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Abstract

In the present paper, the necessary and sufficient conditions for this projective motion to
be affine motion are obtained. Projective motion is studied in birecurrent Finsler space.
Several results by authors extended to Finsler spaces of recurrent curvature by R. B. Misra,
N. Kishore, and P. N. Pandey [6], A. Kumar, H. S. Shulka and R. P. Tripathi [2], S. P. Singh
([9], [10]) and others. C. K. Misra and D. D. S. Yadav [3] and S. P. Singh [11] discussed the
affine motion in birecurrent non - Riemannian space.
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1.Introduction

Let us consider an n-dimensional affine connected Finsler space F,with appositively
homogeneous metric function F(x, y) of degree one in y*.

The fundamental metric tensor g;; of F, is given by

(1.1) gij(x,y) = %aiasz(x: ).
The tensor g;;(x, y) is positively homogeneous of degree zero in ytand symmetric in i
and j.
The covariant derivative of any vector field X* with respect to x/ is given by [13]
(1.2)  BX'=09x' - (9 X)II5y" + X¥1T,
where
jlk = Gjlk - ﬁyl chr'
The normal projective connection jik and the connection parameters jik are positively
homogeneous of degree zero in y‘and skew —symmetric.[13]
The normal projective curvature tensor jikh is given by
(1.3) ien = 200i Ty + T i T3y S + T T3
where [kh] represents skew — symmetric part. The derivatives a'jH,ih denoted by H}kh is
given by
ien = Giin — ﬁ(‘S}Gﬁhr + ylGﬁchr)J
are symmetric in k and h only and are positively homogeneous of degree -1 in y* and the
tensor satisfies the following identity
(1.4) My’ = 0.
The normal projective curvature tensor N]-ikh is skew -symmetric in its last two indices, i.e.

(1.5) jikh = _Njihk'

Also, this tensor satisfies the following identity [12]

(1.6) jien + Ninj + Npjie = 0. ' .

The normal projective curvature tensor N, is related with Berwald curvature tensor Hj, by

. . 1 Py
L.7)  Njn = Hjxn = 779" 0iHikn,
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where the curvature tenser jikh is positively homogeneous of degree zero in yi and skew -
symmetric in its last two indices and given by

(1.8) Hjyp = 2{6[,1.6,‘(]]- + Gf[kGﬁ]r - G;j[kG,f]}.

The curvature tenser Hj, satisfies the following identities

(19)  Hjkny’ = Hin = Njpy’.

The commutation formulae, involving the above curvature tenser, are given by

(1.10)  2ByBw T} =T} Nimy = TiNimj = (0r T )Nimsy®.

In particular, the Berwald covariant derivative of the vector y* vanishes identically, i.e.
(1.11) Bgy'=0.

Definition 1.1.The normal projective curvature tensor Ny, satisfies the relation

(112)  BNfn = ANjn,  Njin # 0,

where 4; is a non — zero recurrence vector field, the space is called recurrent Finsler space
(141, [11], [12]). _

Transvecting (1.12) by y/, using (1.9) and (1.11), we get

(1.13) BHL, = A,H.),.

Definition 1. 2. The normal projective curvature tensor Nj"kh satisfies the relation

(1.14)  BnBiNjkn = amNjn,  Njgn # 0,

where a;,,, is a non — zero recurrence tensor field, the space is called birecurrent Finsler
space [1].
Transvecting (1.14) by y/, using (1.9) and (1.11), we get
(L15)  BnBiHip = aimHip.

Let us consider an infinitesimal transformation
(1.16) x=x'+ evi(xj),
where ¢ is an infinitesimal constant and v*(x/) is called contravariant vector filed
independent of y!.Also, this transformation gives rise to a process of differentiation called
Lie- differentiation.

Let X! be an arbitrary contravariant vector filed. Its Lie- derivative with respect to the
above infinitesimal transformation is given by ([7], [8], [13])
(117) L, X' =v"B. X' — X"Bv' + (3,X")Bsv"y",
where the symbol L,, stands for the Lie- differentiation.
In view of (1.16) the Lie-derivatives of y* and v’ with respect to above infinitesimal
transformation vanish, i.e.
(1.18) a)L,y'=0
and

b) L,v' = 0.

Lie-derivative of an arbitrary tensor Tji, with respect to the above infinitesimal
transformation, is given by
(1.19) LT} =v"B,T} — T/ B,v' + T}Bv" + (0,T} )Bsv"y".

