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Abstract

In this paper, we introduce the g-analogue generalized Hermite polynomials of two variables.

Some recurrence relations for these g-polynomials are derived.
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1. Introduction.

The classical Hermite polynomials have two important properties: (i) they form a family of
orthogonal polynomials, and (ii), are intimately connected with the commutation properties
between the multiplication operator X and the differentiation operator D . In contrast to the discrete
g-Hermite polynomials, which generalize both aspects, the continuous g-Hermite polynomials

generalize only the first one.

In this section, we will give a summary of the mathematical notations and definitions required in

this paper for the convenience of the reader.

Let the g-analogues of Pochhammer symbol or g-shifted factorial be defined by [3]

1 ,h=0
(a;q)nz{ 11 (1_aqj) ,n=123,... °

7b k>n
e (4750h =1 @a) gy b
(00,
(0:q), =1,

also

(a; ). = (@), (g™ q),.
where lim (qz i q)k =(z),.

1 (1-q)f
The g-binomial coefficient is defined by
{n} :% , 0<k<n, k,neN .
K, (@), (a:a)

The g-derivative with index ¢ is defined by Rajkovic [7]

5 _ fla"x)- f(x) D -D
a “_1)x 1
which for q-derive?tive of the pair of functions are valid:
D(Aa(x)+ ub(x))= 1 Da(x)+ 1 Db(x)
D(a(x).b(x)) = a(gx)Dhb(x)+ Da(x)ob(x),
b ( a(x)j _ Da(x)b(x)-a(x) Db(x).
b(x) b(x)b(ax)

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)
(1.7)

(1.8)
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Exton [2] presented the following g-exponential functions:
) (n-1)
9

E(u, Z?Q)ZHZ_O:WZ )

where  [n]!= (@),

(1-q)

In Exton's formula, if we replace Z by % and u by %,We get
a X
E| —,—; X,a),
(2 1-q j ( )

. qa@)
E“(X’a):;(q;Q)n

which satisfies the functional relation
E,(x,.2)-E,(qx.a)=xE, (¢°x.a).
The above g-function can be rewritten by the formula

DqEq(x,a):ﬁEq(qax,a).

Also, the g-analogue of (x+y)" is given by Purohit& Raina[5]

(x£y)' =(xxy), = x“(¢ %;q) = X“im&)(i %)k

n k=0
Hermite Polynomials are defined by means of generating relations [6]

exp[2xt —t*] = Z H (x)

where

n

X,

expt+ 1= H, (x y)%.
n,=0 .

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

Shrivastava [8] presented and studied the classical Hermite polynomials and its generalizations in

the form:

exp[2x(t+h) = (y +D(t+h)’]= Z Hom (X y)

n,m=0

hm

(1.14)

The following double series transformations that we will occasmnally use, are easy to prove

0 0 0 [y]
>3 AkN)=Y " Alk,n—2),
n=0 k=0 n=0 k=0

and
33 Akn)=3 > Ak.n—k).
n=0 k=0 n=0 k=0

Similarly, We can write
0 / 0 00
>3 Ak =D > Alk,n+2k),
n=0 k=0 n=0 k=0

(1.15)

(1.16)

(1.17)
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i ki A(k,”)=i %:] Alk,n—k), (1.18)
g k:: A(k,n)Zg g Alk,n+k), (1.19)
> M Akn)=3 3% Alln k), .20
i n A(k’“)=i ["ém] Ak,n—(m-1Dk), (1.21)

o

k= n=0 k=0
wherem is a positive integer and N>m.

o

n=|

2. The Generalized g-Analogue Hermite Polynomials of Two Variables
In this section, we introduce the generalized g-analogue Hermite polynomial of two variables
and one index by the following:

H 2{n-2rPa2(r (2]
H,(x,y,a,q)= _qyen d y (2.1)
( ) Z;( ) (05 @)y 2 (0 @),

Now, we derive generating function of the generalized g-analogue Hermite polynomials in the
form of the following theorem:

Theorem 2.1
The following generating function for the generalized g-analogue Hermite polynomials
H.(x,y,a;q) holds true:

Eq[Zq%xt, %)Eq((—l)‘a‘”q%yt2 : %) = i H, (x,y,a;q)t". 2.2)
n=0

Proof. Let us denote the left hand side of (2.2) by W , then
a. a-+. a a
W :Eq(Zq%xt,Equ((—l) lqutz’Ej,

applying relation (1.9), we get
qE(Z)*Z” (2x)”t” = (—1)r (o) q5(2]+zfyrtzr
(@a), = (a:9),

.15), we obtain

W =

M

(2.3)

o

n=

by using relation

[32Y

n

" [E] 3((n—Zr)2+r2)

W = Ly AT oy "t 2.4
ZOZO( ) (q:q)m(q;q)r( )y ¢4

which by using definition (2.1) we get the required result (2.2).
Lemma 2.1

H,(=xy,2;9)=(-1"H,(x,y.a;q). (2.5)

Proof.

B} E(n—2r)2+3(r)2 ~ n-2r
e T

= (0: )y o, (0:0),
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r) Ny
=i 1)r (a+1) (—ZX) Yy

= (q'q)n(q'Q)

[2} aarfagCey T
_ _1n 1 r(a+1)q ( X) y
=3 Zo( ) (a:), (a;0),
which is the required relation (2.5).
Lemma 2.2

lim H, (0 a)x,@-q)y.0;a)=H,(x.y). (2.6)
Proof.

im H, ((L-a)x,(1—a)y.0;q)=lim > (-1 (20-apx)"™ (L-a)y)

143 (9:9) 2 (a:0),

& ey
~2 Ve

3. Recurrence Relations for H,(x,y,a;q)

Now, we derive some recurrence relations for the polynomials H (x, Y, a;q) in the form of
the following theorems:
Theorem 3.1

The g@-analogue generalized Hermite polynomials of one-index and two-variable
H, (x, Y, a;q) satisfy the following relations:

& 2q” ( K j
~ s H XY, a’ = Hn—s 2 XY, a’ .
o n( y Q) (1—q)5 q y,a,q |, (3.1)
and
s _q)la+) 52% sla
as H, (X, y.a;Q)==(1)—qs H“s(x,q 4y,a; Qj. (3.2)
o (L-q)

Proof. Differentiating (2.2) with respect to X and using (1.10), we obtain

o0

20’
8 q t 3% E _ a+1 % ZE
> ZH, (xyaa) =2 qe[zq 2 e (a3

n=0

. 2{n(n-aem(m-1)) L2 "

m(a+1) ZX) ym tn+1+2m
(a;0),(a;9),, ’

(3.3)

which on using relation (1 15)

ZQH (x, y,a;q)t 2q
n=0 OX

1

Ll

2
Z a+l
m=

NG
Ms

(n —1)-2m)’+m )+ ({n—l)—2m)(2X)(n_1)_2m (y)m
(0.0 inay-2m (@ 0)r

tn

|_\
KQ
Ms

Il
o

_2q
1_q n
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By equating the coefficients of t", we get

20% | (s
_Hn(x, y,a;q)z l(jq Hn_l(qéx, y,a;q). (3.4)
Thus, by same manner as above, we can obtain
; 7" (")
—H,(x,y,8;q)= H,,| a4 X Yy.aq]| :
7 Ml y.aiq) fgp 8 Xy (35)

Hence, by continuing of the above steps, we get the required relation (3.1).
Also, differentiating (2.2) with respectto Y , we obtain

0 _ (1 ( % e) (_ ey zé)
nzayH (xy,a;q)t" g |20 Bl (107w,

—-1)+m(m-: En+3—am
( 1)(a+1 qA i i (et 4(( Lpem(m-1)h-n+= (ZX)n(y)m iz -
i (a;0),(a:9),,

tn

n-2
0 n (_1)a+lq% = {T} (a+1)
—H X, Y,a; q t =—>—— -1
nz“ay 1-q ; ; ( ) (q;q)(n—Z)—Zm(q;q)m
(-1q* < ( : ] n
=-———2, Hi [ xq%y,aq t",
1-q Z.: i
which by equating the coefficient of t", we obtain
1)@t % a
aHn(X' y,a;q)=%Hn_2(X,qu,a;q). (3-7)
Thus, by the same manner as above, we obtained
Pe _1 2(a+1) 22% o
yHn(X,yia;q):(z_—q(;an A(Xq /yaq) (38)

