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Abstract

The aim of this paper is to establish two general integral formulas involving confluent
hypergeometric functions of three variables CD?) and ‘Pg?’) with the help of two extension formulas

for Lauricella’s functions of three variables FA(3) and FD(3) due to Atash [1] and Atash and Bellehaj
[2]. Some applications of our main results are also presented.
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1. Introduction
The Lauricella’s functions of three variables F and F{® are defined and represented as follows

[7]:

F;A(\S)(a’bl’bz’b3;cl’c2 ’C3;X1’X2’X3)
S (a)m1+m2er3 (bl)m1 (bz)m2 (b3)m3 le1 X;nz X;ne’

- (1.1)
my, my ,my=0 (C:l)m1 (Cz)m2 (CS)m3 ml! mZ! m3!
% |+ % [+ %] <1
and
Fég)(a’bl’bz’b:%;d;X11X21X3)
© a b b m My M3
_ Z ( )m1-¢—m2+m3 (bl)ml( Z)mz( 3)m3 Xl X2 X3 (12)

my, M, ,m3=0 (d)m1+m2+m3 ml! m2! m3!

(] ) < 1
where (&), is the Pochhammer’s symbol defined by
1 , 1if n=0
a(@+)@+2)...(a+n-1) ,if n=123,......
The Laplace integral representations ofLauricella functions F? and F? are given by Exton (see
[3D):
Fﬁ(\g)(a’bl’bZ ’b3;Cl’C2’C3;Xl’X2 ’X3)
1 T T atityty ¢bdib, 1.by1

= SR i v i

T(b)(b,)T(b,) I I I C
x ¥ (a;c,,C,,Cq; b, Xt Xt,) dt,dt, dt,, (1.4)

Re(b,), Re(b,), Re(b,) > 0

and
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F52(a,by,b,,b;50 5%, %, %)

L fe s* 1@ (b,b,,b,;d ; x8,%,8,X,8) ds, (1.5)

I'(@)y

Re(a) >0,
where the functions®{® and ¥ are the confluent hypergeometric functions defined by
Srivastava[7] .
q)(zs)(tll’bz’bii;c; Xl 1 X2 ’X3)
¢ 0.0 B 0

my,my, mg=0 (C)m1+m2+m3 ml! m, ! ms!

(1.6)

and
l112(3)(6‘; bl ! b2’b3 ’ Xl ! X2 ! XS)

¢ @ mmem, X" X2 X"
B mlzo (0, (0;), (05)y, My Imtmy !
The Exton’s double hypergeometric functions are defined by [4]
y AB; B’[(a):(b);(b’); y y} _ i ((@))2mn ((0))m ((07)), X™ ¥
C:D;D' (¢):(d);(d"); 0 (€)amen (@) ((@")), mint’

A
where the symbol ((a)),, denotes the product Hl(aj)m .
j=

(1.7)

(1.8)

2.MainlntegralFormulas
By employing the generalized Dixon’s theorem [5] and the generalized Kummer’s theorem
[6],Atash [1] and Atash and Bellehaj [2] derived the following two extension formulas for

Lauricella’s functions of three variables F¥and F{*:
F®(a,a',b—i,b;d,c,c+i+j;x,y,~y)
(@) o (@) (0=i),, X" (=y*/4)"
n=0 (d),(c),, min!
22Ce DAL (4 i —2n) T(C+i+ j) T(b—3]i|— L) @—2n—c—1(i+ j+[i+
C()rl-c—2nT(2c—1+i+ j+2n)C(c—b+i+ j)
. C(n+c—1+["9Nr (n—b+c+i+[41])
. G @-b—n+[3])
ﬂi i (@+D) 50 (@) (0=1)50s X" (=y*/4)"
2 1% o (d)n (€)zn Min!
2L (b —2n) D(c+i + ) T(b— 3i - 3)T(-2n—c - 3(i+ j +i+ i
L)L (-2n—c)T(2c+i+ j+2n)C(c—b+i+ j)
D CE+n+c+[HPr@+n-b+c+i+[2])
" FGT (=n-b+['3])
for 1=-3-2,-1,01,2 and j=0123

s

Il
o

m:

X

, (2.1)

and
FO(a,b-ib.c;d; x-xYy)
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= NN (a)2m+n (b_i)Zm(C)n X" yn
‘%% (d),1., (2M)! 1!

