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Abstract

In this paper we discussed decomposition for the curvature tensor Kj"kh of three cases in

generalized K"—recurrent Finsler space, K"—birecurrent Finsler space and K"~ trirecurrent Finsler
space, some results have been obtained in such space, different identities concerning the above
spaces.

Keyword: K"~ R E,, K"~ B R E, and K"~ T R F,, decomposable of Cartan’s fourth curvature
tensorKj,,, symmetric and skew — symmetric property

Introduction
Takano K. [10],B.B.Sinhaand S.P . Singh [9], B .B . Sinhaand G. Singh [8] and others
studied the decomposition of curvature tensors in a recurrent manifold . R . Hit [6] introduced a

recurrent Finsler space whose the curvature tensorH}kh is decomposable in the form H}kh =
Xinkh and obtained several results. H. D. Pande and H. S. Shukla [5] discussed the decomposition
of the curvature tensors K}kh and Hj"kh in recurrent Finsler space and studied the properties of such
decompositions . H. D . Pande and T . A . Khan [4] considered a recurrent Finsler space whose the
curvature tensorH},is decomposition in the form Hy, = X{Y,. M. A . A . Ali [1] discussed the
symmetric and skew — symmetric property of the recurrence covariant tensor field of second order
in K" — birecurrent space. A. M. A. Al — Qashbari[2] discussed the decomposition of the
curvature tensors R}kh and jikh in Finsler space equipped with non — symmetric connection.

An n — dimensional space X, equipped with a function F(x,y) satisfies the requisite
conditions[7].
Let us consider a set of quantities g;; defined by
1D gijlx,y):= %31'31'1:2(35 Y.
The tensor g;; is positively homogeneous of degree zero in y* and symmetric in i and j.
The vectors y* and y; satisfy the relations
(12)  y y'=F2
The h — covariant derivative of the vectors y ‘vanish identically, i. e.
(13)  yj=0.
The tensor K 4., is called Cartan's fourth curvature tensor which is skew — symmetric in its last
two lower indices k and h.
The curvature tensork }khsatisfies thefollowing identities known as Bianchi identities
(14) Kjn+Kpje+Kignj=0.
Cartan’s fourth curvature tensor K }kh satisfies the generalized recurrence property, generalized
birecurrence property and generalized trirecurrence property with respect to Cartan’s coefficient
parameter connectionly, respectively and denoted them briefly by G K" — RE,, by G K" —
B R E, and by G K" — T R E,, respectively as following ([2] ,[3]), i.e.
(1.5) szkh” = Kjien + i (6k9jn — 6nGji ) Kjien 70,

(1.6) Kjikhlllm = Wlijikh + U ( 5ligjh - 5rilgjk ), Kjikh 70
and
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1.7 Kjlkhlllmln = QmnKjien + bumn (6xgjn — 6pGjk )» Kjwn # 0.
Remark 1.1. We shall call the h — covariant derivative as generalized h — covariant derivative and
briefly will denote by G h — covariant derivative.
Decomposition of Cartan’s Fourth Curvature Tensor

Let us consider a Finsler space whose Cartan’s fourth curvature tensor kah is
decomposable. Since the curvature tensor is a mixed tensor of the type (1,3) , i.e. of rank 4, it may
be written as a product of a contravariant vector ( or covariant vector ) and a tensor of rank 3, i.e.
covariant tensor of the type (0,3) { or mixed tensor of the type (1,2)} as following [5] :

21 3 Kjilghz XYikn p)l(jikh:ijlcihl
c) Kjlkhzxk)% and d) jlkh:Xh jﬁc
or

as product of two tensor each of rank 2, i.e. mixed tensors of the type (1,1) and covariant tensor of
the type (0,2) as folloyving : ' _
(22) &) Kjp = XY , b) Kjxp = XkVn  and €) Kjkn = XpYjx . Cartan’s fourth

curvature tensor Kj,, is decomposable as (2.1a), where Y}, is non — zero and homogeneous tensor

