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Abstract

In this paper, we defined a Finsler space whose Berwald curvature tensor H}kh satisfies the
condition BmBnHjikhz amnHjikh + bmn(dligjh - 6;;gjk)'2yr HnB, (6;( thm - 8iilcjkm)v where
B,,B, are Berwald covariant derivative of second order with respect to x™ and
x™ respectively, a,,, and b,,,, are non-zero covariant tensors field .

The purpose of this paper is to develop the generalized SH —birecurrent space by studying some
properties of generalized BH —birecurrent affinely connected space, P2 —like generalized
BH —birecurrent space and P* —generalized BH —birecurrent space. Some theorems and
conditions have been pointed out which reduce a generalized SH —birecurrentaffinely connected
space E, (n > 2) into a Finsler space of curvature scalar.

Keywords: Finsler space, Generalized SH —birecurrentaffinely connected space, Finsler space
ofcurvature scalar, P2 —like generalized f[H —birecurrent space, P*— generalized
BH —birecurrent space.

1.Introduction

Dikshit [1]introduced a Finsler space whose Berwald curvature tensor }kh satisfies the
recurrence property in the sense of Berwald . A Finsler space whose Berwald curvature tensor H}kh
satisfies the property of generalized recurrent space in the sense of Berwald was introduced and
discussed by Pandey, Saxena and Goswami[6]. Qasem and Hadi [9] introduced and studied
generalized BR —birecurrent space. Qasem and Algashbari [8] introduced some types of
generalized H" —reccurrent in spaces.
Let us consider an n-dimensionalFinsler space F, equipped with a metric function F(x,y)
satisfying the requestic condition of Finslerian metric [10] .
The vector y;, its associative vectory® and the metric tensor g; ; are given by

(1.1) a) y; y'=F%b) g; = 0;y; = 0;y;and 9 gy’ = v
Berwald's covariant derivative of an arbitrary tensor field T}/ with respect to x¥ is given by
— (0. TG, +T} Gy = TG - B Tf: = 0T}

Berwald's covariant derivative of y* vanishes ,i.e.

(1.2) B y'=0.

The processes of Berwald's covariant differentiation and the partial differentiation commute
according to
(1.3) (0kBn = Bkdn) T =T Gienr — T Gicnj-
Berwald curvature tensor Hj,, satisfies the relation
Theh(v) — torsion tensor H jsatisfies
(1.5) a)Hi,y* = Hj and b)H}khyj:Hzich,
where H} and H Jl:kh are the deviation tensor of Berwald curvature tensor and Cartan's third

curvature tensor , respectively
Also we have the following relations
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(1.6) A)Hj= Hbhy, b) He= Hi and ¢ H =—— H],
where Hj, HiandH are called H-Ricci tensor [5].curvature vectorand curvature
scalar,respectively. Since the contraction of the indices doesn't affect the homogeneity in y*?, hence
H-Ricci tensorH ., ,curvature vectorH ,.and the curvature scalar H are homogeneous of degree zero,
one and two in y!, respectively . The above tensors are also connected by

1.7 Q) Hjgy/ =Hyb) Hjy=0;Hy and c)H,y"* =(n—-1H.

The necessary and sufficient condition for a Finsler space F,(n > 2) to be a Finsler space of
curvature scalar is given by

(18)  Hi=F?*R(&; — L'ln).

The hv-curvature tensorP }kh,the v(hv)-torsion tensor Pf,, P —Ricci tensor P jkand the curvature
vector P, satisfy the following relations

(1.9) &Pl y/ =Py, b) Phy=Pj and ¢) Pl =P,.

Also, the hv-curvature tensorP }khand the v(hv)-torsion tensor P} satisfy the following:

(1.10) Ppjk = Pinie = Ciqn + ChsPiic — Chietj — CjsPrkc-

2.A Generalized BH —Birecurrent Affinely Connected Space

An affinely connected space or Berwald space is characterized by any one of the following two
equivalent conditions
(2.1) a) G =0 and b) Cijin =0.
Also, it has the following properties
(22) @) Brg;=0 and b) B, g” =0.