Lie-derivative of the normal projective connection parameters jik is given by [13]
(1.20)  L,IT), = BjByv' + Nijv" + I,y Bsv™.

The commutation formulae for the operators By, 8]- and L, are given by ([5],[11])

(1.21)  (LyBi = BeL)X' = X L, 1Ty — (0, X7 )Ly Tiny™,
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where X! is a contravariant vector filed.
The infinitesimal transformation (1.16) defines a motion, affine motion or projective motion
if it preserves the distance between two points, parallelism of pair of vector or the geodesics,
respectively. Necessary and sufficient conditions for the transformation (1.16) to be a

motion, affine motion and projective motion are respectively given by [4]
(1.22)  Lygij =0,
(1.23) LI, =0
and
(1.24)  LylIj = 6/P + 6P,
where P; is defined as
(1.25) P, =0,P,
P being a scalar, positively homogeneous of degree one in y*.
Transvecting (1.25) by ¥/, using homogeneity of P; [9], we get
(1.26) Py’ =P.

Let an infinitesimal transformation (1.16) be generated by a vector filedv’(x/).
The vector filedv!(x/) is called contra, concurrent and special concircular according as it
satisfies
(1.27)  a) Byv' =0,
b) Byv' = cé8L, chbeing aconstant
and
¢) Byvt = pSL,  pisnota constant,

respectively. The affine motion generated by the above vectors is called contra affine
motion, concurrent affine motion and special concircular, respectively.

2. Projective Motion in an N- Birecurrent Finsler Space

Definition 2. 1. A birecurrent Finsler space characterized by (1.14), in which infinitesimal
transformation (1.16) defines a projective motion, is called projective birecurrent Finsler
space briefly denoted by NB — PE,. _

Lie-derivative of the normal projective curvature tensor Ny, satisfies the relation

(1) LyNj, = 2B(;Pig ), — 26[;Bi P, — 2P} -

Transvecting (2.1) by y’, using (1.4), (1.9), (1.11), (1.18a) and (1.26), we get

(22)  L,HL, = 6LBxP — y'ByPy.

In view of (1.5) and (1.11), applying Lie —derivative to (1.14) and observing (2.‘1), we get
(2.3) LyBmBiNfin = (Ly@un) Ny, + (2B Py, — 26{;Bi P — 2PIT}p4)
Similarly, the Lie —derivative to (1.14) in view of (1.18), we get

(2-4) LvBmBlHIlch = (Lvalm)Hllch + alm(SilLBkP - lekPh)-

Thus, we conclude

Theorem 2.1.In an NB — PE,, which admits a projective motion, the relations (2.3) and
(2.4) hold. .
When the projective motion becomes an affine motion, the condition L, /1., = 0 is satisfied.
If we apply this condition in (1.24), we get
(2.5) 8{Py + 6iP; = 0.
Contracting the indices i and k in (2.5), we get
(2.6) (1+n)P; =0,
which implies
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27 P =0.

Conversely, if (2.7) is true, the equation (1.16) reduces to L,IIL, = 0. i.e. the necessary
and sufficient condition for the infinitesimal transformation (1.16) which defines a projective
motion to be an affine motion.

Using the equa_ltions (1.26) and (2.7) in (2.1) and (2.2), we get
(28)  LyNjy, =

and .

Using the equations (1.26) and (2.7) 'in (2.3) and (2.4), we get
(2-10) LvBmBlelkh = (Lvalm)lekh

and . .

(2-11) LvBmBlHIlch = (Lvalm)Hli:h'

Thus, we conclude

Theorem 2.2. In an NB — PF,, if the a projective motion becomes an affine motion, then

the relations (2.10) and (2.11) are necessarily true.

Using the commutation formulae (1.10) for N}, we get

(212) 2By BNjin = NjinNimr = NrsnNimj = NjenNimic = (0Njien)Nimsy®
- jllcerr;nh'

Applying Lie —derivative to both sides of (2.12) and using (2.8), we get

(213)  LyByBimNjyn =

In view of the e equations (2.10) and (2.13), we get

(2.14) (Lvalm)lekh =0, N}lkh # 0.

Or (Lvalm) =0.