field of degree —1 in its directional argument is called decomposition tensor field and X! is
independent of y/ ([1] , [5]).
In this paper, we shall discuss the possible forms in three cases, two decomposition for the first
case (the other are similar) and one decomposition for the second case (the other are similar).
Let us assume that X' is covariant constant.
Taking the G h — covariant derivative for (2.1a), with respect to x!, we get
(2.3) Kieni = XYn-
Using (1.5) and (2.1a) in (2.3), we get
(24) XYWk = L X Yjpn + w,(8kgjn — S19jk )-
Thus, we may conclude
Theorem 2.1. In G K"~ R E,, under the decomposition (2.1a)and ifX® is covariant constant, then
the decomposition tensor Yj,, satisfies the identity (2.4).
In view of (1.4) and using the decomposition (2.1a), we get
(25)  XWn+ Xy + XWip; = 0.
Taking the G h — covariant derivative for (2.5) with respect to x!, we get
(2.6)  X"Ykni + XYnjrn + X Yenju = 0.
Using (2.4) and the symmetric property of the metric tensor in (2.6), we get
(7))  XYWn+ XYW+ XWip; =0 ,where 2, #0.
Thus, we may conclude
Theorem 2.2. In G K"~ R E,, under the decomposition (2.1a) and if X* is covariant constant, then
we have the identity (2.7).
Taking the G h— covariant derivative for (2.3) with respect to x™, we get
(28)  Kjknum = X"Yjienitm -
Using (1.6) in (2.8), we get
2.9)  XWknum = WunXVien + vpm(8kgjn — Sh9j1c)-
Thus, we conclude
Theorem 2.3. In G K"— R E,, under the decomposition (2.1a) and if X‘is covariant constant,
then the decomposition tensor Yj,, satisfies the identity (2.9).
Taking the G h— covariant derivative for (2.6) with respect to x™, we get
(210)  XYiknm + X Yajrnm + X Yenjiim = 0.
Using (2.9) and the symmetric property of the metric tensor in (2.10), we get
(211) Yyn+ Yaj+ Yin; =0, where wy, X" # 0.
Thus, we may conclude
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Theorem 2.4. In G K" B R E,, under the decomposition (2.1a) and if X* is covariant constant,then
we have the identity (2.11).

Taking the G h — covariant derivative for (2.8) with respect to x™, we get

(12)  Kjnumm = X Yiknimin:

Using (1.8)and (2.1a) in (2.12), we get . ‘

(213)  XYWinumm = GmnXYikn + buma(6k9jn — Shgjic)-

Thus, we may conclude

Theorem 2.5. In G K"~ T R E,, under the decomposition (2.1a) and ifX* is covariant constant ,
then the decomposition tensor Yj,, satisfies the identity (2.13).

Taking the G h — covariant gjerivative for (2.10), with respect to x™, we get

(2.14) XLijhIlImIn + XLthkIlImln + XlYkthlImln = 0.

Using (2.13) in (2.14), we get '

(215) ijh + thk + Ykhj =0 y since almnX‘ *0.

Thus, we may conclude '

Theorem 2.6. In G K"~ T R E,, under the decomposition (2.1a) and if X* is covariant constant,
then we have the identity (2.15). '

Let us consider a Finsler space for which Cartan’s fourth curvature tensor Kjy, is decomposable
as (2.1b), where X; is non — zero covariant vector field of order one and Y, is skew— symmetric
decomposition tensor.

Taking G .h — covariant derivativg for (2.1b) with respect to x!, we get
(216) I(jlkh” = leijlh + Xijlh”,Where lel = lej'
Using (1.5) in (2.16) and uging (2.1b), we get
217 XY = aXiVip + w(8kgjn — Sh9jx), Where a; = A — v;.
Thus, we may conclude
Theorem 2.7. In G K"~ R E,, under the decomposition (2.1b) and if the govariant vector field
Ay is not equal to the covariant vector field v, then the decomposition X;andYy,,satisfy (2.17).
Let us assume that the vector field 4; is equal to the vector field v;, i.e. 4; = vy, the equation (2.17)
immediately reduces to
(2.18) X;Yiny = 1(6kgjn — Sn9ji) -
In view of (2.18) in (2.16), we get
(2.19) Kjiny = XjuYin + w(Skgjn — Shgjic)-
Adding the expression obtained by cyclic change of (2.19) with respect to indices k , h and [, we
get
Kjienit + Kjen + Kine = 01X Yien + vnX;Yiie + VXYt (8kgjn — Sk )* (89 —
Sngjk) + we(8hgji — 6(gjn).
In view of (1.5) and (2.1b), the above equation can be written as
(220) (A4 — v) X;Yep + (A — vp) X;Yj + (A — i) X;Y,= 0.
Using (2.17) in (2.20), we get
(2.21)  X; et + Yiien + Yo ) — £ 1 (8kgin — Sngjc) + bn(8igji — Shgji)
1c(8hgj1 — 8igjn)¥=0.
Thus, we may conclude
Theorem 2.8. In G K"~ R F,, under the decomposition (2.1b) and if the vector field A, is equal
to the vector field v, , then the decomposition tensor satisfies the (2.21).
Using (1.4) and (2.1b) in (2.16), we get '
(222)  AX;Yin + (6kgjn — Sngji) = Xju¥in + XY -
Transvecting (2.22) byy’ and using (1.3), we get .
(2.23) X Vi + i (8kyn — Shyic) = XuYin + X Yinu,
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Where X = Xij. If X isconstant (X;; = 0), then (2.23) can be written as
(228) XYy = MX Y + w(8kyn — S5y1) -
Transvecting (2.24) by y.", using (1.3) anq (1.4), we get . ‘
(2.25) XY, = XY+ w(yty, — 8LF?), where Yi,y* = Vi
Contracting the indices i and h in (2.25), we get .
(226) XY= 24XY+u(l-n)F?, where Y! =Y.
Thus, we may conclude