Pandey, Saxena and Goswami[6]introduced and discussed a Finsler space whose Berwald
curvature tensor H}kh satisfies the condition
(2.3) BuHjip = AnHjin + 1in 8k Gjn — 61951 » Hjxn # O,
they called it a generalized SH- recurrent space, where A, and p, are non-zero covariant vectors
field called the recurrence vectors field .
Taking the covariant derivative for the condition (2.3) with respect to x™ in the sense of Berwald
and using (2.2a) ,we get
(2.4)  BmBnHjn = @mnHjin, + bnn(8k9jn — 8h9jic) Hjgn # 0,
where a;nn, = By An + An Ay @and by = Ay U + Bty @re non-zero covariant tensors field of
second order .

Definition2.1.A Finslerspace whose Berwald curvature tensor H}kh satisfies the condition (2.4)
will be called generalized SH-birecurrentaffinely connectedspace,we shall denote it briefly by
GBH — BR —affinely connected space.
Let us consider a GBH — BR —affinely connected space .

Transvecting the condition (2.4) by y/ , using (1.2) , (1.5b) and (1.1c),we get
(25) BypBpHip = amnHin + bmn(5ll<3’h - 5flLYk)-

Further , transvectingthe condition (2.5) by y* , using (1.2) , (1.5a) and (1.1a) , we get
(2-6) BmBaniL = amanil + bmn(yiyh - 5fiLF2)-
Thus, we conclude:

Theorem2.1. In GBH — BR —affinely connected space , Berwald's covariant derivative of second
order for theh(v) —torsion tensor H}, and the deviation tensor H}:, given by the conditions (2.5)
and (2.6), respectively.

Contracting the indices i and h inthe conditions (2.4), (2.5) and (2.6) ,separately , using(1.6a),
(1.6b) and (1.6c) , we get.

(2.7) BnBnHjx = amnHjx + (1 —n) bypngji
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(2.8) BBy Hy = amnHy + (1 = m)bmn i
and

(2.9) BnBn,H = apyH — by F?,
respectively .

The conditions (2.7), (2.8) and (2.9), show that H — Ricci tensorHj; , the curvature vector Hy
and the curvature scalar H can't vanish, because the vanishing of any one of them would imply
byn= 0, a contradiction .

Thus, we conclude:

Theorem2.2.In GBH — BR —affinely connected space, H — Ricci tensor Hj, ,the curvature
vectorH,, and thecurvature scalar H are non-vanishing .
Now, differentiating the condition (2.8) partially with respect to y/ and using (1.1b), we get
(2-10) aj(BmBnHk) = (ajamn)Hk + amn(aij) + (1 - n)(ajbmn)YR + (1 - n)bmngjk-
Using the commutation formula exhibited by (1.3) for (B, Hy) in (2.10) , using (1.7b) and (2.1a),
we get
(2.11) Bmaj (BnHk) = (ajamn)Hk + amnij + (1 - n)(ajbmn):)’k +(1- n)bmngjk .
Again applying the commutation formula exhibited by (1.3) for (H},) in (2.11) and using (2.1a),
we get
(2.12) BmBnHjr = (0;amn)Hi + amnHjx + (1 = 1) (0jbmn) Vi + (1 — W)byng ik -
Using the condition (2.7) in (2.12), we get
(2.13)(0;amn)Hi + (1 = 1) (0bymn )y = 0 .
Transvecting (2.13) by y* , using (1.7¢) and (1.1a) , we get

(2.14) —(9jamn)H + (8jbyn)F? = 0
which can be written as

. 0iamn)H
(2.15) Oy = 2%mn) o )

