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Abstract

In this paper, some new generating relations involving the generalized hyper- geometric
function and the generalized confluent hypergeometric function are established by mainly applying
Taylor's Theorem. Due to their very general nature, the main results can be shown to be specialized
to yield a large number of new, known, interesting and useful generating relations involving the
Gauss hypergeometric function and its related functions.
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1. Introduction

Generating functions play an important role in the investigation of various useful properties of
sequences which they generate. These are used to find certain properties and formulas for numbers
and polynomials in a wide variety of research subjects. One can refer to the extensive work of
Srivastava and Manocha [18] for a systematic introduction and several interesting( and useful)
applications of the various methods of obtaining linear, bilinear, bilateral or mixed multilateral
generating functions for a fairly wide variety of sequences of special functions ( and polynomials)
in one, two or more variables, among much abundant literature. In this regard, in fact, a remarkable
large number of generating functions involving a variety of special functions have been developed
by many authors Agarwal et al.[1] and [4], Choi [9], Lue et al.[11], Ozergin[13], Srivastava [16],
Srivastava and Manocha [18] and Srivastava [19].

Throughout this paper, let C, Z and N be the sets of complex numbers, integers and positive
integer, respectively, and
N, =NuU {o}and Z;

Recently, Ozergin et al. [14] introduced and studied some fundamental properties and

characteristics of the generalized Beta type function Bga'ﬂ ) (x Y )defined by Ozergin [13] and

Ozergin et al. [14]

B.S""’)(x,y)=it*1(1—t)y‘11F1[oc;ﬂ;—t (f’_t)]dt, &)
(R(p)>0,R(x)>0,R(y)>0,R(a)>0,R()>0).

where Bé“’ﬂ) (X % ) =B (X Y ) is the familiar Beta function which is defined by Srivastava and

Choi [17] and expressed in terms of the Gamma function as follows:
1-1) ¥

B(x,y) =1 f, dt (Re(x) > 0:Re(y) > 0) )

r()r(y)
D (xy € CID)

Using the generalized Beta function (1), Ozergin et al. [14] introduced and investigated a
family of potentially useful generalized Gauss hypergeometric functions defined as follows
Ozergin [13] and Ozergin et al. [14]
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(b +n,c—b)z"

B(b,c—b) n nr’
(p20;fz|<LR()>0.R(b) >O,min(R(a),R(,B) >0)).

and the generalized confluent hypergeometric function is defined by

= B’ (b+n,c-b)z
(a.B) b . — p ! s
g (bic:z) = B(bc-b) n!’

(p=0;Jz|<LR(c)>0,R(b)>0,min(R(a),R(8)>0)).

Indeed, in their special case when p =0, the function Fp(“’ﬁ)(a,b;c;z) and

Fp( (ab;c;z) Z (3)

(4)

CD(p“'ﬂ ) (b;c;z) would reduce immediately to the extensively-investigated Gauss hypergeometric
function , F, () and the confluent hypergeometric function 1Fl(.), both of which are special cases

of the well known generalized hypergeometric series F () defined by Srivastava and Choi [17]

(al,az,...,ap;zj: « (a), (az)n...(ap)n "
bl,b21---,bq; e (bl)n (bZ)n ...(bq )n n! (5)
=,F (ai,az,...,ap;bl,bz,...,bq;z )
Here (/I)n is the Pochhammer symbol defined by Srivastava and Monocha [18], for 2€C
1 ,if n=0 4=0
( )” ={/1(/1+1)...(ﬂ+n—1), n=12,... :A#0-
(2) _T(4+n)
"oT(A)

We require the following concept of the Hadamard product defined by pohlen [15]

PFq

(6)

Definition1.1 let f (z)= Za z" and g(z) = Zb z" be two power series whose radius of
n=0 =

convergence are given by R, and R respectively.
Then, their Hadamard product is the power series defined by

(f*9)(2) =ianbnz "

whose radius of convergence R satisfies R, .R, <R.

If, in particular, one of the power series defines an entire function and the radius of
convergence of the other one is greater than 0, then the Hadamard product series defines an entire
function, too.

Consider a function g(p) = p~*" (2, éeCneN)Then, itis easy to find that the k —th

derivative of ¢( p ) can be expressed in terms of the Gamma function as follows:
(k) (1) Ak F(/1+nz§+k)
97 (p)=(-1) P r(A+né&)

(k eNg ). ()
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In this paper, we consider the following generalizations of Beta function
1
B '()al,az,...a, ;ﬂl’ﬂz’m’ﬂr;#x) (X ’ y ) = J.t - (l_t )y71 r I:r al! a21 ...OCr 1 ﬂli ﬂzv--a ﬁr ! p P dt ]
2 t(1-t)
(8)
Re(p) >0,min{Re(e; ),Re(8)} >0,i =1,2,...,r,k>0, £ >0,Re(x ) >—Re(xe, ),
Re(y)>—-Re(up).
Using (8), we introduce a definition of generalized hypergeometric function as follows:
Fp(“l’az'""a’ Pl Pris) (a,b;C;Z ;m)

= (a) (b) Bl hbonbine) iy 4 n,c-b+m)z"
=Z( )n( )n p ( )_' (9)
= (c), B(b+n,c—b+m) n!
(p >0; Re(x)>0; Re(x)>0;m <Re(b)>Re(c); |z|<1).
Also, we define the generalized confluent function of (9) by
¢(al,a2,...,ar BB e B 1K) (b c:z:m )

p
(b), By (b n,c~b+m) 7 (10)
(c), B(b+n,c-b+m) nt’
(p >0; Re(x)>0; Re(x)>0;m <Re(b)>Re(c); |z|<1).
If 1= x,then (8) is reduced to the extended Beta function defined by Mohsen and Kulib [12]

M

>
I
o

1
B (e Bin) (¢ y )= [H (1ot ) ™ F, | gty B By B P [t (10)
; t(1-t)
Re(p) >0;min{Re(x ), Re(y), Re(¢; ), Re(B3)} >0;i =1,2,...,r.
Also in (11), if r =1 and 2 =1, will be reduced to Beta type function given by equation (1).

