
 

* Correspondence to: M.S. Al-Amry, Department of Mathematics, University of Aden- Yemen  

E-mail address: salem251251@gmail.com 

University of Aden Journal of Natural  and Applied Sciences., Vol.28(1) (2024),25-30 

University of Aden Journal of Natural and Applied Sciences 

Journal homepage: https://uajnas.adenuniv.com 

Research Article  

New Exact Solutions for Generalized of Combined with Negative Calogero-

Bogoyavlenskii Schiff and Generalized Yu–Toda–Sassa–Fukuyama Equations 
M.S. Al-Amry

1*
 and E. F. Al-Abdali

1 

1
 Department of Mathematics Faculty of Education Aden, Aden University 

https://doi.org/10.47372/uajnas.2024.n1.a04  

 

ARTICLE  INFO Abstract 

In this paper, we present generalized model of combined Calogero-Bogoyavlenskii Schiff 

and negative-order Calogero-Bogoyavlenskii Schiff G(CBS-nCBS) equation and 

generalized Yu–Toda–Sassa–Fukuyama g(YTSF) equation. We apply the extended 

hyperbolic function method, to solve generalized models. Exact travelling wave solutions 

are obtained and expressed in terms of hyperbolic functions, trigonometric functions, 

rational functions solutions of these equations from the method with the aid of the 

computer program Maple. 
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1. Introduction 

The investigation of the travelling wave solutions for 

nonlinear partial differential equations plays an important 

role in the study of nonlinear physical phenomena. 

Nonlinear wave phenomena appear in various scientific and 

engineering fields, such as fluid mechanics, plasma 

physics, optical fibres, biology, solid state physics, 

chemical kinematics, chemical physics and geochemistry. 

Nonlinear wave phenomena of dispersion, dissipation, 

diffusion, reaction and convection are very important in 

nonlinear wave equations. New exact solutions may help to 

find new phenomena. 

In order to get exact solutions directly, many powerful 

methods have been introduced such as the (
  

 
)-expansion 

method [1,2], Hirota’s bilinear method [3], the tanh-coth 

method [4-6], the tan-cot method [7,8], the sine-cosine 

method [9], Bäcklund transformation method [10], the 

homogeneous balance [11],  Darboux transformation [12], 

the Jacobi elliptic function expansion method [13,14], the 

mapping method [15-18]. In this paper, some new solutions 

of g(CBS-nCBS) equation and g(YTSF) equation by using  

the extended  hyperbolic function method [19]. 

 

2. The Extended Hyperbolic Function Method  

Consider the general nonlinear partial differential equations 

(NLPDEs), say, in two variables,
 

 (                         )                                                      

Eq. (1) can be solved by using the following steps: 

Step 1 

Use the wave variable  𝜉               where   is 

the wave number and   is the wave speed to change the 

PDE (1) in to ODE 

                  
 

 𝜉
                                                                      

In the above equation   denotes to the differentiation with 

respect to 𝜉   

Step 2  

We suppose that the solution of Eq. (2) has the form 

             (𝜉)     ∑  ( (𝜉))
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where the coefficients                            are 

constants to be determined, the parameter   will be found 

by balancing the highest – order nonlinear terms with the 

highest –order partial derivative term in the given equation, 

and the function  (𝜉) satisfies a nonlinear ordinary 

differential equation 
     

  
       𝜉                                                                                              

where         are constants. 

Step 3 

Substituting Eq. (3) into Eq.(2) and using Eq. (4), collect 

the coefficients with the same order of     𝜉        

             and set the coefficients to zero, nonlinear 

algebraic equations are acquired. Solutions to the resulting 

algebraic system are derived by using the extended 

hyperbolic function method with the aid  of the computer 

program  Maple. 

The ODE (4) has the following solutions  

       𝜉         √
 

 
     (√  𝜉)       

       𝜉          √
 

 
     (√  𝜉)       

       𝜉         √ 
 

 
      (√   𝜉)       

       𝜉         √ 
 

 
      (√   𝜉)       

       𝜉   
 

 𝜉
           

       𝜉   𝜉           

The multiple exact special solutions of nonlinear partial 

differential equation (1) are obtained by making use of Eq. 

(3) and the solutions of ODE (4). 

3. Applications 

     In this section, we determine the new exact traveling 

wave solutions of the nonlinear g(CBS - nCBS ) and 

g(YTSF) equations by using the extended hyperbolic 

function method.  

