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Abstract

In the present paper, we introduceda Finsler space whose Cartan's fourth curvature tensor jlkh

satisfies the condition

BwBm K}kh = amnKjlkh + bmn(5llcgjh - 5fllgjk) - ZyrﬂnBr(6Il<thm - 5;1Cjkm)v
where B, B,,are Berwald's covariant differential operator of the second order with respect to
x™and x™, successively, B, is Berwald's covariant differential operator of the first order with
respect to x”, a,,, and b,,,are non-zero covariant tensors field of second order called recurrence
tensorsfield and w, is non-zero covariant vector field , such space is called as a generalized
BK —birecurrent space.

The aim of this paper is to prove that thecurvature tensor ]-ikhsatisfies the generalized
birecurrence property .We proved that Ricci tensors Hjy, Kjy, the curvature vector H, and the
curvature scalarHof such space are non-vanishing andunder certain conditions, a generalized
BK —birecurrent space becomes Landsberg space . Also, some conditions have been pointed out
which reduce a generalized SK —birecurrent space F,(n > 2) into Finsler space of curvature
scalar.

Keywords: Finsler space, Generalized SK —birecurrent space, Ricci tensor,Landsberg
space,Finsler space of curvature scalar.

1-Introduction

Ruse[7] considered a three dimensional Riemannian space having the recurrent of curvature
tensor and he called such space a Riemannian space of recurrent curvature. This idea was extended
to n-dimensional Riemannian and non- Riemannian space by Walker [8], Wong [9] , Wong and.

Yano [10] and others. Dikshit [1] introduced a Finsler space whose Berwald curvature tensor H}kh
satisfies the recurrence property in the sense of Berwald..Qasemand.Saleem [5] discussed general
Finsler space for the hv —curvature tensor Uy, satisfies the birecurrence property with respect to

Berwald's connection parameter Gjik and they called it UBR- Finsler space.Pandey,Saxena and

Goswami[3] introduced and discussed a Finsler space whose Berwald curvature tensor Hjyp,
satisfing the generalized recurrence property in the sense of Berwald, they called such space
generalized H-recurrent Finsler space .Qasem and Hadi [4] introduced and studied generalized
BR —birecurrent space .

Let us consider an n- dimensional Finsler space F,equipped with a metric function F(x,y) and
satisfying the requestic condition of Finslerian metric [6] .
The vectors y; ,y" , the matric tensor gjj its associative metric tensor g and the tensors C; jx and

Gy pare satisfying the following relations:

(1.1) )y ¥y = F2b) 8ij = 0;y; = 0y, ©) Bry'=0,
d)Cijky' =Crijy' =Cjriyt =0,
€) By gij = —2Cijkny"™= —2y"B nCiji.,
f) G;L'kh_yj =Gy =G y/=0 and 9)g;y =y .
The unit vector |'and its associative vector |; are defined by

(L2)a) =% and b) li=gyl =9, F=2.
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The processes of Berwald's covariant differentiation and the partial differentiation commute
according to

(1.3)  (0xBn—Bidp) T} =T} Ghny — TGl
Berwald curvature tensor Hj, satisfies the relations
(1.4) Hjn v’ =Hjp
and
The h(v)- torsion tensor H ,satisfies
(1.6)HL,y* = H},
(1.7) K}kh}’] =Hpp,
(L8)Hjx = Hjy ,
(1.9)H, = H;,
and
(110)  H =— H}.
where H,‘;,I(jikh‘ij ,Hi,and H are called the deviation tensor of Berwald curvature tensor ,
Cartan’sthird curvature tensor,H-Ricci tensor, curvature vectorand curvature scalar,respectively.
Since contraction of the indices doesn't affect the homogeneity in y*, hence the tensors H .,

H.,and H are also homogeneous of degree zero, one and two iny!, respectively . The above
tensors are also connected by

(111 Huyy = Hy,
and

(1.13)H,y* =(m—1DH.