A 2°"T ()T (1-2m—b+i)(1-b)

T (@-b+3 @+ i) (=m+3i+ -4 A-m—b+1Li)
B 2" (1) (1-2m—b+i)T(1-b)

T (L-b+1(i+[i[)T (-m+1i—[}DT (-m+5 —b+1i)

+ i i (a)2m+n+l (b_i)2m+l(c)n X2m+1 yn
m=0 n=0 (d)2m+n+1 (2m+1)' n!

A 2°mAT I (-2m-b+i)I'(1-b)

T (L=b+3(i+[i[))T (-m+1i-[5)T (-m+1-b+1i)
y 2°™r I (-2m-b+i)I'(1-Db) 2.2)
'T(L-b+3(+[i)r (-m=3+3i-[DF (-m-b+1i) [
for i=0,+1,+2,+3,+4,+5,
where [X] denotes the greatest integer less than or equal to X and | X| denotes the usual absolute value

of x.The coefficientCiyj can be obtained from the table of A” given in [5] by replacing aand ¢
by —2n and1-c—2nand the coefficient D, ; can be obtained from the table of B; ; given in [5] by
replacingaand cby —2n—1 and —c—2nrespectively .

The coefficients A', and B, can be obtained from the tables of A and B, given in [6] by taking
a=-2m and the coefficients A", and B", can be obtained from the same tables of A and B; by
taking a=-2m-1.

In (1.4) replacing b, b,,b,, c,c,,c;, X, X, andx, by a',b—i,b,d,c,c+i+j,X,y and
— yrespectively and using the result (2.1), we get the following general integral involving
confluent hypergeometric function of three variables ‘P2(3) :

First Integral

1 e —t,—t,—t, pa'—Lpb—i-l b1
r(a')r(b—i)r(b)M ! R

x¥(a;d,c,c+i+ j;xt, yt,,—yt,) didt, dt,.
:i . (a)m+2n (al)m (b_i)ZnXm(_y2/4)n
m=0 n=0 (d)m(C)Zn m!nl
y reme P —p+i-2n) T(c+i+ ) Tb—L|i|- 3@ -2n—c—L(i+ j+]i + j|
CO)CL-c—2nT(2c—1+i+ j+2n)(Cc—b+i+ j)
C(n+c—1+["Dr (n—b+c+i+[%41])

xC.

i Cr @-b-n+[i])
_ ﬂ . . (a+1)m+2n (al)m (b_i)2n+1xm(_y2 /4)n
2 % nzz(; (d),, (€)y,., min!
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222 (—p—2n) T(C+i + j) F(b—%| i |—%i)l"(—2n —Cc—2(i+] +|i + j|)
* T(b)[(—2n—c)T (2c+i+ ]+ 2n)C(C—b+i+ j)
D CE+n+c+[HIDC@+n-b+c+i+[1])
. LT (-n-b+[%]) '
for i=-3-2,-1,01,2 and j=0123.

(2.3)

Next, in (1.5),replacing b;, b,, b;, X, X, andx, by b—i, b, c, X, —x and Y respectively

andusing the result (2.2), we get the following general integral involving confluent hypergeometric
function of three variables @ :

Second Integral

o0

1 —-sea-1 £(3) H A
——|e’s* @Y (b—i,b,c; d;xs,—xs, ys)ds
wal O ys)

— N (a)2m+n (b_i)Zm(C)n sz yn
__2;2; (d),.. (2m)!n!

