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Abstract 
 

    In the present paper, a Finsler space𝐹𝑛whose Cartan's second curvature tensor 

𝑃𝑗𝑘ℎ
𝑖 satisfies𝑃𝑗𝑘ℎ|ℓ|𝑚

𝑖 =𝑎ℓ𝑚𝑃𝑗𝑘ℎ
𝑖 ,𝑃𝑗𝑘ℎ

𝑖 ≠ 0,where 𝑎ℓ𝑚  isnon-zerocovariant tensor field of second 

order , is introduced and such space is called as  𝑃ℎ–birecurrentspace and denoted briefly by 

𝑃ℎ– 𝐵𝑅– 𝐹𝑛.The aim of this paper is to obtain some birecurrent tensors in this space. Also, we 

introduced Ricci birecurrent space. We proved the projection of some curvature tensors on 

indicatrix are birecurrent. 
 

Keywords: Finsler space,  𝑃ℎ–Birecurrent space, Ricci birecurrent tensor, projection on indicatrix. 

 

Introduction 
    Ruse [15] introduced and studied a three dimensional space knownas space of recurrent 

curvature. The recurrent of an n–dimensional space was extended to Finsler space by Moór 

([5],[6],[7]) for the first time. Due to different connections of Finsler space, the recurrent of 

different curvature tensors have been discussed by Mishra and Pande [8] and Pandey [9]. Dikshit 

[4], discussed a Finsler space for which Cartan's third curvature tensor𝑅𝑗𝑘ℎ
𝑖 , it's associative 

curvature tensor 𝑅𝑖𝑗𝑘ℎand their projections on indicatrix with respect to Berwald's and 

Cartan'sconnection are birecurrent. Alqufail, Qasem and Ali [1] discussed a Finsler space for which 

Cartan's fourth curvature tensor 𝐾𝑗𝑘ℎ
𝑖 is birecurrent. Ali [2] discussed the birecurrence property of 

the curvature tensor 𝐾𝑗𝑘ℎ
𝑖  on indicatrix with respect to Cartan's connection. Qasem [10] discussed a 

Finsler space for which Cartan's third curvature tensor 𝑅𝑗𝑘ℎ
𝑖 is generalized and special generalized 

birecurrent of the first and second kind. Qasem and Saleem ([11],[12]) discussed a Finsler space for 

which theℎ–curvature tensor 𝑈𝑗𝑘ℎ
𝑖  and Weyl's projective curvature tensor𝑊𝑗𝑘ℎ

𝑖  are generalized 

birecurrent. Qasemand Hanballa[13] discussed a Finsler space for which Cartan's fourth curvature 

tensor 𝐾𝑗𝑘ℎ
𝑖 isgeneralized birecurrent. Verma[16]discussed the projection on indicatrix, some results 

have been obtained on projection of Cartan's third curvature tensor. 

    Let us consider an𝑛 −dimensional Finsler space𝐹𝑛 equipped with a metric function 

𝐹(𝑥 , 𝑦)satisfying the requestic conditions of Finslerianmetric [14]. 

     Thevectors  y𝑖,  𝑦𝑖,the metric tensor𝑔𝑖𝑗and its associative metric tensor𝑔𝑖𝑗are satisfying the 

following  relations 

(1.1)    a) 𝑔𝑖𝑗(𝑥 , 𝑦) ∶=
1

2
 �̇�𝑖 �̇�𝑗𝐹2(𝑥 , 𝑦),         b) 𝑔𝑖𝑗(𝑥  𝑘, 𝑦 𝑘) =  

1

2
�̅� 𝑖�̅� 𝑗𝐻 2(𝑥 𝑘 , 𝑦 𝑘), 

           𝑐)  𝑔𝑖𝑗|𝑘 = 0 ,   𝑑)  𝑔|𝑘
𝑖𝑗

= 0 ,                e)  𝑦  |𝑘
𝑖 = 0 and f)   𝑦𝑖|𝑘 = 0, 

where |𝑘 is the  ℎ −covariant derivative with respect to  𝑥  𝑘. 

The two sets of quantities𝑔𝑖𝑗and𝑔𝑖𝑗 which are components of metric tensor and associate metric 

tensor which defined by the equations (1.1a) and (1.1b), respectively are related by 

(1.2)       𝑔𝑖𝑗𝑔 𝑗𝑘 =  𝛿 𝑖
 𝑘  =   {

1         𝑖𝑓     𝑖 = 𝑘   ,                    
0        𝑖𝑓     𝑖 ≠ 𝑘  .                    

 

The (𝑣)ℎ𝑣-torsion tensor 𝐶𝑗𝑘  
𝑖 and it'sassociativee tensor 𝐶𝑖𝑗𝑘are satisfying the following relations 

(1.3)       𝑎)  𝐶𝑗𝑘
𝑖 𝑦𝑗 = 0 = 𝐶𝑘𝑗

𝑖   𝑦𝑗,          𝑏)  𝐶𝑖𝑗𝑘  𝑔𝑗𝑘 = 𝐶𝑖, 

               𝑐) 𝐶𝑗𝑖
𝑖 = 𝐶𝑗 and𝑑) 𝐶𝑖𝑗𝑘 ∶= 𝑔ℎ𝑗𝐶𝑖𝑘

ℎ . 
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The tensor 𝑅 𝑗𝑘ℎ
 𝑖 is called ℎ-curvature tensor ( Cartan's third curvature tensor)and satisfies the 

relation 

(1.4)  𝑅𝑗𝑘ℎ
𝑖  𝑦  𝑗 = 𝐻𝑘ℎ

𝑖 . 