Hence, by continuing these steps, we get the required relation (3.2).
Theorem 3.2

The polynomials sequence { (x Yy, a; q)} satisfies the following recurrence relation

2 a+l / 2 %X a
[n+1]H,..(x, y,a;Q)=%qqu _1[qx q2y,a; qJ 1q : Hn(qzx, y,a;qj- (3.9)

Proof.
Differentiating (2.2) with respect to t and using relation (1.7), we find

0 a+l / a
Z X y,a; q)tn _Z()—YtE [ /+l ZJEQ((—].)MQE%YTZ,%)

n=0 ot 1_q
qu

4X 33 a a3 a
+mEq(2q Axt,EJEq((—l) lqutZ,Ej,

Which, on using relation (1.9) gives
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afn).2 a‘m),3a
> e 2607 g ey $ (e RN )
nl,H, (X, y,a;q)t 1_ 1

n=|

-9 = = (a:a),(a; a)
2q%x . ( )q4(rl )(zqzxj v)
_1 m(a+1 t”+2m, 3.10
T1-g Zo Zo( ) (a;a),(a;9), (310

tn 1

B 1—q n=0 m=0 (q;q)(n—z)—Zm(q;q)m
fopanprc)( 3\
={((n-1)-2m)"+m - m
Zq%x i {71} a+l « (ZQZXJ (y) n1
+==2 2 () v

-4 32 & ) (@) 520 (@),
by equating the coefficient of t"™, we get the relation
2 a+l / a 2 %X a
[n], H,(x, y,a;q)z%qun 2(qx q2y,a; qJ 1q Hn{qzx, y,a;qj,
when N — n+1  we get the required result (3.9).

4. The Generalized g-Analogue Associated Hermite Polynomials of Two-index and
Two-Variable H¥ . (x,y,a;q)

We introduce the generalized g-analogue associated Hermite polynomial of two variables
and two indexes by the following:

nym mekr—ks B+ &(r4s 2| Mks ) (ks
[ M } Hs ” 4(n m—kr—ks) 4(r+s) +( 2 )[2)(q;q)kr+ks(2X)n+m—kr—ksyr+s
Hanloy.aa)=2 3, (- P e s A
55 (e R CH R G R G CH )W

Now, we get generating function of the generalized g-analogue associated Hermite
polynomials in the form of the following theorem:
Theorem 4.1

The following generating function for the generalized g-analogue associated Hermite
polynomials H nm(x, Yy, a; q) holds true:

Eq£2q%x(t+h),ngq((—l)a”q/ y(t+ ) 2) SHEL (yatht. @)

n,m=0

. (4.2)

Proof. Let us denote the left hand side of (4.2) by B, then
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B = EQ(Zq%x(t +h), ngq((—l)a”q% y(t+ h)k,%j ,

appling relation (1.9), we obtain

o a(n) " D %@*%' r kr
9 (ZX) (t+h) e(as1) O y'(t+h)
o n; (a:0), rz (a;9), ’ 43

Which, using relation (1.11), we find

2(1(n-1))}+2n - T
B =i q4 ‘ (ZX) |:n q(Z)tn—mhm

n=0 (q’ q )n m=0

-q

A(r(r-1))+2r -

4 4 4" kr kr (s)

% 1 r(a+1) g y :| q 2 tkr—shs , (44)
r;( ) (a; ), Zos q

thus, by using relations (1.4) and (1.21), we get

a
a2 (m

=)oy
34 (2X) t-mRm

-2 2 (RPN (H)N

22, (ks
( )(q q)k y' thrkspks

<3S (g 9*

2.2, Y @ >mmm<®
EE T e
> 2

(CHOPCZ A e

=5 (a; q)n,kr(q, Qs (05 0)res (0. 0)er (@5 0)se
By using definition (4.1), we obtain the required relation (4.2).
Corollary 4.1