Thus, we conclude

Theorem 2.3. In an NB — PF,, if the a projective motion becomes an affine motion, then
the recurrence tensor field a;,,, satisfies the identity (2.14).
Applying skew — symmetric of (1.14), we get
(215) a[lm]Ilekh = 0.
Differentiating (2.15) covariantly with respect tox™ in the sense of Berwald, using (1.12) and
the normal projective curvature tensor l\ljikh is skew -symmetric, we get
(216) Bna[lm] = Ana[lm].
Applying Lie —derivative to both sides of (1.12) and using (2.8), we get
(2.17) LvBlelkh = (Lvll)lekh-
In view of the commutation formulae (1.21) for the normal projective curvature tensor jikh,
using (1.23) and (2.8), we get
(2.18)  L,B,Nj, = 0.
In view of (2.17) and (2.18), we get
(219)  Ly4 =0, Nj, #0.
Applying Lie —derivative to both sides of (2.16), using (2.14) and (2.19), we get
(220) LUBna[lm] = 0.
Cyclic permeation with respect I, m and n in (2.20), we get
(2.21) Lana[lm] + L,,B,a[mn] + LvBma[nl] =0.
Thus, we conclude
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Theorem 2.4. In an NB — PE,, if the a projective motion becomes an affine motion,
then the recurrence tensor field a;,, satisfies the identity (2.21).

3. Special cases
Let us consider an infinitesimal transformation generated by contra vector v'(x/)
characterized by (1.27a).
Taking the covariant divination for (1.27a), with respect to x/ in the sense of Berwald, we
get
(3.1) BBy v’ = 0.
Using equations (1.24), (1.27a), (1.4) and (3.1) in equation (1.20), we get
(32  Njpv" =6/Pc + 6.P;.
Differentiating (3.2) covariant , with respect to x‘and x™in the sense of Berwald and using
(1.27a), we get
(3.3) B BINjp V" = /BB, Py + 6. BB, P;.
Using equations (1.14) and (3.2) in equation (3.3), we get

(3.4) 8} (BB Py — ajmPy) + 8(BmBiP; — aimP;) = 0.
Contracting the indies i and j in (3.4), we get
(35) BmBlPk = almPk.

Thus, we conclude

Theorem 3.1. In an NB - PE,, which admits projective motion, if the vector filed vi(x/)
spans contra affine motion, then the vector Py, is birecurrent.
Transvecting (3.5) by y*, using (1.11) and (1.26), we get
(36) BmBlP = almP.
Thus, we conclude

Theorem 3.2. In an NB - PE,, which admits projective motion, if the vector filed v'(x/)
spans contra affine motion, then the scalar function P is birecurrent.
If we adopt the similar process for (1.27b), we get the following theorem:

Theorem 3.3.In an NB - PE,,, which admits projective motion, if the vector filed vi(x/)
spans concircular affine motion, then the vector Py is birecurrent.

Theorem 3.4.In an NB - PE,, which admits projective motion, if the vector filedv(x/)
spans concircular affine motion, then the scalar function P is birecurrent.

Let us consider an infinitesimal transformation generated by contra vector v'(x/)
characterized by (1.27c).
Taking the covariant divination for (1.27c), with respect to x/ in the sense of Berwald, we
get
(7  Bjpsi=0.
Using equations (1.24), (1.27c), (1.4) and (3.7) in equation (1.20), we get
(38)  Njuv" =68/Pc + 6,P; — B;pb.
Differentiating (3.8) covariant, with respect to x'and x™in the sense of Berwald and using
(1.27c¢), we get
(3.9)  ByBiNjuv" = 8/ByBiPy + 86iBmBiP; — 5B, B, B;p.
Using equations (1.14) and (3.8) in equation (3.9), we get
(320) &/ (BmBiPx — aimPi) + Si(BmBiP; — aimP;) — 8k (BB Bjp — aymBjp) = 0.
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Contracting the indies i and j in (3.4), we get

(311)  (n+ D(BnBiPx — aymPr) — (BB Bip — aimBip) = 0.
From the above equation, we get

(3.12) a) BynBPy = aym Py, b) BmBiBkp = AimBkp.
Thus, we conclude

Theorem 3.5. In an NB - PE,, which admits projective motion, the vector filed v*(x/)

spans special concircular affine motion satisfy (3.12a) and (3.12b).
Transvecting (3.11) by y*, using (1.11) and (1.26), we get

(3.13) BmB,P = a;,P.

Thus, we conclude

Theorem 3.6. In an NB - PE,, which admits projective motion, if the vector filed vi(x/)

spans special concircular affine motion, then the scalar function P is birecurrent.
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