x v,z q) u"v™

co n—-1m

Z 2 Z ( 1)s+k ) (m—k) (qA+(s+k+2)I;q)(n_1)+m

= (@ Ds(@G D (@ Dw-1)-s(@ Dm-i
% [(q—(A+(n+m+s+k+1)I); q)

]_1 (_q—(A+(s+k+1)I))S+kq(s"z'k)—(n—1+m)(s+k)
s+k

(’qu—(A+(s+k+2)1))(n_l)"'m_(s"'k)

by equating the coefficients of u™v™, we obtain

(ax)S(ay)u™v™, (2.15)

n-1 m q(12()+(m2_k)+(s-5k)_(n_1+m)(s+k) (qA+(s+k+1)I; q)

(n-1)+m

per e CHONCHP (@ D n-1)-5(@ Dm-r
-1 s k
—(A+(nt+mts+k+1)D), —(A+(s+k+2)0)) (DM (qax)® (qay
X [(q s ’q)s+k] (ﬁzq g ) (Bz) (Bz) '
Thus, by same manner as above, we can obtain
02
Lo’ @i )
K\, (s+k
) 22 m ) (s ) (n—2+m)(s+k) (qA+(s+k+1)I,q)(n_2)+m
CHAORCHD (4 D n-2)-s (@ Dm-rk
s=0 k= ) K
_ - _ (n-2)+m qax S qay
% [(q (A+(n+m+s+k)l);q)s+k] (Bzq=(A+(s+k+D)D) (E) (E) .

Hence, by continuing the above steps, we get the required relation (2.8).
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Similarly, differentiating (2.1), with respect to y ,we get relation (2.9).

Theorem 2.3

The g-analogue modified Laguerre matrix polynomials of three variables L B)(x Y,2;q)
satisfy the following relations:

[n + 1] L(Aaﬁ)(x,y,z; Q)

n+1im
m—k—p

m n-sm-— + +P)+
) g TG gasa g

CHAONCHAACHARCH DS

(qA+(S+k+1)I; q)n+m [(q—(A+(n+m+s+k)I; q)
(Q' Q)n—s—t(q; Q)m—k—p

x (Bzq" (A+(s+k+1)1))n+m (SHAAPN)_ (am)((s+t+k+p)) (ﬂ)s (ﬂ)k
Bz Bz

n m-1n-sm-k-1 ( 1)s+k (Ié)_‘_(m—éc—l’)_‘_(g)_‘_”l

+a(x — y)z z Z Z _(q; q)sgq; D@ D (g Dy

s=0 k=0 t=

-1
% (S+t+k+p)] (q—(A+I))t+p

(CIA+21; CI tip (qA+(s+k+1)I; CI)

(CI (A+(n+m+s+k)I. CI)

n+m [ (s+t+k+p+1)]

(@ Dn-s—t(q; Q)m—k—p—l

X (ﬁzq_(A+(S+k+1)1))n+mq((S+t+g+p+1))_(n+m)((5+t+k+p+1))

x (g~@+D)"*P (qg)s (%)k

(— 1)s+k ) ( _k) (qA+(S+k+2)I;q)n+m (S+k)—(n+m)(s+k)
+'3Z(A+DEZ CHOR (q D @Dns@ O

X

s=0 k=
s k
[(qA+(s+k+1)1 q)(s+k)] (ﬁzq_(A"'(S*'k"'z)I))n"'m (qgizx) (CZL:) , (2.16)
and
[m + 1] L;A,zfl)(x,y, Z;q)

m—k-p

n m n-sm-— k), "
) g TG gasa g

CHAONCHACHARCH DS

(qA+(s+k+1)I. q) [(q (A+(n+m+s+k)I. -1
"1 n+m

5 ’ q)(s+t+k+p)] (q_(A+1))t+p

(@ Dn-s—t(q; Q)m—k—p

_ n+m ((Stttk+p) —( )((s+t+k+p)) (EX S rqay k

w (prg-avisririmy g (SR (C)
n-1 m n-s—1m-k (- 1)s+k ) (m_g_l’)+(g)+t+1

+a(y—x)22 Z Z (@ )s(@ Die(a e (@ D)y

s=0 k= t=

3 (g4*%; q) tip (qA+(s+k+1)I; q)n+m [(q (A+(ntmts+iol, q)(s+t+k+p+1)]