The tensors H: and H %, satisfy the following :

(1.14) Hi, =0, H}

The necessary and sufficient condition for a Finsler space F,(n > 2) to be a Finsler space of scalar
curvature is given by

(1.15) H}, = F?R( &}, — 11n) -

A Finsler space F, is said to be Landsberg space if it satisfies

(1.16) VG =0.

K — Ricci tensor Kj is given by

(1.17) i =K.

2. Generalized BK —Birecurrent Space
A Finsler space whose Cartan's fourth curvature tensor K, satisfies the condition

(2.1) By Kjin = AnKjxn + tn(Orgjn — 619jk) Kjien # 0,

called a generalized K- recurrent space, where A, and u,, are non-zero covariant vectors field and
called the recurrence vectors field.

Taking the covariant derivative for the condition (2.1) with respect to x™ in the sense of
Berwaldand using (1.1e) ,we get

(2.2) BnBuKjin = Bmn + An Am)Kjin + (Anttm + Bubtn) (5cgjn = 5ngiic)

_Zyr.unBr(allc thm - 5;1Cjkm)-

which can be written as

(2-3) BmBnK}kh = amnKjlkh + bmn(é‘ligjh - 6;lgjk) - zyr.unBr(&lccjhm - 6;16']'km)i

where a,, = Bpdn + An Ay, and by, = Appy, + By, are non-zero covariant tensors field of
second order.
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Definition2.1.AFinsler space F,, whose Cartan's fourth curvature tensor Kjikh satisfies the condition
(2.3) will be called generalized BK-birecurrentspace,we shall denote it briefly byGSK — BRE,.
Transvecting the condition (2.3) by y/ , using (1.1c), (1.7), (1.1g) and (1.1d), we get

(2-4) BmBnHIL;h = amnHIich + bmn((sllcyh - 6}13’1{)-
Further, transvecting.(2.4) by y.k , using (1.1c) , (1..6) and (1.1a) , we get
(2-5) BmBanll = amanll + bmn(yl:)’h - 6;1F2)'

Thus, we conclude

Theorem2.1. In BK — BRF, , Berwald's covariant derivative of second order for the h(v) —torsion
tensor Hi,, and the deviation tensor H}: given by the conditions (2.4) and (2.5) respectively.
Contracting the indices i and h in the conditions (2.3), (2.4) and (2.5) ,separately , using (1.17)
,(1.9) and (1.10) , we get

(2-6) BmBnKjk = amnKjk + (1 - n)bmngjk - 2(1 - n)yr.unBerkmv

(2.7) ByBypHik = amnHi + (1 = n)bypyi

and

(2.8) BypyBpH = apmnH — by F2.

The conditions (2.6), (2.7) and (2.8), show that K —Ricci tensor Kj;, the curvature vector Hy and
the curvature scalar H can't vanish , because the vanishing of any one of them would implyb,,,,, =
0 and u,,, = 0, a contradiction .

Thus, we conclude

Theorem2.2.In BK — BREF, , K — Ricci tensor Kj, the curvature vectorH, and the curvature

scalar H are non-vanishing .

Differentiating (2.7) partially with respect to y’ and using (1.1b), we get

(2.9) aj (BmBnHk) = (ajamn)Hk + amn(aij) +(1- n)(ajbmn):)’k +(1- n) bmngjk-

Using commutation formula exhibited by (1.3) for (B, Hy) in (2.9) and using (1.12), we get

(2.10) Bmaj(BnH_k) - (Ber)Gj?;nn - (BnHr)G]?;nk = (ajamn)Hk

+amnij + (1 - n)(ajbmn)Yk + (1 - n)bmngjk :

Again, applying the commutation formula exhibited by (1.3) for (H,) in (2.10), we get

(2-11) BmBnHjl'c - Bm(HrGI:nj) - (Ber)Gj?;nn - (BnHr) ]?;nk = (ajamn)Hk + amnij +
(1 - n)(ajbmn)YR + (1 - n)bmngjk :

This shows that

(2.12) BmBnij = amnij +(1- n)bmngjk
if and only if
(2.13) _Bm(HrGI:nj) - (Ber)Gj?;nn - (BnHr) ]?;nk = (ajamn)Hk + (1 - n)(ajbmn)yk-

Thus, we conclude

Theorem2.3. In GBK — BRE,, H —Ricci tensor Hj;, is non-vanishing if and only if (2.13) holds

good.