If the covariant tensor field a,,, is independent of y¢, (2.15) shows that the covariant tensor
field b,,,,, is independent of y* . Conversely , if the covariant tensor fieldb,,,, is independent of y*
we get H(0;amy) = 0.In view of theorem2.2 , the condition H(9;amy) = 0 implies 9;a,,, = 0
Ji.e. the covariant tensor field a,,,, is also independent of y! . This leads to

Theorem2.3. In GBH — BR —affinely connected space,the covariant tensor field b, is
independent of the directional arguments. .
Suppose the covariant tensor fielda,,, is not independent of y*, in view of (2.13) and (2.15), we
. ( -1
get (2.16)3;un [Hy — “52 Hy,] = 0.
Transvecting (2.16) by y™, we get
( 1)

(2.17) (0jamn)y™ Hi =~
which implies

3 ( 1)
(2.18) (0jan — ajn)[Hx — 5= Hy, ]= 0,
where a,;,,,y™ = a, .
The equation (2.18) has at least one of the following conditions

3 (n-1)

(2.19) a) Ajn = ajan , b) Hy = n_ Hy, .
Thus, we conclude

Hy,]=0

Theorem2.4. In GBH — BR —affinely connected space, which the covariant tensor field a,,,,, is not
independent of the directional argument at least one of the conditions(2.19a) and (2.19b) hold
provided (2.15) holds.

Differentiating the condition (2.5) partially with respect to y/ , using (1.4) and (1.1b), we get
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(2200 0;(BmBuHin) = (9j@mn)Hin + GmnHjn + (0jbmn) (S¥n — 617k

+bmn(6llcgjh - 6;lgjk) : ]

Using the commutation formula exhibited by (1.3) for (B, Hy,) in (2.20) and using (2.1a), we get
(2-21) Bm(ajBnHlih) = (ajamn)Hll;h + amnHjikh + (ajbmn)(5liyh - 6;.13’k)

+bmn(6licgjh - 6iilgjk)- ]

Again, applying the commutation formula exhibited by (1.3) for (Hg;,) in (2.21) , using (1.4) and
(2.1a), we get

(2-22) B B H jkh — (6 amn)Hkh + amn ]kh + (a bmn)(5th 6;.13’k) + bmn(6ligjh -
8hdjk)-

Using the cond@tion (2.4) in (2.22), we get .

(2.23) (0j@mn)High + (05bmn) (64yn — S yic) = 0.

Transvecting (2.23) by y* , using (1.5a) and (1.1a) , we get

(2.24) (0;amn)H}, — (0;bmn) (8LF? — y'y,) = 0.

In view of (2.15) and (2.24), we get

(2.25) (0amn)lHi — H(8} —1"14)1=0

We have at least one of the following conditions:

(2.26) 8) 0jmn = 0 b) Hj, = H(8), — 1" Ln)-
Putting H = F?R,R # 0 ,the equation (2.26b) becomes

(227)  Hj, = F?R(5, — 1" ).

Therefore, the space is a Finsler space ofcurvature scalar.

Thus , we conclude

Theorem2.5.AGBH — BR —affinely connected space, for (n >2) is a Finsler space of curvature
scalar provided R #0 and the covariant tensor filed a,,, is not independent of the directional
argument.

3. A P2 —L.ike generalized BH —birecurrent space

A P2 —Like space is characterized by Matsumoto [4]

,(3.1) Pjen = = @;Cin — 9'Cikn

where ¢; is non-zero covariant vector field.

Definition 3.1.The generalized BH —birecurrent space which isP2 —Like space [satisfies the
condition (3.1)], will be called a P2 —Like generalized SH —birecurrent space and will denote it
briefly by a P2 —Like GBH — BRE, .

Let us consider a P2 —Like GBH — BR — E,.