The tensor  𝑃𝑗𝑘ℎ  
𝑖 is called ℎ𝑣-curvature tensor (Cartan's second curvature tensor) and is defined  

by 

(1.5)         𝑎) 𝑃𝑗𝑘ℎ
𝑖 ∶= ∂̇hΓ𝑗𝑘

∗𝑖  + 𝐶 𝑗𝑟
 𝑖 𝑃𝑘ℎ

𝑟  − 𝐶𝑗ℎ|𝑘
𝑖  

or equivalent by  

                  𝑏) 𝑃𝑗𝑘ℎ
𝑖 ∶= ∂̇hΓ𝑗𝑘

∗𝑖  + 𝐶𝑗𝑟
𝑖 𝐶 𝑘ℎ|𝑠

𝑟  𝑦  𝑠  − 𝐶𝑗ℎ|𝑘
𝑖  

 or 

                 𝑐) 𝑃𝑗𝑘ℎ
𝑖 ∶= 𝐶𝑘ℎ|𝑗

𝑖  − 𝑔𝑖𝑟𝐶𝑗𝑘ℎ|𝑟 + 𝐶𝑗𝑘
𝑟 𝑃 𝑟ℎ

 𝑖 − 𝑃𝑗ℎ
𝑟 𝐶 𝑟𝑘

𝑖 . 

The ℎ𝑣-curvature tensor𝑃𝑗𝑘ℎ
𝑖 is positively homogeneous of degree zero in 𝑦  𝑖 and satisfies the 

relations 

(1.6)             𝑎)   𝑃𝑗𝑘ℎ
𝑖  𝑦𝑗 = Γ𝑗𝑘ℎ

∗𝑖 𝑦  𝑗 =  𝑃 𝑘ℎ
𝑖 =  𝐶𝑘ℎ|𝑟

𝑖 𝑦𝑟 . 

                     𝑏)   𝑃𝑗𝑘ℎ
𝑖  𝑦  𝑘 =  0 =  𝑃𝑗𝑘ℎ

𝑖 𝑦  ℎ 

and 

                     c)  𝑃𝑗𝑘
𝑖 𝑦𝑗= 0  . 

where 𝑃 𝑗𝑘  
𝑖 is called the 𝑣(ℎ𝑣)-torsion tensor and its associative tensor  𝑃𝑟𝑘ℎ is given by  

(1.7)  𝑔𝑖𝑟  𝑃 𝑘ℎ
𝑖 = 𝑃𝑘𝑟ℎ . 

The 𝑃 −Ricci tensor𝑃𝑗𝑘is given by  

(1.8)              𝑃𝑗𝑘𝑖
𝑖 = 𝑃𝑗𝑘  . 

The associate curvature tensor𝑃𝑖𝑗𝑘ℎof the  ℎ𝑣 − curvature tensor  𝑃𝑗𝑘ℎ  
𝑖 is  given byRund [14] 

(1.9)              𝑎) 𝑃𝑗𝑖𝑘ℎ = 𝑔𝑖𝑟  𝑃𝑗𝑘ℎ
𝑟  

 and               𝑏) 𝑃𝑗𝑘ℎ
𝑟 = 𝑔𝑖𝑟𝑃𝑗𝑖𝑘ℎ 

which is skew-symmetric in the first two lower indices  𝑖  and   𝑗 , i.e. 

                𝑃𝑖𝑗𝑘ℎ = − 𝑃𝑗𝑖𝑘ℎ . 

The tensor(𝑃𝑖𝑗 − 𝑃𝑗𝑖) is  given  by 

(1.10)           𝑃𝑖𝑗𝑘ℎ 𝑔
𝑘ℎ = 𝑃𝑖𝑗  − 𝑃𝑗𝑖  . 

The curvature vector 𝑃 𝑘  is given by 

(1.11)           𝑃 𝑘𝑖
𝑖 = 𝑃𝑘  . 

In view of (1.5c) and by using the symmetric property of the (v) hv- torsion tensor  𝐶𝑗𝑘
𝑖 in the lower 

indices j and k ,  theℎ𝑣-curvature tensor  𝑃𝑗𝑘ℎ  
𝑖  satisfies the following:   

(1.12)       𝑃ℎ𝑗𝑘
𝑖 − 𝑃𝑗ℎ𝑘

𝑖 = 𝐶𝑗𝑘|ℎ
𝑖 +  𝑃𝑗𝑘

𝑟 𝐶𝑟ℎ
𝑖 − ℎ 𝑗⁄ ∗

. 

The ℎ(𝑣) − torsion tensor  𝐻𝑘ℎ  
𝑖 satisfiesPandey [9] 

(1.13)        𝑦𝑖  𝐻𝑘ℎ
 𝑖 = 0. 

In view of Euler's theorem on homogeneous functions, we have the following relation: 

(1.14)        𝐻𝑗𝑘 
𝑖 𝑦𝑗 = 𝐻𝑘

𝑖 = −𝐻𝑘𝑗
𝑖  𝑦𝑗. 

Let the current coordinates in the tangent space at the point𝑥 0 be𝑥𝑖, then the indicatrix𝐼 𝑛−1  is a 

hypersurface defined by 

(1.15)            𝐹(𝑥0 ,  𝑥𝑖 ) = 1 

or in the parametric form it is defined by 

(1.16)       𝑥𝑖 = 𝑥𝑖(𝑢𝑎), 𝑎 = 1,2, . . . , 𝑛 − 1. 

Now, the projection of any tensor  𝑇𝑗
𝑖  on the indicatrix is given by 

(1.17)       𝑝 . 𝑇𝑗
𝑖 ∶= 𝑇𝑏

𝑎  ℎ𝑎
𝑖  ℎ𝑗

𝑏, 

where  

(1.18)       ℎ𝑐
𝑖 ∶=  𝛿𝑐

𝑖 − ɭ𝑖ɭ 𝑐 . 
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If the projection of an arbitrary tensor 𝑇𝑗
𝑖on the indicatrix𝐼𝑛−1 is the same tensor 𝑇𝑗

𝑖 , the tensor is 

called an indicatric tensor or an indicatory tensor, e.g. 𝐻𝑘
𝑖 ,𝐶𝑗𝑘 

𝑖 , ℎ𝑗
𝑖 , 𝑆𝑗𝑘ℎ

𝑖  and 𝑃𝑗𝑘 
𝑖  are all indicatric 

tensors. 