Theorem 2.9. In G K"~ R E,, under the decomposition (2.1b) and if X is constant, then we
have the identities (2.24), (2.25) and (2.26).
Taking the G h — covariant derivative for (2.19) with respect to x™, we get
227)  Kjknum = XjnmYen + XjnYenim + Hum (89jn — 6p9j1)
or
(2.28)  Kjknim = jll!mylclh + SlijYéh + i (SkGjn — Ongjr)
where Xj; = muXj, Yepim = M Yen » Munm= Sum and fym= tim.
Using (1.6) and (2.1b) in (2.28), we get ' ' _ _
(2.29)  winX; Yint vim(8k9jn — OrGji) = XjumYen + SimX;Yien + tim (6x9jn — OrGji)
or
(2.30)  XjumYien = (Wim — Stm) Xj Yen + "mi( 6k 9jn — Sngjic),
where 1, = tyun — Vim ( Tim 1S SKew — symmetric tensor ).
Let us assume that, if the covariant tensor field wy,, is not equal to covariant tensor field s;,, , then
(2.30) may writte.n as _ _ .
(231)  XjumYien = wimX; Yen + tou(8igjn — Ongjx),  Where up, = wim — Sim.
Using (2.31) in (2.29), we get '
(232) WlmX] :(ulm"' Slm)X' y Yklh #0.
Thus, we may conclude

Theorem 2.10.In G K"~ B R E,,under the decomposition (2.1b) and if the covariant vector
Wy, IS not equal to the covariant tensor field sy, andthe covariant tensor fieldr,, is skew —
symmetric, then the decompositions Yy ,and X; satisfy (2,31) and (2.32), respectively.
Let us assume that the covariant tensor field wy,, is equal to the covariant tensor field s;,,, and if
the covariant tensor field r;,,, is symmetric, then (2.30) can be written as
(233)  XjuimYen = Tim(Skgjn — Ongji) -
Using (2.33) in (2.29), we get ' ' . .
WimX; Yint vim(0kgjn — Ongjk) = SmXiYen + (tim— Vim) (8kgjn — 6ngji) *tim(OkGjn —
Shgji), Where 1, =ty — Vi,
or
(2.34)  WimX; Yin= Sim XjYin + Wim (85 gjn — S1gji), Where @y = 2tp— 20y, .
Thus, we may conclude

Theorem 2.11. In G K"~ B R E,, under the decomposition (2.1b), if the covariant tensor
fieldwy,, is equal to the covariant tensor field s;,,, and the covariant tensor fieldry,, is symmetric,
then the decomposition tensor satisfies the identity (2.34).
Taking 'ghe G h — covariant derivative for (2.27), with respect to x™, we get
(2-35)1(}lkhlllmln = jIlImInYkli} + (plmn + Pimn + len)Xijlh"'_hlmn(é‘ligjh. - 6illgjk)’ )
where Xjium = punXj  Yinn = Tn¥en: Xjum = dinXj o Yenm = emYin » Xju = fiXj Yienimin =
MunnYin andll”mm = himn.
Using (1.7)and (2.1b) in (2.35), we get . . '

