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Abstract
In this paper, we generalize the well-known Laguerre and Konhauser matrix polynomials, given
by Shehata (12), varma and Tas (14), respectively, and we also introduced a set of new Laguerre
matrix polynomials LSf'C) (a,x), we also obtained some generating relations and integral
representations for these sets of polynomials.

Keywords: Laguerre and Konhauser matrix polynomials, generating relations and integral
representations.

Introduction.

Recently, mathematicians have interested in some properties of orthogonal matrix polynomials,
specially in Laguerre matrix polynomials and Konhauser matrix polynomials. For example, Jo'der
and etal here introduced and studied Laguerre matrix polynomials [1,4,6,10,11], the Konhauser
matrix polynomials [3,9,10,13,14,15].

Through this paper, we consider the complex space CN*™  of complex matrices of common
order N .

A matrix A is said to be stable matrix in C"*N if Re(4)>0 for all A€ o(A) where o(A) is
the set of all eigenvalues of A.
The Gamma matrix function F(A) have been defined by (see[5,6])

r(A)= j: e ttAdt, 1)
where t*~' =exp[(A—1)Int].
F(A) is invertible and this inverse coincides with F’l(A) and also, in [5], the following formula
for Pochhammer matrix function is
(A),=T(A+nl)r*(A), n>1 )
(A)o =1.
Beta matrix function can be defined by Jodar and Corte's[5]
B(A.C)= [ t*" (L-t) "ot ®)
and
B(A,C)=T(Ar(C)r*(A+cC). (4)
In [2], Defez and Jo'dar have shown that, for matrices A(k,n) and B(k,n) in C™N when
n>0, k>0, then

3> Akn)=3 3 Alk,n+k). (5)

n=0 k=0 n=0 k=0
Let A be a matrix in CN*N satisfying (— a) is not an eigenvalue for every integer « >0, and
A be a complex number whose real part is positive, then the Laguerre matrix polynomials
LA4)(x) are defined by [4]
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Such matrix polynomials have the following generating matrix function:
—Axt

Y LA = (-t * e )
n=0
xeC, |t|<1.

Konhauser matrix polynomials was defined in [14] ,by
24 )= LA (e 1) )i(_l)f[’r‘]r—l(m (kr + 21 Y2 x)" ®
. r=0
Also, in [7], the generalized Laguerre matrix polynomials is given by
0 (—1 T kA+B+1)
(AB)(x)=T(nA+ B+ YT (x)
Lol = a8+ 1)y
Here, we give a new form of generalized Konhauser matrix polynomials defined by
2004, K)=T(kn+ A 1)3 (<1 KM+ A g 19
" ’ = mIT(on —om+1)"
Also, we give a new general Laguerre matrix polynomials defined by
o, (-9"'(1+B)
L (e; x)= i (x)™. 11
rLa(eix) m;m!(l +B)mpr(an—am+1)\x) 4h)
It is clear that, if we choose o = p=1 in (11), we get
Lo (Lx)= L7 (x). (12)
In (10), if we put & =1, then we get
zA4(x, k) =2 (x, k). (13)
Here, we also introduced the new set of matrix polynomials L(nB‘C)(a; X) for nonnegative integer
n, Re(a)>0, defined by

(9)

(B.O)( )y )— o THMB+C+1)
L8 ar; x)=T(nB +C + |)r§(—1) m!r(an—am+1)‘x) , (14)
In (14), if we choose « =1, replacing B by Aand C by B, we get
La#( x) = L®(x), (15)
Also in (14) put B =k and replacing X by Ax, we get
L&) (er; x) = Z2C49)(x, k), (16)
Also, in (14) put B=1, we get
LU ar; )=, LS (a; x). (17)
From equation (10), we obtain
zM(x, k)= | (18)
And
-1
284y k)= r((k +1)1L(2¢'i)1;) (1+A) () (19)
And from equation (14), we have
LN x)=1, (20)
o) ...y T(B+C+1)I(C+1)
L) e; x) = e+ —X (21)
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Mittag-Leffler function is defined by [9]

0 Zn
E =y ——, 22
(=2 (22
And the Wright matrix function is defined by
w (_ -1
W(A,B+I;—z)=z( 2T (nA+B+1) (23)

n=0 n!