(@ Dn-s—t-1(q; Q)m—k—p

X (ﬁzq—(A+(s+k+1)1))"+mq((s+t+g+p+1))—(n+m)((5+f+k+r’+1))
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x (q —<A+n)t+p (%x)s (%y)"

- 1)S+k ( —k) (qA+(s+k+2)I;q)n+m (s+k)_(n+m)(s+k)
+BZ(A+I)Z,;<2 (q; 9)s (q Dk (@ Dn-s(@ Dm-r “*

s k
% [(qA+(s+k+1)1;q)(s+k)] ('gzq—(A+(s+k+2)1))n+m (q[;LZx) (%) . (2.17)

Proof. Differentiating the both sides of (2.1) , with respect to u and using relations (1.17),(1.18) ,
we get

> Il Gy, z ) wr

n,m=0
_ (4+D —ax+afzv(x—y) —a(xu+yv)
= [1 - Bz(qu + v)], <(1 ) (1= ﬁz(quﬂ))) expq (—1—ﬁz(u+v))
_ (A+2D) —a(xu+yv)
+Bz(A + D[1 - Bz(u +v)], expq (—1—Bz(u+v))’ (2.18)

applying relation (1.19) in (2.18), we get

2 [n+ 1] LglAﬁfrz(x, y,z;q) utv™ = (—ax + afzv(x — y))

n,m=0

x [1 - Bz(qu + V)] —(a+2D) 2( Dsa (q[);t)t + yvl§ D1~ BaCu + ; (A+(s+1)D)

(—D%a®[xu+yv]

1= pzlu+ )], (2.19)

+Bz(A+ 1) XsZo
by using the relation (1.15) in (2.19), we get

z [n + l]nglAﬁQ(x, y,z;q)utv™ = (—ax + afzv(x — y))

n,m=0
o o (—Dsas
y Z [ (4 + 21)] 02 [—pz(qu + v)]%; %

Z [k] (xu)s k(yv)k Z [ (A + (S + 1)1)] (2 [—Bz(u + v)]n

+Bz(A+1) (( 1§)52[k] 2) () (yv)
= TUs 3

x B [TATETDD] 4@ —pau + vy, (2.20)
q
which using relations (1.13) and (1.14) in (2.20), gives

Z [n+ 1]qL$1A+0{f,3(x, y; Q) utv™ = (—ax + afzv(x — y))

nm=0
had A+21

(q ;Q)t g-(a+2D) (@ @)eq'2) (—pz)t .
XZ) @D ) Z (@ De—p(q; Dy (e @y

A+(s+ 1)1 )

E o (00D & (g At (eI
xz (@ Ds—k(q Dk Z @D * (- )

s=0 k=0
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CHS
(q' Dn-m (@ Dm

(~1%asq(®) s * (yv)* (q#+C*2lq)
ﬁz(“”;,zo @ q>s @D z @on

x( q—(A+(s+2)I)) Y _ o q)iq:l)(z — q( )(—ﬂz)"(u)n_m(v)m, (2.21)
which using relation (1.5) in (2.21), gives

