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Abstract

In the present paper, a Finsler spaceF,whose Cartan's second curvature tensor
P} SatisfiesPf p pim=0em Pin: Pl # OWhere ag,, isnon-zerocovariant tensor field of second
order , is introduced and such space is called as P"-birecurrentspace and denoted briefly by
P"-BR-E,.The aim of this paper is to obtain some birecurrent tensors in this space. Also, we
introduced Ricci birecurrent space. We proved the projection of some curvature tensors on
indicatrix are birecurrent.
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Introduction

Ruse [15] introduced and studied a three dimensional space knownas space of recurrent
curvature. The recurrent of an n-dimensional space was extended to Finsler space by Modér
([51.[61.[7]) for the first time. Due to different connections of Finsler space, the recurrent of
different curvature tensors have been discussed by Mishra and Pande [8] and Pandey [9]. Dikshit
[4], discussed a Finsler space for which Cartan's third curvature tensorR}kh, it's associative
curvature tensor R;jxpand their projections on indicatrix with respect to Berwald's and
Cartan'sconnection are birecurrent. Alqufail, Qasem and Ali [1] discussed a Finsler space for which
Cartan's fourth curvature tensor jikhis birecurrent. Ali [2] discussed the birecurrence property of
the curvature tensor K}kh on indicatrix with respect to Cartan's connection. Qasem [10] discussed a
Finsler space for which Cartan's third curvature tensor R}khis generalized and special generalized
birecurrent of the first and second kind. Qasem and Saleem ([11],[12]) discussed a Finsler space for
which theh-curvature tensor Ujikh and Weyl's projective curvature tensoerﬁm are generalized
birecurrent. Qasemand Hanballa[13] discussed a Finsler space for which Cartan's fourth curvature
tensor Kjikhisgeneralized birecurrent. Verma[16]discussed the projection on indicatrix, some results
have been obtained on projection of Cartan's third curvature tensor.

Let us consider ann —dimensional Finsler spaceF, equipped with a metric function
F (x, y)satisfying the requestic conditions of Finslerianmetric [14].

Thevectors y’, y;the metric tensorg;;and its associative metric tensorg'are satisfying the
following relations

(1Y) a)gy(x,y) =5 0; F2(x,y),  b)g¥(x yi) = 30,0;H%(x*,y,),
¢) gijk =0, d) g =0, e) y'x =0andf) y; =0,
where |k is the h —covariant derivative with respect to x *.

The two sets of quantitiesg; jandgif which are components of metric tensor and associate metric

tensor which defined by the equations (1.1a) and (1.1b), respectively are related by
, 1 if i=k
glk =k = ’
@) gyet=ef={y & ok,

The (v)hv-torsion tensor Cj, and it'sassociativee tensor C;jare satisfying the following relations
(13) @ Gyl =0=Cgyy/,  b) Gug’* =G,
C) C]ll = C} andd) Cijk = thlek
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The tensoer-khis called h-curvature tensor ( Cartan's third curvature tensor)and satisfies the
relation
(14) Rjin J’] = Hyp.
The tensor Py, is called hv-curvature tensor (Cartan's second curvature tensor) and is defined
by
(15) @) Pjn i=0ulk +CjPin — Cippie
or equivalent by
b) Plep :=0nLji + CrChnis ¥ — Clpe
or