3.1. New Exact Solutions for G(CBS-nCBS) Equation 

We consider generalized combined the (2+1)-dimensional 

Calogero-Bogoyavlenskii Schiff and negative-order 

Calogero-Bogoyavlenskii Schiff g(CBS-nCBS) equation 

[20,21] as the form 

                (     )      

1

x

     (     )        

Assuming 

   
1

x

      (     )  

implies         (     )   

and using the transformation            𝜉  𝜉        

     in Eq. (5) we find 

     𝜉              𝜉           𝜉    𝜉     𝜉    𝜉 

                                                                                 

   𝜉               𝜉                                                                      

Integrating the equation in the system (6,b) and neglecting 

the constants of integration, we find 

  𝜉       (  𝜉 )
 
                                                                            

Substituting Eq. (7) into the equation of the system (6,a) 

and integrating once the resulting equation, we find 

    𝜉             𝜉  
      

   
(  𝜉 )

   
                            

Eq. (8) is nonlinear ordinary differential equation. 

Balancing the highest order of the nonlinear term        

with the highest order derivative      gives        

  that gives  
 

 
 . To obtain closed form solutions,   

should be a positive integer. To achieve this goal we use 

the transformation  

  𝜉   
 

  𝜉                                                                                       

that will carry out Eq. (8) to the ODE                  

            𝜉             𝜉 

              (   𝜉 )
 

                𝜉     𝜉                 

Balancing the highest order of the nonlinear term    with 

the highest order derivative       gives          that 

gives    . Now, we apply the extended hyperbolic 

function method, to solve our g(CBS-nCBS) equation. 

Consequently, we get the original solutions for our g(CBS-

nCBS) equation as the follows: 

From Eq. (3), the solution of Eq. (10) has the form 

           𝜉         𝜉     
  𝜉                                           

where               are constants.     

By substituting Eq. (11) in Eq. (10) and using Eq. (4), the 

left hand side is converted into polynomials in    𝜉       

     Setting each coefficient of these resulted polynomials 

to zero, we obtain a set of algebraic equations for 

                . Solving the system of algebraic equations 

with the aid of the computer program Maple, we obtain 

   
               

   
         

               

   
 

  
     

        
        

Using Eq. (11) with the values of [                and the 

solutions of  Eq. (4), we obtain 

 

Case 1. For       

          (
               

       ( √  (    
      

        )+)

 
 

  

          
              

           
    ( √  (    

      

        
)+   

          (
               

       ( √  (    
      

        )+)

 
 

  

          
              

           
    ( √  (    

      

        )+   

 

Case 2. For       

          (
               

        ( √   (   

 
      

        )+)
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     ( √   (    

      

        
)+  

          (
              

        ( √   (    
      

        )+)

 
 

  

          
               

           
     ( √   (    

      

        )+  

 

Case 3. For          

          (
           

         
*

 
 

  

          
           

         
  

 

3.2 New Exact Solutions for G(YTSF) Equation 

We consider generalized the (3+1)- dimensional Yu–Toda–

Sassa–Fukuyama g(YTSF) equation [22] 

                    

1

x

         
1

x

         

                             

assuming   
1

x

               
1

x

      

implies            and       ,   

and using the transformation               𝜉             

  𝜉  𝜉               in Eq. (12) we find 

     𝜉         𝜉      𝜉    𝜉     𝜉    𝜉   

   𝜉                                                                                                         

   𝜉          𝜉                                                                                    

    𝜉      𝜉                                                                                                

Integrating the equations in the system (13,b)  (13,c) and 

neglecting the constants of integration, we find 

  𝜉  (  𝜉 )
 
                                                                                               

   𝜉     𝜉                                                                                                    

Substituting Eq. (14,a)  and Eq. (14,b)   into the equation of 

the system (13,a) and integrating the resulting equation, we 

find 

        𝜉        𝜉  
 

   
(  𝜉 )

   
                                    

Eq. (15) is nonlinear ordinary differential equation. 

Balancing the highest order of the nonlinear term        

with the highest order derivative      gives        

  that gives   
 

 
. To obtain closed form solutions,   

should be a positive integer. To achieve this goal we use 

the transformation  

  𝜉   
 
  𝜉                                                                                        

that will carry out Eq. (15) to the ODE 

                𝜉        𝜉          (   𝜉 )
 

           𝜉     𝜉                                  

Balancing the highest order of the nonlinear term    with 

the highest order derivative       gives         that 

gives    . Now, we apply the extended hyperbolic 

function method, to solve our g(YTSF) equation. 

