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Abstract 
 

     The aim of this paper is to establish two general integral formulas involving confluent 

hypergeometric functions of three variables Ф2
(3)

 and Ѱ2
(3)

 with the help of two extension formulas 

for Lauricella’s functions of three variables 𝐹𝐴
(3)

 and 𝐹𝐷
(3)

 due to Atash [1] and Atash and Bellehaj 

[2]. Some applications of our main results are also presented.  
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1.  Introduction 

    The Lauricella’s functions of three variables
)3(

AF and 
)3(

DF   are defined and represented as follows 

[7]:  

 

( )321321321

)3( ,,;,,;,,, xxxcccbbbaFA  

!!!)()()(

)()()()(

3

3

2

2

1

1

0,, 321

321
321

321 321

321321

m

x

m

x

m

x

ccc

bbba mmm

mmm mmm

mmmmmm




=

++
=              (1.1) 

1321 ++ xxx  

and 

( )321321

)3( ,,;;,,, xxxdbbbaFD  

!!!)(

)()()()(

3

3

2

2

1

1

0,,

321
321

321 321

321321

m

x

m

x

m

x

d

bbba mmm

mmm mmm

mmmmmm




= ++

++
=              (1.2) 

1},,max{ 321 xxx ,  

where na)( is the Pochhammer’s symbol defined by  
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The Laplace integral representations ofLauricella functions
)3(

AF and
)3(

DF are given by Exton (see 

[3]): 
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0)Re( a ,  

where the functions
)3(

2Φ  and  
)3(

2Ψ are the confluent  hypergeometric functions defined by 

Srivastava[7]  . 

( )321321

)3(

2 ,,;;,,Φ xxxcbbb  

!!!)(

)()()(

3

3

2

2

1

1

0,,

321
321

321 321

321

m

x

m

x

m

x

c

bbb mmm

mmm mmm

mmm




= ++

= (1.6) 

and 

( )321321

)3(

2 ,,;,,;Ψ xxxbbba  

!!!)()()(

)(

3

3

2

2

1

1

0,, 321

321

321 321

321

m

x

m

x

m

x

bbb

a mmm

mmm mmm

mmm




=

++
= .                     (1.7) 

The Exton’s double hypergeometric functions are defined by [4] 
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where the symbol ma))(( denotes the product mj

A

j
a )(

1=
 . 

 

2.MainIntegralFormulas  
    By employing the generalized Dixon’s theorem [5]  and the generalized Kummer’s  theorem 

[6],Atash [1] and Atash and Bellehaj [2] derived the following two extension formulas for 

Lauricella’s  functions of  three  variables 
)3(

AF and
)3(

DF : 
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for  2,1,0,1,2,3 −−−=i  and 3,2,1,0=j  

and  
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for ,5,4,3,2,1,0 =i  

where ][x denotes the greatest integer less than or equal to x and x denotes the usual absolute value 

of x . The coefficient jiC , can be obtained from the table of jiA ,  given in [5] by replacing a and c

by n2−  and nc 21 −− and the coefficient jiD , can be obtained from the table of jiB ,  given in [5] by 

replacing a and c by 12 −− n  and nc 2−− respectively . 

The coefficients iA'  and iB'  can  be  obtained  from  the  tables of iA  and iB given in [6] by taking 

ma 2−=  and  the coefficients iA"  and iB"  can be obtained from the same tables of iA  and iB  by 

taking 12 −−= ma . 

In (1.4) replacing 21321321 ,,,,,,, xxcccbbb and
3x  by yxjiccdbiba ,,,,,,,' ++−  and 

y− respectively and using  the result (2.1),  we  get the following general  integral involving 

confluent hypergeometric function of three variables
)3(

2Ψ : 
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for  2,1,0,1,2,3 −−−=i  and 3,2,1,0=j . 

 

    Next, in (1.5),replacing 21321 ,,,, xxbbb and
3x  by xxcbib −− ,,,, and y respectively 

andusing  the result (2.2),  we  get the following general  integral involving confluent hypergeometric 

function of three variables
)3(

2Φ : 
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for .5,4,3,2,1,0 =i  
 

3.  Applications 
     In this section, we willuse in each case the following results [7]: 
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(ii)   Setting 1,0 == ji  in (2.3) , we  get  

321321

)3(

2

0 0 0

1

3

1

2

1'

1 ),,;1,,;(Ψ
)(Γ)(Γ)'(Γ

1
321 dtdtdtytytxtccdattte

bba

bbattt
−+  

  

−−−−−−
 






++

+−





−
= x

y

d

a

ccc

bcba
X ,

4;

;'

;

;

1,,

1,

:

:

1

1

;

;

3

2

:

:

0

1 2

2
1

2
1

2
1

 

( ) 




+++

+−+





−

+

+
+ x

y

d

a

ccc

bcba
X

cc

aby
,

4;

;'

;

;

,1,1

1,1

:

:1

1

1

;

;

3

2

:

:

0

1

1

2

2
3

2
1

2
1

 .(3.7) 

(iii)   Setting 1== ji  in (2.3), we get  
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(iv)   Setting 0=i  in (2.4), we get  
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(v)   Setting 1−=i  in (2.4), we get  
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(vi)   Setting 1=i  in (2.4), we get  
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which for xx −= and 1+= bb gives the result (3.10). 

The other special cases of (2.3) and (2.4) can be obtained by the similar manner . 
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Ф2  صيغ تكاملية تتضمن الدوال الفوق هندسية ثلاثية المتغيرات
Ѱ2و   (3)

(3) 
حسين صالح بلحاج  و  شأحمد علي عت  

جامعة عدن  ،شبوة - كلية التربية الرياضيات،قسم   
DOI: https://doi.org/10.47372/uajnas.2018.n1.a11 

 

 الملخص
 

Ф2ثبات صيغ تكاملية عامة متضمنة الدوال الفوق هندسية ثلاثية المتغيرات إ هو  هدف بحثنا هذا  
(3)

Ѱ2و  
(3)

وذلك    

𝐹𝐴صيغتين لدوال لارسيلابمساعدة  
(3)

𝐹𝐷و  
(3)

تم عرض   يضا  أ  [2]و    [1] في  ة  ذات الثلاثة المتغيرات والمعطا  

 بعض التطبيقات لنتائج بحثنا  الرئيسية.  
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