) Pl = Cinyj — 9" Cixnjr + ClicPfn — P CLy
The hv- curvature tensorP}, khIS positively homogeneous of degree zero in y Land satisfies the
relations
(1.6) a) Piny! =Ty = Pin = Cinpy" -
b) lekhy = 0= th}’
and
¢) Py’=0
where Pﬁ-k is called the v(hv)-torsion tensor and its associative tensor P,y is given by
(A7) Gir Pin = Prern -
The P —Ricci tensorPy is given by
(1 8) ]lkl = P]k
The associate curvature tensorPUkhof the hv — curvature tensor th is given byRund [14]
(1.9) a) Pjjgn = gl‘r‘ fen
and b) Pjxn = 9" Pjikn
which is skew-symmetric in the first two lower indices i and j,i.e
Pijkn = = Pjikn.
The tensor(P;; — P;;) is given by
(1.10) Pijkn g*" = Pj — Py .
The curvature vector Py, is given by
(1.11) PL, =P
In view of (1.5c) and by using the symmetric property of the (v) hv- torsion tensor Cjikin the lower
indices j and k , thehv-curvature tensor Pj,, satisfies the following:
(1.12) Phjk - Pjhk = Cjk|h + ijCrh h/j".
The h(v) — torsion tensor H., satisfiesPandey [9]
(1.13)  y;HY, =0.
In view of Euler's theorem on homogeneous functions, we have the following relation:
(1.14)  Hjy) =Hp=-H;y’.
Let the current coordinates in the tangent space at the pointx , bex!, then the indicatrix/,_; is a
hypersurface defined by
(1.15) F(xg, x')=1
or in the parametric form it is defined by
(1.16) xt=x'u%,a=12,...,n—1.
Now, the projection of any tensor Tji on the indicatrix is given by
(117)  p.T}:=T§ R, h},
where
(118)  hé:= & —Ilc-
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If the projection of an arbitrary tensor Tjion the indicatrixI,,_, is the same tensor Tji , the tensor is
called an indicatric tensor or an indicatory tensor, e.g. H;.,C} , b}, Sfy, and P, are all indicatric
tensors.

The projection of the vector y¢, the unit vector|’ and the metric tensorg;; on the indicatrix are
given by

(1.19) a) p.y =0,
b) p.[i =0
and
c) P 8j=hyj
where
(1.20) hij =gy — Lilj -

A P — Birecurrent Space

Let us consider a Finsler space F,whose Cartan's second curvature tensor Pj"kh satisfies the
condition
(2.1) Pienje=Ae Pign Pixn # 0,
* —h/j means the subtraction from the former term by interchange the indices h and j.
where A, is hon-zerocovariant vector field.
Taking the h-covariant derivative forthe condition (2.1) with respect to x™, we get
(2.2) Piinjeym=2Aemm Piin + Ae Pjicnjm:Pjen. # 0.
Using the condition(2.1) in (2.2), we get

Pienjetm=(Aetm + Ae Am)Pien

which can be written as
(2.3) Piicnjoym=aemPiren:Piren. # 0,
where apy = Agjm + A¢ Ay is Non-zerocovariant tensor field of second order called therecurrence
tensor field.
Definition 2.1. A Finsler space F,forwhich Cartan's second curvature tensor Pjikh satisfies the
condition (2.3) is called P-birecurrentspace and the tensor is called h-birecurrent tensor. We
shall denote such space and tensor briefly by P~ BR- F, and h- BR, respectively.

However, if we start from the condition (2.3), we can't obtain the condition (2.1) in general.
Thus, we conclude
Theorem 2.1. EveryP"-recurrent space is P"~ BR- E,. But the converse need not be true.
Transvecting the condition (2.3) by g;;,, using (1.1c) and (1.9a) yield
(24)  Ppjknieym = em Ppjn,
Conversely, the transvection of the condition (2.4) by g'Pyield the condition (2.3). Thus, the
condition (2.3) is equivalent to the condition (2.4).
Thus, we conclude
Theorem 2.2. The P~ BR-F, , may characterized by the condition (2.4).

Let us consider an P"- BR- F, which is characterized by the condition (2.3).
Transvecting the condition (2.3) by y/, using (1.1e) and (1.6a), we get
(25)  Penjgym = Gem Pin -
Transvecting the condition (2.3) by g, using (1.1c) and (1.7), we get
(2.6) Ppknjetm = Aem Ppin-
Further, transvecting the condition (2.4) by g*" , using (1.1d) and (1.10), we get
@7 (P Pjp)|g|m = agm (Ppj — Ppp)-
Thus, we conclude
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Theorem 2.3. In P" - BR- F,, thev(hv)-torsion tensor P}, ,it's associative torsion tensor Ppkn
and the tensor (P,; — P;,,) are h- BR.