If we choose k = 2, in (4.1), then we get the new explicit definition of the g-analogue of tow
index, tow variables generalized Hermite polynomials, which is

{ﬂ E} %(n+m—2r—25) 4(r+s) (m225)+(23) . O35 ras
Hnm XV, a;,Q)= -1 (reskas) G (q’q)2r+25(2X) y 45
abeyaa)=2,2, T TN

Also choosing k =2, in (4.2), then we get a new generating function for the generalized
Hermite polynomials of tow index, tow variables defined by

Eq(2q%x(t+h),%jE [( 1)*q % y(t+h) ) Z H,.(x y,aq)t"h". (4.6)

n,m=0

Lemma 4.1.
If n,m be integer, then H,'f’m(x, y,a;q) satisfies

HY (=% y,a;0)=(=1)"" H¥ (x,y,a;q)

5. Recurrence relations for Hrf'm(x, y,a;q)

Theorem 5.1
The generalized g-analogue associated Hermite polynomials of two-index and two-variable

Hn,m(X1 y,a,; q) satisfy the following relations:
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8_q k c) ZQ%[ k i ) k A ) }
aqXHn,m(X, y,a,Q)—l_q H _m(q X, y,a,q)+ Hnml(q X y,a,q) , (5.1)
and
a 3. .
8q K ) (_1)a+lqA k ( J (q q) n+w—k,m W(X q y’ aiqj
—H x,y,a,q)=——— 5.2
o,y onley @)= 2.0 (CHYNMCH) °

Proof. From (4.2) and using relation (1.10), we get

0

2 6—Hnm(>< y,a;q)t"h" —q/LJh) ( q%+%X(t+h),%jE (( gyt +h), 2)

n,m= 0a

_ Zq% < q;(g}%an(Zx)” S q%@%f(y)r
SR g, RO g

applying relation (1.11) gives

a 3a
. Z(n(n-1)}+=2n (2)()”

Ay ik e 2074 & (grg)t™hY & g 4
—H, . (X y,aq)t"h" =
n;‘oaqx al ) 1—0% (a; ). (a;0), Zo (a;),

7(r(r_1)}+7r rkr s . =SS
IV 31 CEL M V) ) SO C L) i
= (@a) . (a), = (@a) S (@ak(aa),

1 0 n g(nz)-%m(?) n
_ (g;q).t g (2x)
‘1—q% (q,q)lw(q,q)wg zo (0),_n (a;0),,

© " rr ks . kr—ks j, ks
3oy 8 0) 0 (5] (@)t

q :
= @a) S (@i(@a)
Which, by using relation (1.15), gives

£ a zq% 1 (q q tl WhW @ @ q 2X)n+m
—LHX (% y,ag)t"h" =
n;oa ( ) 1- qzo (a; q)lwqunz Zo (a;a),(a; ),

2rssy 3 r+s +krp ks
( Mz](q;Q)mksy th*

(@0)..  (@a)(0a)

tn—mhm

(5.3)

%((mm)2 )—%(n+m)+(?)(

t"h"

h;n

(_ 1)(r+s)(a+1

Ms
DMs

ﬂ
]
o
[
1l
o

From definition (4.1), we have

0 1 1—W w )
Zaa_Hnm(xyaqthm iqqz (g:g)t""h anm( xyaq)thm
n,m=0

S (@A), (@), 5%
207 & 1(q;Q)1Hn,m(q4x,y,a;q)

n,m=0 w=0 (q! Q)l,w (q1 q)w
by equating the coefficient of t hm , We get

8 2 % 1 (q q)l n+w-1,m w(q%xi y,a,QJ
9 gk ) 44

Hn,m(X’ y’a7q)_ . .
X 1-943 (a:09) (0 0),,
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Expanding the summation in the above equation in series form then we get the required relation
(5.1).
Thus,

o0

> &Hr‘f‘m(x, y,a;q)t"h"