Taking the covariant derivative for the condition (3.1)twice with respect to x™and x™, successively
in the sense of Berwald , we get

(3.2) BBn Py = (B Bn%)ckh + (Bn%)(B Chn) + (qu)])(B Cin) + 0 (BmBunCin) —
(BmBn(p ) jk (Bn(p )(Bm ]kh) (qu’ )(Bn ]kh) (P (BmBn ]kh) .
Suppose Cxp, and Cyn, are satisfying the following:
(3-3)a) BmBnCIi’.h = amnCIi’.h + bmn(&t’_yh - 5fllyk)
and

b) BuBnCrkn = @mnCricn + bmn(GrkrYn — InrYi)
Substituting the conditions(3 3a) and (3.3b) in (3.2) and using (3.1), we get

(3-4)BmB kh - amn ]kh + bmnq)j (6kyh '5fil.yk) - bmnq)i (gfcjyh - ghjyk) +
(BmBn‘pj)Ckh + (Bn(PJ)(BmCIih) + (Bm‘l’j)(BnCIih) - (BmBn‘Pl )Cjkh -

: (Bn9" Y BimCikn) — (Bm®" )(BnCikn)
This shows that
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(35) BinBuPfin = AmnPficn + bmn®; (8kyn — 81Yic)

if and only if'

(3-6)—bmp<ﬂl (gij’h - gth/k) + (BmBn%’)C}ih + (Bn%)(BmCih) + (Bm(p]')(BnCllch) -
(BmBn(Pl )Cjkh - (Bn(Pl )(Bmcjkh) - (Bm¢l )(Bncjkh) =0.

Thus , we have

Theorem3.1. In P2 —Like GSH — BR — F,, Berwald's covariant derivative of second order
forCartan's second curvature tensor Pj‘khis given by the condition (3.5) if and only if (3.6) holds
good [provided the conditions(3.3a)and (3.3b)hold ].

Transvecting (3.4) by y/, using (1.2), (1.9a) and (1.1c), we get ‘

(3-7)3mBnPIf:h = amnPIf:h.+ y] [bmn(pj(&lc}"h - 6;13"1’() + (BmBnq’j)Clih + (Bngoj)

(Bmcléh) + (Bm(Pj)(BnCIéh)]-

This shows that ' ' '

(3-8) Bm'BnPIih = amnplih + Cmn(Sliyh - 5;33%) )

where y/@; = ¢ andcy,, = @by,

if and only if

(3.9)y’ [(BmBn(pj)Clih + (Bn(pj)(BmCIih) + (Bm(pj)(BnCIih)]z 0.

Thus, we conclude

Theorem3.2. In P2 —L_ike GBH — BR — F,,Berwald's covariant derivative of second order for the
v(hv)- torsion tensor Py, is given by the condition (3.8)if and only if (3.9) holds good[provided the
conditions(3.3a)and (3.3b)hold ].
Contracting the indices i and h in (3.4) and using (1.9b) ,we get
(3-1O)BmBnij = Amn Py + 1- n)bmnq’ij - bmn(pp (gkj}’ph - gpj}’k) + (BmBn(Pj)Ck +
(Bnq)j)(Bka) + (Bm¢j)(Ban) - (BmBn§0p )Cjkp _(Bn§0p )(Bmcjkp) -
(Bin®” ) (BnCiip)-
This shows that
(3-11)BmBnij = amnij +(1- n)bmnq’ij
if and only if
(3-12)_bmn(pp (gkjyph - gpjyk) + (BmBnq’j)Ck + (Bnq)j)(Bka) + (‘qu)j)(Ban) -
(BmBn(pp )Cjkp - (Bn(pp )(Bmcjkp) - (Bm(pp )(Bncjkp)zo-
Contracting the indices i and h in (3.7) and using (1.9c) ,we get
(3.13)By,Bu Py = amnPr +y’ [(1 - n)bmn(ijk - bmngop (gijp - gpj)’k) + (BmBn¢j)Ck
+ (Bn(pj)(Bka) + (Bm(pj)(Ban)]z 0.
This shows that
(B.14)B By Pk = amn P + (1 — n)Crmn Yk
if and only if
(3-15) y] [( BmBn(pj)Ck + (Bn(pj)(Bka) + (Bm(pj)(Ban)] =0.
The conditions (3.11) and (3.14), show that P —Ricci tensor Pj, and the curvature vector Pycan't
vanish, because the vanishing of any one of them would imply b,,,= 0 and ¢, = 0, a
contradiction.
Thus, we conclude