    The projection of the vector  𝑦𝑖, the unit vectorɭ𝑖 and the metric tensor𝑔𝑖𝑗 on the indicatrix are 

given by 

(1.19)                     𝑎)      𝑝. 𝑦𝑖 = 0, 

                            𝑏)      𝑝. ɭ𝑖 = 0 

and 

                                𝑐)      𝑝.  g𝑖𝑗 = ℎ𝑖𝑗, 

where 

(1.20)                  ℎ𝑖𝑗 ∶= g𝑖𝑗 − ɭ 𝑖ɭ 𝑗 . 

 

A  𝑷 𝒉 − Birecurrent Space 

     Let us consider a Finsler space  𝐹𝑛whose Cartan's second curvature tensor 𝑃𝑗𝑘ℎ
𝑖  satisfies the 

condition 

(2.1)            𝑃𝑗𝑘ℎ|ℓ
𝑖 =𝜆ℓ 𝑃𝑗𝑘ℎ

𝑖 ,𝑃𝑗𝑘ℎ
𝑖 ≠ 0, 

* − ℎ 𝑗⁄   means the subtraction from the former term by interchange the indices ℎ and 𝑗. 

where  𝜆ℓ is non-zerocovariant vector field. 

Taking the ℎ–covariant derivative forthe condition (2.1) with respect to 𝑥𝑚, we get 

(2.2)           𝑃𝑗𝑘ℎ|ℓ|𝑚
𝑖 =𝜆ℓ|𝑚 𝑃𝑗𝑘ℎ

𝑖 + 𝜆ℓ 𝑃𝑗𝑘ℎ|𝑚
𝑖 ,𝑃𝑗𝑘ℎ

𝑖 ≠ 0. 

Using the condition(2.1) in (2.2), we get 

                   𝑃𝑗𝑘ℎ|ℓ|𝑚
𝑖 =(𝜆ℓ|𝑚 + 𝜆ℓ 𝜆𝑚)𝑃𝑗𝑘ℎ

𝑖  

which can be written as  

(2.3)           𝑃𝑗𝑘ℎ|ℓ|𝑚
𝑖 =𝑎ℓ𝑚𝑃𝑗𝑘ℎ

𝑖 ,𝑃𝑗𝑘ℎ
𝑖 ≠ 0, 

where 𝑎ℓ𝑚 = 𝜆ℓ|𝑚 + 𝜆ℓ 𝜆𝑚 is non–zerocovariant tensor field of second order called therecurrence 

tensor field. 

Definition 2.1. A Finsler space 𝐹𝑛forwhich Cartan's second curvature tensor 𝑃𝑗𝑘ℎ
𝑖  satisfies the 

condition (2.3) is called  𝑃ℎ–birecurrentspace and the tensor is called ℎ–birecurrent tensor. We 

shall denote such space and tensor briefly by 𝑃ℎ– 𝐵𝑅– 𝐹𝑛 and  ℎ– 𝐵𝑅, respectively. 

      However, if we start from the condition (2.3), we can't obtain the condition (2.1) in general. 

Thus, we conclude 

Theorem 2.1. Every𝑃ℎ–recurrent space is 𝑃ℎ– 𝐵𝑅– 𝐹𝑛. But the converse need not be true. 

Transvecting the condition (2.3) by g𝑖𝑝, using (1.1c) and (1.9a) yield  

(2.4)        𝑃𝑝𝑗𝑘ℎ|ℓ|𝑚 =  𝑎ℓ𝑚 𝑃𝑝𝑗𝑘ℎ, 

Conversely, the transvection of the condition (2.4) by g𝑖𝑝yield the condition (2.3). Thus, the 

condition (2.3) is equivalent to the condition (2.4). 

Thus, we conclude 

Theorem 2.2. The 𝑃ℎ– 𝐵𝑅– 𝐹𝑛 , may characterized by the condition (2.4). 

      Let us consider an 𝑃ℎ– 𝐵𝑅– 𝐹𝑛  which is characterized by the condition (2.3). 

Transvecting the condition (2.3) by  y𝑗,  using (1.1e) and (1.6a), we get 

(2.5)       𝑃𝑘ℎ|ℓ|𝑚  
𝑖 =  𝑎ℓ𝑚 𝑃𝑘ℎ  

𝑖 . 

Transvecting the condition (2.3) by g𝑖𝑝, using (1.1c) and (1.7), we get 

(2.6)        𝑃𝑝𝑘ℎ|ℓ|𝑚 = 𝑎ℓ𝑚 𝑃𝑝𝑘ℎ. 

Further, transvecting the condition (2.4) by  g𝑘ℎ , using (1.1d) and (1.10), we get 

(2.7)    (𝑃𝑝𝑗 − 𝑃𝑗𝑝)
|ℓ|𝑚

=  𝑎ℓ𝑚 (𝑃𝑝𝑗 − 𝑃𝑗𝑝). 

Thus, we conclude 
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 Theorem 2.3. In 𝑃ℎ – 𝐵𝑅– 𝐹𝑛, the𝑣(ℎ𝑣)–torsion tensor 𝑃𝑘ℎ 
𝑖 ,it's associative torsion tensor 𝑃𝑝𝑘ℎ  

and the tensor (𝑃𝑝𝑗 − 𝑃𝑗𝑝) are ℎ– 𝐵𝑅. 

Contracting the indices 𝑖 and ℎ  in the condition (2.3), (2.5), using (1.8) and (1.11), we get 

(2.8)         𝑃𝑗𝑘|ℓ|𝑚 =  𝑎ℓ𝑚 𝑃𝑗𝑘 
 

and 

(2.9)         𝑃𝑘|ℓ|𝑚 = 𝑎ℓ𝑚 𝑃𝑘 , 

respectively. 

Thus, we conclude 

Theorem 2.4. In 𝑃ℎ – 𝐵𝑅– 𝐹𝑛 , 𝑃 − Ricci tensor 𝑃𝑗𝑘and the curvature vector 𝑃𝑘are ℎ– 𝐵𝑅. 