Transvecting (2.11) by y* , using (1.1c) , (1.1f), (1..11), (1.13), (1.1g) and (1.1a), we get

(2.14)ByBoHj — (1 = ) (B, H) Gl = (1 = 1) (0jamn )H + amnH; + (0 — 1)(0jbymn) +
(n— 1)bmnyj-

Using the condition (2.7) in (2.14), we get

(2.15) (BrH) Gl = —(0jamn)H + (0jbyn ) F2.

Suppose (B,-H)Gjpm, = 0, in view of (2.15) , we get

(2.16) —(0;amn)H + (0byn)F* =0
which can be written as

. 0 itmn)H
2.17) by = i)l
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If the covariant tensor field a,,, is independent of the directional argument y*, the equation (2.17)
shows that the covariant tensor field b,,, is independent of the directional argument y' .
Conversely , if the covariant tensor b,,,, is independent of the directional argument y* , we get
H(d;amn) = 0.

In view of theorem2.2 , the condition H(éjamn) = 0 implies 8jamn = 0 ,i.e. the covariant tensor
field a,y,, is also independent of y . This leads to

Theorem2.4. In BK — BRE, , the covariant tensor field b,,, is independent of the directional
argumentif and only ifthe covariant tensor field a,,, is independent of the directional
argumentprovided(B,H) G/, = 0 .

Suppose the covariant tensor field a,y,,, is not independent of y*, in view of (2.11) , (2.12) and
(2.17) , we get

: -1

(2.18) =By (HyGlng) = (BrHi) Gl — (B Glonse = 0yt (Hy — “52 Hy).
Transvecting (2.18) by y™, using (1.1c) and (1.1f) , we get

. -1
(2.19) =B (Hy Gl )™ = (8 tmn)y™ (Hye — S52 Hy),
which implies

. -1
(2200 —Bu(H,Gln))y™ = (0jn — a) (Hi — “52 Hyp),

where a,;,,,y™ = a,

Suppose Bm(HrG,an)ym = 0, the equation (2.20) has at least one of the following conditions

; (n-1)
(2.21) a) aj, = d;a, , b) Hy = Hy, — nF—zHyk .

Thus, we conclude

Theorem2.5. In GSK — BRF,, which the covariant tensor field a,,, is not independent of the
directional argument at least one of the conditions(2.21a) and (2.21b) holds.
Suppose the condition (2.21b) holds, then (2.18) implies

(2-22) _Bm ((nl_:%yrG;cﬁnj) - (Br (n;%yk) Gj?nn - (Bn (n;«;)H yr) Gﬁnk = 0.
Transvecting (2.22) by y™, using (1.1¢) and (1.1f), we get

(2.23) Bin (H) Yy Gienjy™ + H(BnGienj)yry™ = 0.

If H(BpGinj)y-y™ = 0, then the equation (2.23) implies

(2.24) VrGinj =0,

since B,,(H)y™ =+ 0. Therefore, the space is Landsberg space .
Thus , we conclude

Theorem2.6. An GBK — BREF, is Landsberg space if the condition (2.21b) holds provided
H(BmGltnj)yrym =0.

If the covariant tensor field a;, # éjan , in view of theorem2.5 , the condition (2.21b) holds. In
view of this fact , we may rewrite theoremz2.6 in the following