] (2-36)'almanYklh + blmn(allcgjh - 5;ngk) = XjIlImInYklh + QImanYklh

+ hlmn(é‘ligjh - 6‘illgjk)!Where Pimn t Pimn + len = qimn-
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or
(2-37)lellmlnyklh = (almn - QZmn)Xijlh + Q)lnm((sllcgjh - 8illgjk)a
where @pmn = Rimn — bimn (DimniS Skew — symmetric in its last two indices ) .
Let us assume that a;;,, # qumn, then (2.37) can be written as
(2-38)XjIlImInYkLh = .BlmanYklh + (Dlnm(allcgjh - 6fllgjk)’ where .Blmn = Qymn — Qimn-
Using (2.38) in (2.36), we get
QZmanYIéh +.blmn(6llcgjh - 6;19jk) = .BlmanYklh + Q)lnm(8llcgjh - 8illgjk)

+ CIlmanYIéh + hlmn(allcgjh - 6ilzgjk)-
which can be written as
(2-43)alman = (Bimn + QImn)Xj . Y #0.
Thus, we may conclude

Theorem 2.12. In GK"-T R F,, under the decomposition (2.1b), if the covariant tensor field
AmniS Not equal the covariant tensor field q;,, and the covariant tensor field @,,,is skew —
symmetric in its last two indices, then the decomposition Yy, and X;satisfy (2.38) and (2,39),
respectively.
Let us assume that the covariant tensor field a;,,,, is equal to the covariant tensor field q;,,,,, and if
the covariant tensor field @, is symmetric in all lower indices m and n, then (2.37) can be
written as
(2-40)lellmlnyléh = len(5llcgjh - 6fllgjk)'
Using (1.7), (2.1b) and (2.40) in (2.36), we get
(24D A X;Yin = QunnXiYin + Zumn (669 jn — 61.9jk)
Whereqmn = Pimn + @imn + Oimn@N0zZmn= 2himn — 2bypn.
Thus, we may conclude

Theorem 2.13.In G K"~ T R F,, under the decomposition (2.1b) and if the covariant tensor
field a;;,, is equal to the covariant tensor field g, and @y, iS symmetric, then the
decomposition tensor satisfies the identity (2.41).
Let us consider a Finsler space for which Cartan’s fourth curvature tensor K, satisfies the

conditions (1.5), (1.6) and (1.7) and consider Cartan’s fourth curvature tensor jikh in the form
(2.2a).
Taking the G h— covariant derivative for (2.2a) with respect to x!, we get
(242)Kjip = XjuYen + XjYienu-
Using (1:5) and (2.2a) in (2.42), we get ' _ '
(243)X} Y = (4 = v) X[ Yin + 14 (8kgjn — 8.9j1).where Xjyy = v, X; .
Let us assume that Ay # vy, (2.43) can be written as
(2'44‘)leYkh|l = ClleYkh + /,tl(é‘,ig]h — 6;lgjk),Where = Al V.
In view of (2.42) and (2.44), we get
(245, Kfip + 11(8kgjn — 6ngj) = (o + v)X Yien + (8k9n — 64 9jic)-

Using (2.2a) in (2.45), we get
(246)AlYkh = dlYkh , X]l * 0, where dl = ( + 2
Thus, we may conclude

Theorem 2.14. In G K"— R E,under the decomposition (2.2a) and ilf the covariant vector
field4,is not equal the covariant vector fieldv,, then the decompositions X;and Y, satisfy (2.44)
and (2.46), respectively.
Let us assume that the non — zero covariant vector field 4;is equal to the vector field v, i.e.
(247) Al = 7.
In view of (2.47), (2.43) immediately reduces to

(2.48)X Yy = 11(8k9gjn — Shjic)-

Using (2.48) in (2.42), we get
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(249K iy = XjyYen + m(8kgin — 6h95x)
or
(2.50)Kjinn = viX{Yien + 1 (869n — 64 9j1c)-
Adding the expression obtained by cyclic change of (2.50) with respect to the indices k, h and [, we
get
(25D Kjienn + K + Kjpue = vl)'(jlykh + ?hleYlk + vk)'(jlyhl + Hl((sllcgjh—ailzgjk)
+un(8gjic = 6rgj) + e (6h9j1 — 61g;n).
In view of (1.5) and (2.2a), the equation (2.51) can be Written as .
(252) (A4 — v) XjYip + (An —vR) XV + (A — i) Xj Yy = 0.
In view of (2:43), the above equation can be written as
(2-53) X! Yienit + Yo + Yaur) — { w(8kgjn — 6h9jx) + un (6195 — 6k9j1) + 1k (61951 —
8tgin)} = 0.
Thus, we mayconclude
Theorem 2.15. In G K"~ R E_,,under the decomposition (2.2a) and if the vector field A, is equal
to v, then the decomposition tensor satisfies the identity (2.53).
Taking the Gh- coyariant derivative for (2.49), with respect to x™, we get
(2-54)1(]'_lkh|um = 'leIlImYkh + fimX}Yien + e (8k9jn — 6h9jk)s
where X, = v, X}, Yipim = dm Yen, bim = emm and vy dyy = fim -
Using (1.6) and (2_.2a) in (2.54), we get ' _
(2.55)Wim X} Yien + Vin (8k9jn — 6k9jk) = XjitmYen + fumX[Yien + €un (82 gjn — 619 k)