Z [n+ 1]qL$lA+0ifn)(x, y,z;q)utv™ = (—ax + afzv(x — y))

nm=0

q@(—ﬂz)n(uw-m(v)m

C q(g)(q“z’; Desp
(@ D)@ q)p

(Bzq~4+20)""P (qu)t (v)P

t,p=0

) i o (_1)S+kq(’2‘)+(2)(qA+(s+k+1)I;q)n+m
(@ Ds(q; )k (@ D@ Dm

n+m

n,m=0 s,k=0
X ('qu—(A+(s+k+1)I)) (ax)S(ay)k(u)nH(v)ch
© o (_1)S+kq(’2‘)+(72”) (qA+(s+k+2)I; q)

n+m
e+ n’;mkzo @GDs@ D (@ Dn(@ Dm
x (ﬁzq—(A+(s+k+2)I))n+m(a,x)s(ay)k(u)n+5(v)m+k, (2.22)

by using relation (1.4) in (2.22), we get

z [n+ l]ngﬁlm(x y,z;q) u™ v™
n,m=0

m—k-p

© n m n-sm-k k D
(5@ ) gasar g

CHAONCHACHAACH DS

(q'A+(s+k+1)1, q)

n+m—(s+t+k+p) —(A+(s+k+1DD) n+m—(s+t+k+p)
Bzq
(q; Q)n—s—t(q; q)m—k—p ( )

x (Bzq=“*2D)""" (ax)s (ay)* )" (w)™
Cys+eg T E D)D)
(@ Ds(@ Di(q; 0 (g5 9)p

n m—-l1n-sm-k-1

ey 3 SSSS

nm=0 s=0 k=0 t=0 p=0
A+2I, A+(s+k+1)I.
S Deap(qATETDL q)

(q

v n+m—(s+t+k+p+1)

(@ Dn-s—t(q; Q)m—k—p—l
_ n+m—(s+t+k+p+1) _ t+p
X (ﬁzq (A+(s+k+1)1)) (ﬁ (A+21)) (ax)s(ay)k(u)n(v)m

s+l (m—k) A+(s+ie+2)I,
+Bz(A+1) Z ZZ 1) (q Q)n+m—(s+k)

n,m=0s=0 k= (q Q) (q Q)k (q;q)n—s(QFCI)m—k

X ('gzq—(A+(s+k+2)1))n+m_(s+k)(ax)S(ay)k(u)n(v)m, (2.23)
applying relation (1.12) in (2.14), we obtain
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Z [n+ 1]qL$lA+0{f,3(x, y,z;q) utv™

m—k—p

monosmok (=1)5+k (5)+( )+(§)+t(qA+21-q)

:—axz Z Z - (2;q)s(q'q)k(q'q) (q'q)p’

(q#+CHhlig) (g memessir, q)<s+t+k+p>]

(q; Q)n—s—t(qi q)m—k—p
_ (s+t+k+p) _ n+m—(s+t+k+p)
X (q (A+(s+k)1) (ﬁzq (A+(s+k+1)1))

t+p

(s+t+k+p)\_
x q( 2 ) (Tl+m)((5+t+k+p))(ﬂzq_(A+21))t+p(ax)s(ay)k(u)n(v)m

n m-1n-sm-k—-1 (_1)s+k (lzc)_'_(m—;(—l?)_l,(g)_‘_t

tapz(x —y) Z ZZZ Z (q;q)s(;q)k(q'q) (@ D)p

nm=0 5=0 k=0 t=

A+21; q t+p(qA+(S+k+1)1;CI) (q—(A+(n+m+s+k)I q)

(q nam [ (s+t+k+p+1)]

(qi q)n—s—t(q} Q)m—k—p—l
_ (s+t+k+p+1) _ n+m—(s+t+k+p+1)
X (q (A+(s+k)1) (ﬁzq (A+(s+k+1)1))

X

(“*”’”p*”)—<"+m><“+”’”p“”(ﬁz -<A+2'>)”"(ax)S(ay)k(u>n<v)m

- 1)S+k ) ( —k) (qA+(s+k+2)I;q)n+m
+Bz(A+1) Z ZZ CHIACH D (@ Dn-s(@ Dm—k

nm=0s=0 k=

[(qA+(s+k+1)I q) ] (q—(A+(s+k+1)I))(S+k) (S3E)-(n+m)(s+k)
P (s+k)

xq

% (ﬁzq (A+(s+k+2)1))n+m (S+k)(a'x) (@)k @)™, (2.24)

Equating the coefficients of (u)™(v)™, we get the relation (2.16).
Similarly, differentiating (2.1) ,with respect to v, we get relation (2.17).