Contracting the indices i and h in the condition (2.3), (2.5), using (1.8) and (1.11), we get

(2.8) Pikleym = @em Pk

and

(2.9) Pijeim = Qem Prc

respectively.

Thus, we conclude

Theorem 2.4. In P - BR-E, , P — Ricci tensor Pjand the curvature vector P are h- BR.

Cartan's second curvature tensor ]kh, the v(hv) —torsion tensor P} and the (v)hv —torsion tensor
jkare connected by the formula (1.12).

Taking the h- covariant derivative twice for (1 12) with respect to x¢ and x™, successively, we get

(210) P jierm — Phakjerm = (Clen + PhCin h/])lflm'

Using the condition (2.3) and in view of (1.12), the equation (2 10) can be written as

(2.11) (Cujn + PrnCin—1/i), = apm (Clyn + PiCin — h/j).

Thus, we conclude

Theorem 2.5. In P - BR- F,, the tensor (Cfy, + Pji.Ciy — h/j)is h- BR.

Transvecting (2.11) by g4, using (1.1c) and (1.3d), we get

(2.12) (Cirietn + PlicChsr — h/j)lfl = apm (Cirpn + PhiCnsr — R/J).

Transvecting (2 11) by y", using (1. 1e) (1.3a) and (1.6¢), we get

(213) ( k|hy )Hzl = fm( k|hy )

Further, transvecting (2.13) by g;, , using (1.1¢) and (1.3d), we get

(2.14) (Ciripny™ )I#Im = apm(Cirepny™)

Thus, we conclude

Theorem 2.6. In P - BR- F,, the tensors(Cy,, + Pj.Cin — h/j),

(Clejny™ )and(Cjyiny™ )areh- BR.

Contracting the indices i and k in (2.11),(2.13)and using (1 3c) we get

[2|m

15) (G + BpCh = /i), = em(Gin + PHChy = h/j),
and
(2.16) (Cny™ ) gy, = @em (Ciiny™ ),

respectively.
In view of (1.5c), we have

(2.17) hen = Puie = Clie Py + PjiCly — k/h.

Taking the h—coyariant 'derlvatlve thce fc_>r (2.17) v_vith respect to x¢ and x™ , successively, we get
(2.18) (Pjien — lehk)Mm = (Cli Pin + PliCin — k/h)mm

Using the condition (2.3) in (2.18) and in view of (2.17), weget

(2.19) (Ch Pip + P Ch — k/h)lé’lm = apm(Cly Pin + P Clx — k/h).

Thus, we conclude

Theorem 2.7. In P" - BR- F,, the tensor (Ci, P}y, + P},C}, — k/h)is h- BR.
Transvecting (2. 19) by g, using (1.1c), (1.7) and (1.3d), we get

(2-20) ( Pprh + ﬁc prh — k/h)lflm = at’m(C]?;c prh + ]k_ prh k/h)
Thus, we conclude

Theorem 2.8. In P - BR- F,, the tensor (C};, Pyrn + PJ.Cpri — k/h)is h- BR.
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Cartan's second curvature tensor, the v(hv)-torsion tensor P4.and the (v)hv-torsion tensor j"k are
connected by the formula (1.5c).
Taking the h—covariant derivative twice for (1.5c) with respect to x* and x™, successively, we get

(2.21) Plenjeim = (Chnyj — 8" Citenyr +Clie Pin — ﬁlCrik)H,lm-
Using the condition (2.3) and (1.5c¢)in (2.21), we get
(Chnyj — 97 Cirenjr + Clie Pin — ﬁlcrik)u,lm = apm (Chnj = 97 Ciknpr +Clie Pin — PhChe).
Thus, we conclude
Theorem 2.9. In P - BR- F, the tensor (Cyp ; — 9" Crnjr +Cji Pin — PjpCly.) is h-BR.
Transvecting (1.5¢) by ip » using (1.1c), (1.3d), (1.7),(1.9) and (1.2), we get
(2.22) Pipkh = Ciepn|j—0p Ciknir + CikPrpn — Pjp Crpk-
Taking the h- covariant derivative twice for (2.22) with respect to x? and x™ , successively, we
get
(2.23) Pipenjetm = (Cpnij — O Ciknjr + CliePrpn — P Crpi)
Using the condition (2.4)and (2.22) in (2.23), we get