n,m=0 aq

by using relation (1.19), we obtain

i a_qH;m(x, y,a;q)t"h" =ﬂi{k} q(;)tk_whwi %

n,m:any 1_q w=0 w q

n

N m - %(5)%1r rkr S
S e seyer SO e, 6y
m=0 q r=0 q

(@:0). Sls
From definition (4.1), we have

0, L (007 & (8) (o)t
Py, @a)t’h” = 2= ) g e
2 ol ) g & (a:) . (a:a),

An(n-0)12n
- a4 ()" 5] (@)t
y (a:q),t""h"
Z;‘ (a;9), Zoq (@:9), - (a:9),
" E(f(r*l))*%”%r rokr (s . kr=spys
% 1 r(a+l)q4 (y) q(z) (q’q)krt
rzzc;( ) (a;9), Zo (0 0)yrs (0301,
(170" & < (EJ(q;q)kH:+W‘k"“‘““(x’q%y’a;q)tnhm

=Tmzzoéq (@) (a:q),,

by equating the coefficient of t"h™, we get the required relation (5.2).
Corollary 5.2

n,m=0 aq

0
If we choose k =2, in (5.1), then we get the new explicit definition of —- Hn’m(x, y,a;q)
q

defined by
a % a a
Lo H, (0 y,8:0)= 20 [Hnl,m(qéx, y.aiqj+ Hn,ml(qéx, y,aiqﬂ’ (5.5)
0y X 1-q

also choosing k =2, in (5.2), then we get the new explicit definition of ;—anym(x, y,a;q),
q

which is

6 -1 a+l % a

a_qun,m(Xl y!a;q):%{Hn2,m(x!q%y!a;q)+(q;q)2Hn1,m1(x!q%y!a;q)+Hn,m2(X7qéy’a;q):|-(5'6)

q
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Theorem 5.2
The generalized g-analogue associated Hermite polynomials of two-index and two-variable

Hn,m(X7 y,a, q) satisfy the following relations:

)zk(—l)a*lqy y & q( L CH ) NN (X )
1-q & () o(a:a),

/ a
21q ) [q X,y.a; q] (5.7)
—q

[n+1], HYn(x y.a:q

and

k(=170 y 42 () (@A) s H i (@ G2Y, 2:0)

[m +1] H:m+1(x Y, a;q):

1-q &= (CH) RN
% a
+ 29" H:m(qzx, y,a;qj. (5.8)
1-qg

Proof. From (4.2) and using relation (1.7), we get

0 y a

> 2t ey, aa)he :Zlq_“xeq(zq%x(uh),g]e (( D g%yt h 2)

n,m=0 -

arl %, k-1 .
QY 2_;’(t+h) Eq(ZqAﬂx(Hh),%qu((—l)aﬂq Py(t+h), 2)

by using relations (1.9.1) and (1.5.1) on (5.5.14), we get
OO % » n %(”2)“%” n
Z 8 (x y,a;q)t"h" = 297X q (2x)

22

tn—mhm
n,m:Oat 1-9 2 & (40),.(a),

X e rkr S . kr—ks 4 ks
3 (ayen 40 S ) (@ a),
r=0

(q q)r s=0 q! q)kr—ks(q; q)ks ,

+k(—1)a”q/y“ %) (a9
1-q %q (@) 1 wl@al,

&3 (P gt (%) e
X ————t""h
Zo Z)q (GHS) RN ()N
- S rokro (s . Kr—s s
1 r(a+l)q4 2 (Y) : (2) (q:q)krt h
X,Z:;‘( )it S T

q
(@a) = (@a).(aa),
Which on using relation (1.19), gives
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i[” +1 H o (x y,asq)th"

n,m=0

KD (1) @t e G () e
- 1-q ;q (q:Q)le(q;Q)wn,Z oy

q%((m+n—kr—ks)2+(r+s)2)(qu)mm_kr_ks (qzyJ (q q)
’ kr+ks tnhm
(GHE) R (e ) M (@ 0)e (0:0), (05,

n+m-kr—ks

q %((”“nfkrfks)2+(r+s)2 )£2q§XJ
S S5l

1-q 54 S5 (@0) i (A i

(y)(HS) (q' q)kr+ks tn hm
(a:),s (@0, (00 )

X

X

by equating the coefficient of t"h™, we get the required relation (5.7).
Similarly, Differentiating (5.6.2) with respect to h we get relation (5.8).
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