Cartan's second curvature tensor 𝑃𝑗𝑘ℎ
𝑖 , the  𝑣(ℎ𝑣) −torsion tensor 𝑃𝑘ℎ

𝑖 and the (𝑣)ℎ𝑣 −torsion tensor 

𝐶𝑗𝑘
𝑖 are connected by the formula (1.12).  

Taking the ℎ– covariant derivative twice for (1.12) with respect to 𝑥ℓ and  𝑥𝑚, successively, we get 

(2.10)        𝑃ℎ𝑗𝑘|ℓ|𝑚
𝑖 − 𝑃𝑗ℎ𝑘|ℓ|𝑚 

𝑖 = (𝐶𝑗𝑘|ℎ
𝑖 + 𝑃𝑗𝑘

𝑟 𝐶𝑟ℎ
𝑖 − ℎ 𝑗⁄ )

|ℓ|𝑚
. 

Using the condition (2.3) and in view of (1.12), the equation (2.10) can be written as 

(2.11)        (𝐶𝑗𝑘|ℎ
𝑖 +  𝑃𝑟ℎ

𝑟 𝐶𝑟ℎ
𝑖 − ℎ 𝑗⁄ )

|ℓ|𝑚
=  𝑎ℓ𝑚 (𝐶𝑗𝑘|ℎ

𝑖 +  𝑃𝑗𝑘
𝑟 𝐶𝑟ℎ

𝑖 − ℎ 𝑗⁄ ). 

Thus, we conclude 

Theorem 2.5. In 𝑃ℎ – 𝐵𝑅– 𝐹𝑛, the tensor (𝐶𝑗𝑘|ℎ
𝑖 +  𝑃𝑗𝑘

𝑟 𝐶𝑟ℎ
𝑖 − ℎ 𝑗⁄ )is ℎ– 𝐵𝑅. 

Transvecting (2.11) by g𝑖𝑞, using (1.1c) and (1.3d), we get 

(2.12)         (𝐶𝑗𝑟𝑘|ℎ + 𝑃𝑗𝑘
𝑟 𝐶ℎ𝑠𝑟 − ℎ 𝑗⁄ )

|ℓ|𝑚
=  𝑎ℓ𝑚 (𝐶𝑗𝑟𝑘|ℎ + 𝑃𝑗𝑘

𝑟 𝐶ℎ𝑠𝑟 − ℎ 𝑗⁄ ). 

Transvecting (2.11) by 𝑦ℎ , using (1.1e), (1.3a) and (1.6c), we get 

(2.13)          (𝐶𝑗𝑘|ℎ
𝑖 𝑦ℎ )

|ℓ|𝑚
=  𝑎ℓ𝑚(𝐶𝑗𝑘|ℎ

𝑖 𝑦ℎ). 

Further, transvecting (2.13) by 𝑔𝑖𝑟 , using (1.1c) and (1.3d), we get 

(2.14)          (𝐶𝑗𝑟𝑘|ℎ𝑦ℎ )
|ℓ|𝑚

=  𝑎ℓ𝑚(𝐶𝑗𝑟𝑘|ℎ𝑦ℎ ). 

Thus, we conclude 

Theorem 2.6. In 𝑃ℎ – 𝐵𝑅– 𝐹𝑛, the tensors(𝐶𝑗𝑘|ℎ
𝑖 +  𝑃𝑗𝑘

𝑟 𝐶𝑟ℎ
𝑖 − ℎ 𝑗⁄ ), 

(𝐶𝑗𝑘|ℎ
𝑖 𝑦ℎ )and(𝐶𝑗𝑟𝑘|ℎ𝑦ℎ )areℎ– 𝐵𝑅. 

Contracting the indices  𝑖 and  𝑘 in (2.11),(2.13)and using (1.3c), we get  

(2.15)           (𝐶𝑗|ℎ  +  𝑃𝑗𝑝
𝑟 𝐶𝑟ℎ

𝑝
− ℎ 𝑗⁄ )

|ℓ|𝑚
= 𝑎ℓ𝑚(𝐶𝑗|ℎ +  𝑃𝑗𝑝

𝑟 𝐶𝑟ℎ
𝑝

− ℎ 𝑗⁄ ),  

and 

(2.16)           (𝐶𝑗|ℎ𝑦ℎ )
|ℓ|𝑚

= 𝑎ℓ𝑚(𝐶𝑗|ℎ𝑦ℎ ), 

respectively. 

In view of (1.5c), we have 

(2.17)            𝑃𝑗𝑘ℎ
𝑖 − 𝑃𝑗ℎ𝑘

𝑖 = 𝐶𝑗𝑘
𝑟  𝑃𝑟ℎ

𝑖 + 𝑃𝑗𝑘
𝑟 𝐶𝑟ℎ

𝑖 − 𝑘 ℎ⁄ . 

Taking the ℎ–covariant derivative twice for (2.17) with respect to 𝑥ℓ and 𝑥𝑚 , successively, we get 

(2.18)            (𝑃𝑗𝑘ℎ
𝑖 − 𝑃𝑗ℎ𝑘

𝑖 )
|ℓ|𝑚

=  (𝐶𝑗𝑘
𝑟  𝑃𝑟ℎ

𝑖 + 𝑃𝑗𝑘
𝑟 𝐶𝑟ℎ

𝑖 − 𝑘 ℎ⁄ )
|ℓ|𝑚

. 

Using the condition (2.3) in (2.18) and in view of (2.17), we get 

(2.19)            (𝐶𝑗𝑘
𝑟  𝑃𝑟ℎ

𝑖 + 𝑃𝑗ℎ
𝑟 𝐶𝑟𝑘

𝑖 − 𝑘 ℎ⁄ )
|ℓ|𝑚

= 𝑎ℓ𝑚(𝐶𝑗𝑘
𝑟  𝑃𝑟ℎ

𝑖 + 𝑃𝑗ℎ
𝑟 𝐶𝑟𝑘

𝑖 − 𝑘 ℎ⁄ ). 