Theorem 2.4
The g-analogue modified Laguerre matrix polynomials of three variables L B)(x v,7;q)
satisfy the following relation:

0
— Lo P 6y,2:9)

0z
n-2 m n-s- (m- k= p) (g)+t+((S+t2k+p))—((n—2)+m)((s+t+k+p))

= —aﬁxzz Z Z CHONCHAMCHECHM

s=0 k=0 t=0 p=
qA+?, ( —(A+I))t+p [(q—(A+((n—2)+m+s+k)I. q)

-1
(s+t+k+p)]

X
(q; Q)n—s—t—z (q; Q)m—k—p

k
A+(s+k+1DI. —(A+(s+k+1)D)(—2)+m (qAX s qy
x (4 D nezyem (P20 ) pz) \ Bz

n-1m-1n-s—1m-k-1 q(’2‘)+(m_k2_p_1)+(’2’)+t+((S+t+';+p+1))—(n+m—2)((5+t+k+p+1))

—af(x+y) Z Z Z CHARCHAM IR CH DM

=0 k=0 t=0 p=0

1%]
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-1
(qA+?l; Desp (_q—(A+1))t+p [(q—(A+(n+m+s+k—2)I; q)(s+t+k+p+1)]

(q} Q)n—s—t—l(qi q)m—k—p—l
(Baq-Ar(sHirnn) D+ OnD) (w) (ﬂ)k
Bz Bz

q(§)+(m_k2_p_2)+(g)+t+((s+t;k+p))—(n+(m—2))((s+t+k+p))

n m-— —k—-
—aﬁy; kZ Z Z CHAONCHACHAACH DS

0 t=0 =

% (qA+(s+k+1)I; q)

n+m-2

A+l 0y H_p(_q—(AH))”p [( —(A+(n+(m=2)+s+k)I.

-1
(q ’ q)(s+t+k+p)]

X
(@ Dn-s-t(q; Q)m—k—p—z

_ n+(m-2) (qax\* (qay\k
x (qA+(s+k+1)I q) (ﬁzq (A+(S+k+1)1)) (_> (—>

n+(m 2) ,BZ ﬁZ
n-1 m m k)+(5;k)—((n—1)+m)(s+k) (qA+(S+k+2)I;CI)(n e
+BA+1 Z 2 -
A )S s £ CHORCHAR (@ Dn-s-1(d; Dm-k
X [(qA+(s+k+1)1. q)( )]_1 (ﬂzq—(A+(s+k+2)1))(n—1)+m (‘Zﬂ)s (‘igﬂ)k
! s+k VA VA
(A+D) Y (") enesi0 (qArGETREDLg)
+B(A+]1 Z Z
PUTDL, 2, (@ D:(@ D (@ Dn-s (@ Dmss
-1 s k
A+(s+k+1)I. ~(A+(s+k+D )T (qax)® (qay
X [(q s »q (S+k)] (ﬁzq ) (ﬁz) (ﬁZ) ' (225)

Proof Differentiating (2.1), with respect to z, we get

Z Ly (,y,2.0) wo™

n,m=0
_ (A+D —af(xu+yv)(u+v) —a(xu+yv)
== pazlutvl, ((1—B2(u+v))(1—/3qz(u+v))) €XPq (1—ﬁz(u+v))
_ (A+2D) —a(xu+yv)
+B(A+ D+ v)[1-pz(u+v), expq (—1_Bz(u+v)), (2.26)

applying relation (1.19) in (2.26), we get

2 e L(Aaﬁ)(x, y,2;q) ut v™ = (—af(xu? + xuv + yuv + yv?))

nm=0

x [1 = Bqz(u + V)] (A+21)2( Dsas al ;;1; + yvl§ 111~ Bau+ )], (A+(s+1)D)

HBA+ D +v) T2, % [1— Bz(u +v)]; @20 (2.27)

Hence, by continuing the above steps of theorem (2.3), we get the required relation (2.25).
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