or
(2.56) X Yien = Wim — fim)Xj Yien + m1(8k 9jn — OF Gji)»
where 1, = €1 — Vim (71, 1S Skew — symmetric ) .
Ifwim # fim , then the equation (2.62) can be written as
Q5D XjymYen = otmX} Yien + i (85 gjn — 65 gjx) Where o =win — fim -
Using (2.57) in (2.55), we get
(258)WlmX]l = (Olm + flm)Xl y Ykh #0.
In view of (2.56) and (2.58), we may conclude

Theorem 2.16. In G K"- B R E,, under the decomposition (2.2a), if the covariant tensor
field wy,, is not equal to the covariant tensor field f;,,, and the covariant tensor field 7, is skew—
symmetric, then the decompositions Yy,and X; satisfy (2.57) and (2.58), respectively.
Let us assume that the covariant tensor field wy,, is equal to the covariant tensor field f;,,, i.e.
(2.59) Wim = fim -
Using (2.59) in (2.56) and suppose that the covariant tensor field r;,,; is symmetric , we get

(2.60)XiynYin = Tim(8k9jn — 61 jic)-

Using (2.60) .in (2.56), we get
-6 VDWunX[Yin = fimX} Yen + Zum (8% gjn — 61k ) Where zim = 2epn — 20py.
Thus, we may conclude

Theorem 2.17. In G K"-B R E,, under the decomposition (2.2a), if the covariant tensor
field wy,,is equal to the covariant tensor field f,,, and the covariant tensor field ry,, is symmetric,
then the decomposition tensor satisfies the identity (2.61).
Taking the G h- covqriant derivative for (2.54), with respect to x™, we get
(2-62)I(jlkhlllmln = jlllln'qlnYkh + (plmn + timn t ulmn)leYki'z + O-Im(6llclgjh - 6;lgjk)l
where e;mim = Gunns Xjiim = TimX; + Yinin = dnYin and Xjjyp = €12X;
Using(1.7) anq (2.2a) in (2.6_2), we get _ '
(2.63)aynnX; Yin + bimn (5ll<g_jh ~849jk) = XjitmimYen * Qomn X} Yien

*t Oimn (6Ilcgjh - 5flzgjk)’ where dimn= Pimn + timn + Uimn
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or
(2.64) lelImInYkh = (aymn — QImn)leYkh + ﬂlnm(allcgjh - 6fll«gjk)’
Where g;mn = umn — bimn (B1mniS SKew — symmetric in its last two indices ).
Let us assume that ajupn # qimn , then (2.64) can be written as
(2-65)le|lImInYkh = almanlYkh + ¢lnm(6ligjh - 5illgjk)1Where mn= Aimn — Qumn-
Using (2.65) in (2.63), we get
(2-66)almanL = (Umn + Qmn) le , Yen #0.
Thus, we may conclude

Theorem 2.18. In G K"~ T R E,, under the decomposition (2.2a), if the covariant tensor
field a;,,,, is not equal to the covariant tensor field g;,,, and the covariant tensor field g,,,,,,is skew
— symmetric in its last two indices, then the decompositions Y,and X; satisfy (2.65) and (2.66),
respectively.
Let us assume that, the covariant tensor fielda,,,,, is equal to the covariant tensor field q;,,,,, and the
covariant tensor field @;,,,,, is Ssymmetric in its last two indices, i.e. (8;mn = 1m), the equation
(2.64) immediately reduces to
267X uiminYen = Bumn(6k9jn — Shjic)-
Using (1.7), (2.2a) and (2.63), we get
(2.68)amn X Yin = QumnXYien + Prmn(8k9jn — 619j);
Whereplng 201mn — 2bimp.

Theorem 2.19.In G K"~ T R E,, under the decomposition (2.2a), if the covariant tensor field

Qimn @nd the covariant tensor field @,,,, is symmetric , then the decomposition tensor satisfies the
identity (2.68).
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