Thus, we conclude 

Theorem 2.7. In 𝑃ℎ – 𝐵𝑅– 𝐹𝑛, the tensor (𝐶𝑗𝑘
𝑟  𝑃𝑟ℎ

𝑖 + 𝑃𝑗𝑘
𝑟 𝐶𝑟ℎ

𝑖 − 𝑘 ℎ⁄ )is ℎ– 𝐵𝑅. 

Transvecting (2.19) by g𝑖𝑟, using (1.1c), (1.7) and (1.3d), we get 

(2.20)             (𝐶𝑗𝑘
𝑟 𝑃𝑝𝑟ℎ + 𝑃𝑗𝑘

𝑟 𝐶𝑝𝑟ℎ − 𝑘 ℎ⁄ )
|ℓ|𝑚

=  𝑎ℓ𝑚(𝐶𝑗𝑘
𝑟 𝑃𝑝𝑟ℎ + 𝑃𝑗𝑘

𝑟 𝐶𝑝𝑟ℎ − 𝑘 ℎ⁄ ). 

Thus, we conclude 

Theorem 2.8. In 𝑃ℎ – 𝐵𝑅– 𝐹𝑛, the tensor (𝐶𝑗𝑘
𝑟  𝑃𝑝𝑟ℎ + 𝑃𝑗𝑘

𝑟 𝐶𝑝𝑟ℎ − 𝑘 ℎ⁄ )is ℎ– 𝐵𝑅. 
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Cartan's second curvature tensor, the 𝑣(ℎ𝑣)–torsion tensor 𝑃𝑟𝑘
𝑖 and the (𝑣)ℎ𝑣–torsion tensor 𝐶𝑗𝑘 

𝑖 are 

connected by the formula (1.5c).  

Taking the ℎ–covariant derivative twice for (1.5c) with respect to 𝑥ℓ and  𝑥𝑚, successively, we get 

(2.21)              𝑃𝑗𝑘ℎ|ℓ|𝑚 
𝑖 =  (𝐶𝑘ℎ|𝑗

𝑖 − g𝑖𝑟𝐶𝑗𝑘ℎ|𝑟 +𝐶𝑗𝑘
𝑟  𝑃𝑟ℎ

𝑖 − 𝑃𝑗ℎ
𝑟 𝐶𝑟𝑘

𝑖 )
|ℓ|𝑚

. 

Using the condition (2.3) and (1.5c)in (2.21), we get 

(𝐶𝑘ℎ|𝑗
𝑖 − 𝑔𝑖𝑟𝐶𝑗𝑘ℎ|𝑟 + 𝐶𝑗𝑘

𝑟  𝑃𝑟ℎ
𝑖 − 𝑃𝑗ℎ

𝑟 𝐶𝑟𝑘
𝑖 )

|ℓ|𝑚
=  𝑎ℓ𝑚 (𝐶𝑘ℎ|𝑗

𝑖 − 𝑔𝑖𝑟𝐶𝑗𝑘ℎ|𝑟 +𝐶𝑗𝑘
𝑟  𝑃𝑟ℎ

𝑖 − 𝑃𝑗ℎ
𝑟 𝐶𝑟𝑘

𝑖 ). 

Thus, we conclude 

Theorem 2.9. In 𝑃ℎ – 𝐵𝑅– 𝐹𝑛,the tensor (𝐶𝑘ℎ|𝑗
𝑖 − 𝑔𝑖𝑟𝐶𝑗𝑘ℎ|𝑟 +𝐶𝑗𝑘

𝑟  𝑃𝑟ℎ
𝑖 − 𝑃𝑗ℎ

𝑟 𝐶𝑟𝑘
𝑖 )  is ℎ– 𝐵𝑅.  

Transvecting (1.5c) by g𝑖𝑝 , using (1.1c), (1.3d), (1.7),(1.9) and (1.2), we get 

(2.22)               𝑃𝑗𝑝𝑘ℎ = 𝐶𝑘𝑝ℎ|𝑗−𝛿𝑝
𝑟𝐶𝑗𝑘ℎ|𝑟 + 𝐶𝑗𝑘

𝑟 𝑃𝑟𝑝ℎ − 𝑃𝑗ℎ
𝑟 𝐶𝑟𝑝𝑘.  

Taking the ℎ– covariant derivative twice for (2.22) with respect to 𝑥ℓ and  𝑥𝑚 , successively, we 

get 

(2.23)             𝑃𝑗𝑝𝑘ℎ|ℓ|𝑚 =  (𝐶𝑘𝑝ℎ|𝑗 − 𝛿𝑝
𝑟𝐶𝑗𝑘ℎ|𝑟 + 𝐶𝑗𝑘

𝑟 𝑃𝑟𝑝ℎ − 𝑃𝑗ℎ
𝑟 𝐶𝑟𝑝𝑘)

|ℓ|𝑚
. 

Using the condition (2.4)and (2.22) in (2.23), we get 

(𝐶𝑘𝑝ℎ|𝑗 − 𝛿𝑝
𝑟𝐶𝑗𝑘ℎ|𝑟 +𝐶𝑗𝑘

𝑟 𝑃𝑟𝑝ℎ − 𝑃𝑗ℎ
𝑟 𝐶𝑟𝑝𝑘)

|ℓ|𝑚
= 𝑎ℓ𝑚(𝐶𝑘𝑝ℎ|𝑗 − 𝛿𝑝

𝑟𝐶𝑗𝑘ℎ|𝑟 +𝐶𝑗𝑘
𝑟 𝑃𝑟𝑝ℎ − 𝑃𝑗ℎ

𝑟 𝐶𝑟𝑝𝑘). 

Thus, we conclude 

Theorem 2.10. In 𝑃ℎ – 𝐵𝑅– 𝐹𝑛, the tensor (𝐶𝑘𝑝ℎ|𝑗 − 𝛿𝑝
𝑟𝐶𝑗𝑘ℎ|𝑟 +𝐶𝑗𝑘

𝑟 𝑃𝑟𝑝ℎ − 𝑃𝑗ℎ
𝑟 𝐶𝑟𝑝𝑘)is ℎ– 𝐵𝑅. 