Generating relations
Let B and C be matrices in CN*™ satisfying the above relation (— ﬂ) is not an eigenvalue of

B for every integer >0, (— 7/) is not an eigenvalue of C for every integer ¥ > 0, Re(a) >0
:I'heorem 1. The following generating relation for the Laguerre matrix polynomials holds true
Z L C*(nB+C+1)t"=E,(t)w(B,C + I;-xt). (24)
Proof. Usmg (14) and (5), the right hand side of (24) can be written as
i F(n+B+C+ ')Zn: (-1)"x"T*(mB+C +1)t"

= e m'F(an—am+1)
R I (mB+C+1)t"™"
_nZ‘ mZ::‘) mIT (o +1)

‘Z Z (-xt)"T*(mB+C+1)
om+1m o m!

Now, using (22) and (23), we get the left hand side of (24) which complete the proof.
Theorem 2. The following generating relation for the Konhauser matrix polynomials holds true

S 24 KAkl + 1+ A)= E, (W (K] + A+ 1; 2%4). (25)

Proof. Using (10) in the right hand side of (25) and following the same procedure as in the proof of
theorem (1), then we get the proof.
Integral representation.

Theorem 3. If B,C and E be positive stable matrices and Re(a)> 0, then we have
1 ex “E-
X—Cjo (x—u)f =" 4L, u® Jdu = BB+ E+ 1,C — E)L®)ar, x®). (26)
Proof. Denoting the left hand side of (26) by O and using (14), we get

1 (~1)"T*(MB+E+1) x C-E-1 mBiE
O=—T(nB+E+I - "tdu.
(B +E+ )mz(; miT(en — om +1) '[0 emu)

Now, using [15]
a s -1 _ ASs+t-1
'[O xHa—x)"dx=a"""B(s,1),
we get
n (_1\m -1 mB
O:F(nB+E+I)Z( ' (mB+E+ 1 )x B(C—E,E+mB+1),
%= miT(en—am+1)

now using (4) and (14) we get

0=B(nB+E +1,C—E)LE)Na, x?),
which is the right hand side of (26).
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Theorem 4. For the same conditions for the matrices B and C as in theorem 3, we have
C(knl+1+B)*(knl+1+C)r*(B-C)x®

x J: (x=u)®“"'uCz A u; k)du = B4 (x;k)

Proof. Using (10) in the right hand side of (27) and then proceeding the same steps as in the proof
of theorem 3, we get the required result.
Remark. If we put « =1, in theorem 4, then we get

rC(knl +1+B)r*(knl +1+C)r*(B-C)x®
X J'OX (x=u)* "'z (u;k)du = 254 (x; k),
which is the result given by Shehata [12] theorem 2.4.

(27)

(28)

Concluding Remark

The matrix polynomials in equations (10),(11) and (14) introduced in section 1 and also the
results obtained in sections 2 and 3, seem to be new and this technique will stimulate the scope of
further research in the theory of special matrix functions and polynomials.
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A8 shaal) pal g pud oS 3gda G S Gl Jsa
Jabdl) 3 gee d jla
el — (e dmala — A ) A iyl S o
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uadlall
[14] 5 [12] 8 slanall 48 shmall yusi s 5 a3 san €l LS o yry Lo apantiy Cadl Gl 18 b
330a A gane Caedd Liayl ‘L%B’C)(a,x) A giiaall Al d5aa Gl WS e 3a0a Ao gana i L
Asaadl Gl S e Gile ganall a3l al<al) Jiail) GlIX g 5] gall
Aalalsal) O ¢ 3 gall CHlEMAl) ¢ A ghiaall pui sy pal 2 gaa ), sdalidal) dalsl)
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