, 2°"T () A—2m—b+i)['(1-D)

A F@-b+1@+[i))T (-m+Lii+i-[%N 1-m-b+1i)
, 2"T (Hr(1-2m—-b+i)T'(L-b)
T (L-b+1(i+[i[)T (-m+1i—[}DF (-m+5—b+1i)

00

S (a)2m+n+l (b_i)2m+l(c)n X2m+1 yn
" né ; (d) 10 @M+ 0!
Aw 2™ ()T (=2m b +i) [(1—b)
[ (b3 (i +]i))F m+2i—[5 T (-m+ § —b-+ 1)
) 22™[ ()T (~2m—b+i) T(L—b) 04
T @b+ 3 +[i)F (Cm—3+3i—LDE (-m—b+30) |
fori=0,+1,+2,+3,+4,+5.

3. Applications

In this section, we willuse in each case the following results [7]:

I'(a+n)
(@), =
I'(a)

@,,=2"(a),(Ga+}), @2
I'(a-n)  (-1)°

@ (d-a),
(2n)!=2""(1) n!(3.4)
(2n+1)!= 22”(§)nn! (8.5)(1) Setting i = j=0 in (2.3), we get

. a#0,-1-2,--(3.1)

,a#0,£1,+2,---(3.3)
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1 00 00 00

= [[[etet W ard ¢ o xt,, yt, —yt.) dtdt, dt
TEIOOIE A AR

1:2;1la : b,c-b ;a; y?
=X —,X].(3.6)
0:3;1] — :c, 3Cc,3C+3 ;d; 4
(if) Setting i=0, j=11in(2.3),we get
;Tﬁe“ﬂ 2t PP (a;d, c,c+1; xt,, yt,,—yt,) dtdt, dt,
I'@)rp)rb) oy
_X1:2;1[a: b,c—b+1 ;a';y? }
0:3;1] —:c,ic+1,ic+1;d; 4°
aby X1:2;1 a+1l: b+lc-b+1 ;a';y? o
+ ~—,
c(c+1)" 0:3;1] — :c+lic+lic+3;d; 4
(i) Setting i =j =1 in (2.3), we get

1 00 00 00

F@ o Drm ] R @i e e 20, ¥t -yt ddty iy
. 1:2;1|:a: b,c—b+2 ;a';y_2 X}

0:3;1] —c+Lic+Lic+3;d; 4"’
+a(c—2b+2)yxl:2;1[a+1: be—b+2 ajy? x} .

clc+2) 0:3;1] — :c+Lic+23,ic+2;d; 4 |
(iv) Setting 1 =0 in (2.4), we get

(3.7)

< 1:1;1| a:b;c;
L e*s* @ (b,b,c;d; xs,—xs, ys) ds = X X, yl. (3.9)
I'(a)s 1.0;0{d:—;—;

(v) Setting i =—1 in (2.4), we get

o0

1 et ®P (b+1,b,c;d;xs,—xs, ys) ds

I'(a)s
1:1;1} a:b+1;c; , ax _1:1;1| a+1:b+1;c; ,

=X X,y |+—X X7,y [.(3.10)
1:0;:0|d: — ;—; d 1:0;0|d +1: — ;—;

(vi) Setting 1 =1 in (2.4), we get

L et ®P (b—1,b,c;d; xs,—xs, ys) ds

I'(a)y
1:1:1| a:b;c; 1:1;1| a+1:b;c;

- X x2,y |—2%X x N x2,y |, 3.11)
1:0;0|d:—;—; d 1:0;0| d +1:—;—;

which for x=-x andb=Db+1 gives the result (3.10).
The other special cases of (2.3) and (2.4) can be obtained by the similar manner .
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W g OF Gyl g U gt § 9l J1 9 b1 aninic el e
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0
13 g @3 5 @I puial) 455 Lpuria 3 5l J) sal) Aiamie ale ALalSS fam L) 5 138 Wiy Caa
Uae o5 Ll [2] 5 [1] o8 Blamall 5 <l jriall 230 <3 F) 5 F3u ¥ U1l it saclisay
Ayl Uiy ] il (yamy
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