Contracting the indices  𝑖 and  ℎ in (1.5c), using (1.8) and (1.11), we get  

(2.24)             𝑃𝑗𝑘 ∶=  𝐶𝑘|𝑗  − 𝑔𝑝𝑟𝐶𝑗𝑘𝑝|𝑟 + 𝐶𝑗𝑘
𝑟  𝑃𝑟 − 𝑃𝑗𝑝

𝑟 𝐶𝑟𝑘
 𝑝

. 

Taking the ℎ–covariant derivative twice for (2.24) with respect to 𝑥ℓ and  𝑥𝑚 , successively, we get 

(2.25)            𝑃𝑗𝑘|ℓ|𝑚 =  (𝐶𝑘|𝑗 − 𝑔𝑝𝑟𝐶𝑗𝑘𝑝|𝑟 + 𝐶𝑗𝑘
 𝑟  𝑃𝑟 − 𝑃𝑗𝑝

𝑟 𝐶𝑟𝑘
 𝑝

)
|ℓ|𝑚

. 

Using (2.8)and (2.24) in (2.25), we get 

(𝐶𝑘|𝑗 − 𝑔𝑝𝑟𝐶𝑗𝑘𝑝|𝑟 + 𝐶𝑗𝑘
𝑟  𝑃𝑟 − 𝑃𝑗𝑝

𝑟 𝐶𝑟𝑘
𝑝

)
|ℓ|𝑚

=  𝑎ℓ𝑚 (𝐶𝑘|𝑗 − 𝑔𝑝𝑟𝐶𝑗𝑘𝑝|𝑟 + 𝐶𝑗𝑘
𝑟  𝑃𝑟 − 𝑃𝑗𝑝

𝑟 𝐶𝑟𝑘
 𝑝

). 

Thus, we conclude 

Theorem 2.11. In 𝑃ℎ – 𝐵𝑅– 𝐹𝑛, the tensor (𝐶𝑘|𝑗 − 𝑔𝑝𝑟𝐶𝑗𝑘𝑝|𝑟 + 𝐶𝑗𝑘
𝑟  𝑃𝑟 − 𝑃𝑗𝑝

𝑟 𝐶𝑟𝑘
𝑝

) is ℎ– 𝐵𝑅.  

Transvecting (2.22) by 𝑔𝑘ℎ, using (1.2), (1.3b), (1.1d) and (1.10), we get 

(2.26)            𝑃𝑗𝑝 − 𝑃𝑝𝑗  =  𝐶𝑝|𝑗  − 𝛿𝑝
𝑟𝐶𝑗|𝑟 + 𝑔𝑖𝑝𝑔𝑘ℎ𝐶𝑗𝑘

𝑟 𝑃𝑟ℎ
𝑖 − 𝑃𝑗ℎ

𝑟 𝐶𝑟𝑝
ℎ  . 

Taking the ℎ– covariant derivative twice for (2.26) with respect to 𝑥ℓ and  𝑥𝑚 , successively, we 

get 

(2.27)           (𝑃𝑗𝑝 − 𝑃𝑝𝑗)
|ℓ|𝑚

=  (𝐶𝑝|𝑗 − 𝛿𝑝
𝑟𝐶𝑗|𝑟 + 𝑔𝑖𝑝𝑔𝑘ℎ𝐶𝑗𝑘

𝑟 𝑃𝑟ℎ
𝑖 − 𝑃𝑗ℎ

𝑟 𝐶𝑟𝑝
ℎ )

|ℓ|𝑚
. 

Using (2.7) and (2.26) in (2.27), we get 

(𝐶𝑝|𝑗 − 𝛿𝑝
𝑟𝐶𝑗|𝑟 + 𝑔𝑖𝑝𝑔𝑘ℎ𝐶𝑗𝑘

𝑟 𝑃𝑟ℎ
𝑖 − 𝑃𝑗ℎ

𝑟 𝐶𝑟𝑝
ℎ )

|ℓ|𝑚
=  𝑎ℓ𝑚 (𝐶𝑝|𝑗 − 𝛿𝑝

𝑟𝐶𝑗|𝑟 + 𝑔𝑖𝑝𝑔𝑘ℎ𝐶𝑗𝑘
𝑟 𝑃𝑟ℎ

𝑖 − 𝑃𝑗ℎ
𝑟 𝐶𝑟𝑝

ℎ ). 

Thus, we conclude 

Theorem 2.12. In 𝑃ℎ – 𝐵𝑅– 𝐹𝑛, the tensor (𝐶𝑝|𝑗 − 𝛿𝑝
𝑟𝐶𝑗|𝑟 + 𝑔𝑖𝑝𝑔𝑘ℎ𝐶𝑗𝑘

 𝑟𝑃𝑟ℎ
𝑖 − 𝑃𝑗ℎ

𝑟 𝐶𝑟𝑝
ℎ )is ℎ– 𝐵𝑅. 

      For Riemannian space 𝑉4 , the projection curvature tensor 𝑃𝑗𝑘ℎ
𝑖  (Cartan's second curvature 

tensor) is defined as [1]  

(2.28)            𝑃𝑗𝑘ℎ
𝑖 = 𝑅𝑗𝑘ℎ

𝑖 −
1

3
(𝛿ℎ

𝑖 𝑅𝑗𝑘 − 𝛿𝑘
𝑖 𝑅𝑗ℎ). 

Taking the ℎ– covariant derivative twice for (2.28) with respect to 𝑥ℓ and  𝑥𝑚 , successively, we 

get 

(2.29)            𝑃𝑗𝑘ℎ|ℓ|𝑚
𝑖 =  {𝑅𝑗𝑘ℎ

𝑖 −
1

3
(𝛿ℎ

𝑖 𝑅𝑗𝑘 − 𝛿𝑘
𝑖 𝑅𝑗ℎ)}

|ℓ|𝑚
. 