Theorem3.3. In P2 —Like GBH — BR — F, , P —Ricci tensor P;,and the curvature vector P, are
non-vanishingif and only if (3.12) and (3.15), respectively hold[provided the conditions(3.3a)and
(3.3b)hold ].

Taking the covariant derivative for the condution (1.10) twice with respect to x™and x™,
successively, in the sense of Berwald , we get
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(3.16)B1 B Ph i — BinBnPink = BmBu(Clin + ChsPik — Chiyj — CisPrk):

Using the condition (3.5) in (3.16) and in view of (1.10), we get .

(B17)ByBu(Cryn + Cills.jsk - Crl;ku - lesPifk.) = amp(lekm + ChsPfie — Chryj — CisPiy) +
D [0n (8 Vi — 61yj) — (8 Vi — 8kyn)]-

This shows that

(3.18) BB (Clejn + ChsPik — Chryj — CisPike) = Amn(Clejn + ChsPik — Chitj — ClsPik)

if and only if

(3.19) by [@n (8] yic — 6£¥;) — ©;(8kyi — 6k yn)]=0 .

Theorem3.4. In P2 —Like GBH — BR — Fy, the tensor(Cjy, + ChsPj — Cryy; — CjsPix) behaves
as birecurrent if and only if (3.6) holds[provided the conditions(3.3a)and (3.3b)hold ].

4. A P* — generalized BH — birecurrent space
A P* — space is characterized by the condition ([2],[3])

(4.1)PL, = oCL, , @ #0.

Definition4.1.The generalized SH — birecurrent space which is a P* — space will be called a P* —

generalized SH — birecurrent spaceand will denote it briefly by P* — BH — BRE,.

Let us consider a P* — GBH — BRE,.

Now, taking the covariant derivative for the condition (4.1) twice with respect to x™ and x™,

successivelyi.n the sense of Berwald, we get ' '

(4.2)BByPin = (BnBn® ICin + Bm® )(BrCin) + (Brg )(BnCin) +

(p(BmBnCIih)-

Using the condition (3.3@) and (3.3b)in (4.2)3 we get ' '

(4-3)BmBnPIEh = amnplih + dmn(6llcyh - SillYR) + (BmBn§0 )Clih + (Bm§0 )(Bnclih) +
(Bn(p )(Bmcléh)i

where by, = din -

This shows that_ ' _ _

(4.4) ByByPip = QmnPip + dmn(é‘lb’h - 5;13’k)

if and only if

(4-5)(BmBn§0 )Clih + (Bm§0 )(Bnclih) + (Bn§0 )(‘Bmclih): 0 .

Thus, we conclude

Theorem4.1. In P* — GSH — BRE,, Berwald's covariant derivative of second order for the
v(hv) —torsion tensor Pg,is given by the condition (4.4) if and only if (4.5) holds[provided the
conditions(3.3a) and (3.3b)hold ].

Contracting the indices i and h in (4.3) and using (1.9¢) , we get

(4.6)BynBnPy = amnPr + (1 —n)dpmnyi + BmBne )Cx + (B )(BrCy)

. + (Bne )(BnCy)

This shows that
(4.7)BnBpPy = amnPr + (1 —n)dpmnYi

if and only if

(4.8)(BnBre )Ci + (B )(BnCy) + (Bre )(BnCy) =0.
Thus, we conclude

Theorem4.2.P* — GBH — BRF, , the curvature vector P, is non-vanishing if and only if (4.8)
holds[provided the conditions(3.3a) and (3.3b)hold ].
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