Consequently, we get the original solutions for our 

g(YTSF)  equation as the follows: 

From Eq. (3), the solution of Eq. (17) has the form 

             𝜉         𝜉     
  𝜉                                           

where               are constants. 

By substituting Eq. (18) in Eq. (17) and using Eq. (4), the 

left hand side is converted into polynomials in 

   𝜉            Setting each coefficient of these 

resulted polynomials to zero, we obtain a set of algebraic 

equations for                 . Solving the system of 

algebraic equations with the aid of the computer program  

Maple, we obtain 

   
               

   
         

               

   
 

  
         

   
        

Using Eq. (18) with the values of [                and the 

solutions of Eq. (4) we get: 
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Case 3. For        , 
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Conclusion  

In this paper, the extended hyperbolic function method 

has been successfully implemented to find new traveling 

waves solutions for generalized proposed equations 

namely, a combined Calogero-Bogoyavlenskii Schiff 

and negative-order Calogero-Bogoyavlenskii Schiff 

g(CBS-nCBS) equation and generalized Yu–Toda–

Sassa–Fukuyama g(YTSF) equation. The results show 

that this method is a powerful Mathematical tool for 

obtaining new exact solutions for our equations. It is 

also a promising method to solve other nonlinear partial 

differential equations. 
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 بحث علمي

 G(YTSF)و  G(CBS-nCBS) الحلول الذقيقت الجذيذة لمعادلتي

انعبذنٍإَمان‏فضم‏عبذالله‏ و محمد‏سانم‏أحمذ‏انعمشٌ   

عذنخامعت‏‏-عذن‏‏كهُت‏انتشبُت‏-‏ قسم‏انشَاضُاث  

https://doi.org/10.47372/uajnas.2024.n1.a04  

 الملخص مفاتيح البحث

‏ ‏هزي ‏‏انبحثفٍ ً ‏ومىرخا ‏كانىخشومعممقذمىا ‏نمعادنت ً ‏‏-ا ‏(CBS)بىخىَفهىسكٍ‏شُف‏انعادَت معادنت‏،

‏‏-كانىخشو ‏انسهبٍ ‏انتشتُب ‏راث ‏شُف ‏َى (nCBS)بىخىَفهىسكٍ ‏-ساسا‏-تىدا‏-ومعادنت

‏ (YTSF)فىكىَاما ‏قمىا ‏ثم ‏انمعممت.. ‏انىمارج ‏نحم ‏انمىسعت ‏انزائذَت ‏انذانت ‏طشَقت ‏‏بتطبُق تم‏حُث

‏ ‏وانىظائف‏انحصىل ‏حُث‏انىظائف‏انزائذَت ‏مه ‏عىها ‏وانتعبُش ‏انذقُقت ‏انمىخاث‏انمتىقهت ‏حهىل عهً

 .بمامبشوامح‏انمثهثُت‏وحهىل‏انىظائف‏انمىطقُت‏نهزي‏انمعادلاث‏مه‏انطشَقت‏بمساعذة‏

وهٍ‏أَضا‏ً‏.انطشَقت‏هٍ‏أداة‏سَاضُت‏قىَت‏نهحصىل‏عهً‏حهىل‏دقُقت‏نمعادلاتىاأظهشث‏انىتائح‏أن‏هزي‏

 طشَقت‏واعذة‏نحم‏انمعادلاث‏اندزئُت‏غُش‏انخطُت‏الأخشي.‏

 

 

 2024ماَى‏‏12انتسهُم‏:‏

 2024َىوُى‏‏23انقبىل‏:

 

: كلماث مفتاحيت  

بىخىَفهىسكٍ‏‏-معادنت‏كانىخشو

‏ ‏انعادَت ‏معادنت‏(CBS)شُف ،

‏شُف‏‏-كانىخشو بىخىَفهىسكٍ

‏انسهبٍ‏ ‏انتشتُب راث

(nCBS)،‏َى‏ ‏-تىدا‏-معادنت

‏‏-ساسا ‏و‏(YTSF)فىكىَاما

 طشَقت‏انذانت‏انزائذَت‏انمىسعت
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