Using the condition (2.3) and (2.28) in (2.29), we get 

(2.30)       {𝑅𝑗𝑘ℎ
𝑖 −

1

3
(𝛿ℎ

𝑖 𝑅𝑗𝑘 − 𝛿𝑘
𝑖 𝑅𝑗ℎ)}

|ℓ|𝑚
= 𝑎ℓ𝑚 {𝑅𝑗𝑘ℎ

𝑖 −
1

3
(𝛿ℎ

𝑖 𝑅𝑗𝑘 − 𝛿𝑘
𝑖 𝑅𝑗ℎ)} . 

Thus, we conclude 
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Theorem 2.13. For𝑛 = 4, the tensor {𝑅𝑗𝑘ℎ
𝑖 −

1

3
(𝛿ℎ

𝑖 𝑅𝑗𝑘 − 𝛿𝑘
𝑖 𝑅𝑗ℎ)}in 𝑃ℎ – 𝐵𝑅– 𝐹𝑛, is ℎ– 𝐵𝑅. 

Transvecting (2.30) by 𝑦𝑗 , using (1.1e), (1.4) and putting  (𝑅𝑗𝑝 𝑦
𝑗 = 𝑅𝑝), we get 

(2.31)      {𝐻𝑘ℎ
𝑖 −

1

3
(𝛿ℎ

𝑖 𝑅𝑘 − 𝛿𝑘
𝑖 𝑅ℎ)}

|ℓ|𝑚
= 𝑎ℓ𝑚 {𝐻𝑘ℎ

𝑖 −
1

3
(𝛿ℎ

𝑖 𝑅𝑘 − 𝛿𝑘
𝑖 𝑅ℎ)} . 

Thus, we conclude 

Theorem 2.14. For𝑛 = 4, the tensor {𝐻𝑘ℎ
𝑖 −

1

3
(𝛿ℎ

𝑖 𝑅𝑘 − 𝛿𝑘
𝑖 𝑅ℎ)} in 𝑃ℎ – 𝐵𝑅– 𝐹𝑛, is ℎ– 𝐵𝑅. 

Transvecting (2.31) by 𝑦𝑘, using (1.14), (1.1e) and putting (𝑅𝑘 𝑦
𝑘 = 𝑅), we get  

      {𝐻ℎ
𝑖 −

1

3
(𝛿ℎ

𝑖 𝑅 − 𝑦𝑖𝑅ℎ)}
|ℓ|𝑚

= 𝑎ℓ𝑚 {𝐻ℎ
𝑖 −

1

3
(𝛿ℎ

𝑖 𝑅 − 𝑦𝑖𝑅ℎ)} . 

Thus, we conclude 

Theorem 2.15. For𝑛 = 4, the tensor {𝐻ℎ
𝑖 −

1

3
(𝛿ℎ

𝑖 𝑅 − 𝑦𝑖𝑅ℎ)}in 𝑃ℎ – 𝐵𝑅– 𝐹𝑛 isℎ– 𝐵𝑅. 

Transvecting (2.31) by 𝑦𝑖, using (1.1f) , (1.13) and in view of𝛿ℎ
𝑖 𝑦𝑖 = 𝑦ℎ, we get 

     (𝑦ℎ𝑅𝑘 − 𝑦𝑘𝑅ℎ)|ℓ|𝑚 = 𝑎ℓ𝑚(𝑦ℎ𝑅𝑘 − 𝑦𝑘𝑅ℎ), 

Thus, we conclude 

Theorem 2.16.For𝑛 = 4, the tensor (𝑦ℎ𝑅𝑘 − 𝑦𝑘𝑅ℎ)in 𝑃ℎ – 𝐵𝑅– 𝐹𝑛 is ℎ– 𝐵𝑅. 

3. The Projection For Cartan'sSecond Curvature Tensors On Indicatrix 

Let us consider a Finsler space𝐹𝑛 for which Cartan's second curvature tensor𝑃𝑗𝑘ℎ
𝑖   is ℎ − 𝐵𝑅, 

𝑖. 𝑒. characterized by the condition (2.3). In view of (5.17), the projection of Cartan's second 

curvature tensor 𝑃𝑗𝑘ℎ
𝑖  on the indicatrix is given by 

(3.1)              𝑝. 𝑃𝑗𝑘ℎ
𝑖 =  𝑃 𝑏𝑐𝑑 

𝑎 ℎ𝑎 
𝑖 ℎ𝑗

𝑏 ℎ𝑘
𝑐  ℎℎ

𝑑  . 

Taking the ℎ–covariant derivative twice for (3.1) with respect to 𝑥ℓ and  𝑥𝑚 , successively  and 

using the fact thatℎ𝛽
𝛼  is covariant constant, we get 

(3.2)            (𝑝. 𝑃𝑗𝑘ℎ
𝑖 )

|ℓ|𝑚
=  𝑃𝑏𝑐𝑑|ℓ|𝑚 

𝑎 ℎ𝑎 
𝑖 ℎ𝑗

𝑏 ℎ𝑘
𝑐  ℎℎ

𝑑. 

Using the condition (2.3) in (3.2), we get 

(3.3)            (𝑝. 𝑃𝑗𝑘ℎ
𝑖 )

|ℓ|𝑚
=   𝑎ℓ𝑚 𝑃𝑏𝑐𝑑 

𝑎 ℎ𝑎 
𝑖 ℎ𝑗

𝑏 ℎ𝑘
𝑐  ℎℎ

𝑑. 

Using (3.1) in (3.3), we get 

(3.4)             (𝑝. 𝑃𝑗𝑘ℎ
𝑖 )

|ℓ|𝑚
=  𝑎ℓ𝑚 (𝑝. 𝑃𝑗𝑘ℎ

𝑖 ). 

Thus, we conclude 

Theorem 3.1. In  𝑃ℎ– 𝐵𝑅– 𝐹𝑛 , the projection of Cartan's second  curvature tensor 𝑃𝑗𝑘ℎ
𝑖  on 

indicatrix is ℎ − 𝐵𝑅. 