Theorem2.7. An GBK — BREF, is necessarily Landsberg space provided a;, # éjan
and H(ByGiyj)yry™ =0.
Differentiating the condition (2.4) partially with respect to y/ , using (1.5) and (1.1b), we get
225)  0j(BmBnHin) = (9jCmn)Hicn + CrnHjicn + (0 mn) (5¥n — 63
+dmn(5llcgjh - 5;lgjk) . ]
Using commutation formula exhibited by (1.3) for (B, Hy;,) in (2.25) , we get
(226) By (0jBuHin) = (BrHn) Gl + (BuHiin) Gy — (BuHyi) Gl
_(BnHiilr)G};nk = (6jamn)Hlich + amnHjik.h + (a'jbmn)(&iyh - 6;'1311(.)
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+bmn(6licgjh - 6;;gjk)- ]
Again applying the commutation formula exhibited by (1.3) for (Hy;,) in (2.26) and using (1.5), we
get
Bm(BnHjikh.'l' HICthinr - Hrik ]?;1h - Hiierj?;lk) - (BrHlich)G]?;nn
+(BnHI:h.)Gjlmr - (BnHrik) j?;nh - (BnHiilr)Gﬁnk = (ajamn)HIich
+amnHjlkh + (ajbmn)(ﬁlicyh - 6}13’1{) + bmn(aligjh - 6;;gjk)
the above equation can be written as
(2-27) BmBn jikh + (BmHI:h)Gjl:nr + HI:h(BmGjinr) - (Berik) ]?;m
_H:;k (BmG]?;‘L.h) - (BmHiilr) j?;lk - Hiilr(BmG};lk) - (BrHlich)Gijn
+(BnHI:h)Gjlmr - (BnHrik) j?;nh - (BnHiilr) ﬁnk = (ajamn)HIich
+amnHjikh + (ajbmn)(6liYh - 6PiLYIc) + bmn(aligjh - 6il.lgjk) :
This shows that
(2.28) BmBnHjikh = amnHjikh + bmn(5licgjh - 6}izgjk)
if and only if
(2.29) (B Hien) Gnr + Hin(BinGlor) — (B Hi) Glup — Hi (B Glun)
_(BmeiLr) jrnk - Hfilr(BmG};Lk) - (BrHIl;h)Gﬁnn + (BnHl:h)Gjimr
_(BnHrik) ]?;nh - (BaniLr)Gﬁnk = (a.jamn)Hlih + (a.jbmn)(&b’h - 5;.137k)-
Thus, we conclude

Theorem2.8. In BK — BRE, , Berwald's covariant derivative of second order for the curvature
tensor Hjp,is given by the condition (2.28) if and only if (2. 29) holds good.
Transvecting (2.29) by y* , using (1.1c), (1.1f), (1.1a) and (1.6), we get
(230)  (BuHp)Gjpr + Hi(BimGjnr) = (BmHp) G |
_Hﬁ(BmGj?;lh) - (BrHill)Gj?;nn + (BnHiq)Gjlmr
_(BnHrl;) j?;nh = (a'jamn)Hiil - (a'jbmn)(6;;F2 - inh) .
In view of (2.17) and (2.30), we get
(231)  (BnHR)Gjny + Hi(BmGjny) = (BmH) Gl |
_Hri(BmGﬁlh) - '(BrHill)Gﬁnn + (BnH;;)Gjlmr
_(BnHrl;) jT;nh = (3ja£’m)[Hiil - H(6;; - ].l ].h)]
If
(232)  (BuH})Glpr + Hy(BumGjny) = (BuHi)Glun = Hi (BinGln)
_(BrHiil)Gﬁnn + (BnHPDGijr - (BnH:;)G]?;nh =0.
We have at least one of the following conditions
(2.33) 8) 0jamn =0 b) Hj, = H(8} — 1 Ln)-
Putting H = F?R,R # 0, the condition (2.33b) becomes
(2.34)  Hi=F?R(8E —1" ).
Therefore the space is a Finsler space of curvature scalar .
Thus , we conclude

Theorem2.9. An GBK —BRF, , for (n>2) admitting(B,,H})Glny + Hpy (ByGiny) —
(‘Beri') jT;Lh - Hrl;(BmGj?;Lh) - (‘Beriz)Gj?;nn + (Ban)Gjimr - (BnHﬁ)GjT;nh = 0 is a Finsler space
of curvature scalar provided R #0 and the covariant tensor filed a,,, is not independent of the
directional argument.
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