2. Generating Relations
Here, we derive two generating relations involving the Gauss hypergeometric function (3)
and generalized confluent hypergeometric function (4) in the form of the following theorems:

Theorem 2.1 Let min(Re(ai ).Re(B )) >0,Re(c)>Re(b)>0,|z| <1 andRe(p)>0,
(Re(,u), Re(K)) > 0. Then the following generating relation holds true:

(1+t )_ﬂ Fp(alv"var BBy i) (a’b ,C ’ Z_ ’ m j
1+t

00 . J
=2 (1) (4), Rl B aicizim ) F (A4 L 452 )}%
j=0 !
(z.2€ gf|<1).
(13)
Proof. For simplicity, replace 1+t — S and f (s) be the left hand side of (13). Then, find form
(13)
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o b B(al,az,...,ar B Bo Bt b ’ b
f(S)=Z(a2n§ )n p ( +Nn,C +m)z_s—/1—n, (14)
n=0

) B(b+n,c—b+m) n!
Differentiating both sides of (14) j -times with respectto S and using (6) and (7) ,we have

VEe)=(-1)'s7 (2),

5 (@.0) B (e o e din) (b ¢ —b+m) (A+ ) (Z/ ] )
Z (o), (2), |

B(b+n,c—b+m)
Appling the Definition 1.1 to the summation in (15), we obtain

FOE) =(-1) s 47 (2), Rl i (abic;zfim e (245,542 ),

(16)
Expanding f (S +t) as the Taylor series, we have
f (S it ) _ (S 4t )—/I (l)] Fp(alyazy--.a,iﬂpﬂzv---vﬂr LK) (a,b;c;z - 1m)
_ N (_t)j S*i*j 2 F(alva21--'ar;ﬂl'ﬂz""’ﬂr;’uK b y) 1 A, Z
R O L (@biei/gim a2+ 142/
(17)

Finally, setting S =1 in (15) leads to the desired result (13).
Theorem 2.2 Let min(Re(e; ), Re(/3))>0,m <Re(b)<Re(c);|z| <1 and Re(p)>0,

Re(p)>0, (Re( ), RE(K)) > 0. Then, the following generating relation holds true:

1+t (@t Bobrinn) [y oo L
(+) ¢ (C1+t m]

. j 0 ,0y,..0 ; v Bt K R s A, tJ
=>(-1)' (4), {¢£ e R (R H U D N A R )}F (18)

j=0

(z,/ieD;|t|<1).

Proof. The proof of the generating relation (18) would run parallel to that of (13) in Theorem 2.1.
Remark 2.1. Result (18) can be obtained by replacing Z by % and then taking the limit for both

sides as |a| tends to infinity.

3. Special Cases
I. Setting m =0, r =1 and x =« in Theorem 2.1, we have

(1+) P (a ¢ 1+t
” i

= Z_;(—l)j (l)j {Fp(a,ﬁ;x) (ab;c;z)*,F(A+].14;2 )}% (19)

(z,42€0;ft|<1),min(Re(er),Re(B)) >0, m <Re(b)<Re(c);|z|<1.

—
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Putting x =1, in (19), we get

-2 = (a, L Z
(1+t) Fp( A (a,b,c,m)
i

:2(-1)" (), {F“ (@biciz )x,F (4+] L4z )}%, (20)

(z,4€0;t|<1), min(Re(e),Re(B))>0,m <Re(b)<Re(c);|z]<1.
Which is the revised result given by Chand et. al [5].
Now, for & = £ in (20), we get

(L) “F, (a’b’c;lz?j:g(_l)j (4), {F,(ab;c;z)x,F (A+ ;1 4;2 )}tJ—JI (21)

min(Re(a),Re(8))>0,|z|<1(z,A€ C [t]<1) andRe(p)>0.

Which is the revised result given by Chand et. al [5].
I1. In Theorem (2.2), put m = 0, we get the following result:

1 t—ﬂ. (s By e By 1K) b, ,Z_j
(+t) "4, ( “ Tt

j (22)

- j o ,0p .0 ; VUK - t
=>(-1)' (), {¢,() vz il ) (ci 2 )%, F (A L Az )}F
i=0 !

min(Re(c), Re(B))>0,]z| <1, and Re(p)>0,Re(u)>0, u=x, (z,2el;]t|<1).
For r =1and u« = «, in (22), we get the following generating relation associated with the
generalized confluent hypergeometric function ¢{*/* (b,c;z ).

14t) 7" s b, ’Z_j
1) "4, (C1+t

:i(_l)i (,1)J_ {¢F()a,ﬁ;lr) (bic;z)*,F(A+]j.L Az )}tJ—JI

j=0

(23)
Putting k=1, in (22), we get
i

) g (bt |- 30 (), (7 iR s ey

j=0
Which is the revised result given by Chand et. al [5].
Now, for « = 2 in (24), we get

o j

_ - . t
(L) g, (b'c;lzTJ:Z(_l)J (2), 1, (biciz) =, F (2+ ] L 452 )}F’ (25)
j=0 :
(z,AeC ;|t|<1).
Which is the revised result given by Chand et. al [5].
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