Let us consider 𝑃ℎ– 𝐵𝑅– 𝐹𝑛for which the associative curvature tensor 𝑃𝑗𝑖𝑘ℎ  is ℎ– 𝐵𝑅 in the sense of 

Cartan, 𝑖. 𝑒. characterized by the condition (2.4). In view of (1.17), the projection of the associative 

curvature tensor 𝑃𝑗𝑖𝑘ℎ on the indicatrix is given by 

(3.5)                   𝑝. 𝑃𝑗𝑖𝑘ℎ =  𝑃𝑎𝑏𝑐𝑑 ℎ𝑗
𝑎 ℎ𝑖

𝑏 ℎ𝑘
𝑐  ℎℎ

𝑑. 

Taking the ℎ–covariant derivative twice for (3.5) with respect to 𝑥ℓ and  𝑥𝑚, successively and 

using the fact thatℎ𝛽
𝛼  is covariant constant, we get 

(3.6)              (𝑝. 𝑃𝑗𝑖𝑘ℎ)
|ℓ|𝑚

=  𝑃𝑎𝑏𝑐𝑑|ℓ|𝑚ℎ𝑗
𝑎 ℎ𝑖

𝑏 ℎ𝑘
𝑐  ℎℎ

𝑑. 

Using the condition (2.4) in (3.6), we get                  

(3.7)                (𝑝. 𝑃𝑗𝑖𝑘ℎ)
|ℓ|𝑚

=   𝑎ℓ𝑚 𝑃𝑎𝑏𝑐𝑑ℎ𝑗
𝑎 ℎ𝑖

𝑏 ℎ𝑘
𝑐  ℎℎ

𝑑. 

Using (3.5) in (3.7), we get 

(3.8)               (𝑝. 𝑃𝑗𝑖𝑘ℎ)
|ℓ|𝑚

=  𝑎ℓ𝑚 (𝑝. 𝑃𝑗𝑖𝑘ℎ). 

Thus, we conclude 

Theorem 3.2. In  𝑃ℎ– 𝐵𝑅– 𝐹𝑛, the projection of the associative curvature tensor 𝑃𝑗𝑖𝑘ℎon indicatrix 

is ℎ– 𝐵𝑅. 
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Let us consider 𝑃ℎ– 𝐵𝑅– 𝐹𝑛for which 𝑃–Ricci tensor 𝑃𝑗𝑘  is ℎ– 𝐵𝑅, 𝑖. 𝑒. characterized by the 

condition (2.8). In view of (1.17), the projection of 𝑃–Ricci tensor 𝑃𝑗𝑘  on the indicatrix is given by 

(3.9)         (𝑝. 𝑃𝑗𝑘) =  𝑃𝑎𝑏 ℎ𝑗 
𝑎 ℎ𝑘

𝑏 . 

Taking the ℎ–covariant derivative twice for (3.9) with respect to 𝑥ℓ and  𝑥𝑚, successively and 

using the fact thatℎ𝛽
𝛼  is covariant constant, we get 

(3.10)       (𝑝. 𝑃𝑗𝑘)
|ℓ|𝑚

=  𝑃𝑎𝑏|ℓ|𝑚 ℎ𝑗 
𝑎 ℎ𝑘

𝑏  . 

Using the condition (2.8) in (3.10), we get 

(3.11)       (𝑝. 𝑃𝑗𝑘)
|ℓ|𝑚

=  𝑎ℓ𝑚 𝑃𝑎𝑏 ℎ𝑗 
𝑎 ℎ𝑘

𝑏  . 

Using (3.9) in (3.11), we get 

(3.12)        (𝑝. 𝑃𝑗𝑘)
|ℓ|𝑚

= 𝑎ℓ𝑚 (𝑝. 𝑃𝑗𝑘). 

Thus, we conclude 

Theorem 3.3. In 𝑃ℎ– 𝐵𝑅– 𝐹𝑛, the projection of the 𝑃–Ricci tensor  𝑃𝑗𝑘  on indicatrix isℎ– 𝐵𝑅. 
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 لخصالُم

الورقة       هذه  الم  الم    مناقد  في  للفضاء  عادلة  التقوسيي    الذيميزة  الموتر  فيها  لكارتان    حقق  𝑃𝑗𝑘ℎالثاني 
𝑖   ما في  

 ي: يأت
𝑃𝑗𝑘ℎ|ℓ|𝑚

𝑖 =𝑎ℓ𝑚𝑃𝑗𝑘ℎ
𝑖 ,𝑃𝑗𝑘ℎ

𝑖 ≠ 0, 

شتقة كارتان )   باستخدام       شتقة التغاير(ℎ−النوع الثاني لم    الاختلاف تحد  لي الم  التفاض  ر  الموت  𝑚׀ ℓ׀ حيث  ،  م 

الر   بالنسبة  من  الثانية  التعاقب  𝑥ℓو    𝑥mإلىتبة  م  𝑎ℓ𝑚 ،   على  حقلية  من    الاختلافتحدة  موترات  غير صفرية 

𝑃ℎنائي التكرارث  بفضاء فنسلر  أعلاه ينا الفضاء تبة الثانية وقد سم  الر   𝑃ℎورمزنا له بالرمز   − − 𝐵𝑅−𝐹𝑛. 

𝑃𝑘ℎلتوائيالموتر الإ  تطابقات مثلكما أثبتنا عدد من النتائج ووجدنا عدد من الم  
𝑖  موتر ريتشي ، 𝑃𝑘ℎ  جميعها التي

  Indicatrix لتواءات على  لبعض الموترات التقوسية والإ  إسقاطاتوجدنا    وأيضانائي التكرار،  حقق خاصية ث  ت  

 حقق فيها خواص ذلك الفضاء.والتي ي  
 

ث  فتاحية:  م  الكلمات  ال فضاء  فنسلر،  التكرارفضاء  ث  𝑃h-نائي  ريتشي  موتر  على  ،  الإسقاطات  و  التكرار  نائي 

Indicatrix . 
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