(Ckphlj - Sgcjkh|r +Cj7;cprph - Pﬁlcrpk)l{, = a#m(ckphlj - 5£Cjkh|r +Cj7;cPrph - Pj?lcrpk)-
Thus, we conclude
Theorem 2.10. In P - BR- F,, the tensor (Cypn|j — 85 Cixnjr +Cli Prpn — PjnCrpk )is h- BR.
Contracting the indices i and h in (1.5c), using (1.8) and (1.11), we get

[elm’

|m

(2.24) Pit:= Ciij = g% Ciiopir + Cjic Br = PpCr.

Taking the h—covariant derivative twice for (2.24) with respect to x? and x™ , successively, we get
_ P

(2.25) Piterm = (Craj = 97" Girplr + e Pr = PCri)

Using (2.8)and (2.24) in (2.25), we get
(Cutj = 97" Girpir + Cfic B — P]?;?ka)lflm = aem (Cuij = 97" Cippr + Clic Pr = PjpCr)-
Thus, we conclude
Theorem 2.11. In P" - BR- F,, the tensor (Cy|; — 97" Cixpjr + Clie B — P}, CF,) is h- BR.
Transvecting (2.22) by g*", using (1.2), (1.3b), (1.1d) and (1.10), we get
(2.26) Pip = Poj = Cplj = 85Cipr + 9ipg*" CliPry, = PnCrp
Taking the h- covariant derivative twice for (2.26) with respect to x? and x™ , successively, we
get
(2.27) (PJ - ij)lflm = (CPU - 6£C]|T + gipgthﬁ(Prlh - JT;lC;lp)mm
Using (2.7) and (2.26) in (2.27), we get _
(Coty = 85Cir + 9iv " CliePrn = PinCrn) yp, = em (Colj = 85 Ciir + Gipg" " CliePrn = PCrp )
Thus, we conclude .
Theorem 2.12. In P" - BR- F, the tensor (Cp(; — 85Cjpr + 9ipg"" CjicPr — PinCip )is h- BR.
For Riemannian space V, , the projection curvature tensor Pj, (Cartan's second curvature
tensor) is defined as [1]
(2.28) Pjen = Rjin — 5 (nRjk = 6kRjn).
Taking the h- covariant derivative twice for (2.28) with respect to x* and x™ , successively, we
get

. . 1, .

(2.29) Pienjeim = {R}kh -3 (64Rjx — 511<th)}

Using the condition (2.3) and (2.28) in (2.29), we get
. 1 . . . 1 . .

(2.30) { jin — 5 (O Rjic — 6’1‘th)}|£|171 = Ao {R}kh =5 (BnRjk = 51?th)} :

Thus, we conclude

leim’
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Theorem 2.13. Forn = 4, the tensor { e — é(d,‘;Rjk = 6,ith)}in P"-BR-F,, is h- BR.
Transvecting (2.30) by y/, using (1.1e), (1.4) and putting (R;, y/ = R,), we get
. 1 . . . 1 . .
(231)  {Hin—3(0hRi = 6iRw)} = aum {Hin — 3 (85Re — 6LR)} .
Thus, we conclude
Theorem 2.14. Forn = 4, the tensor {H,ih —%(S,ile - S,iRh)} in P* - BR-F,,, is h- BR.
Transvecting (2.31) by y*, using (1.14), (1.1e) and putting (R, y* = R), we get
. 1 . . . 1 . .

{HE—Z(8iR—Y'RW)} = aum{Hi—3(6kR - y'Rn)}.
Thus, we conclude
Theorem 2.15. Forn = 4, the tensor {H,‘l — § (iR — yiRh)}in P"-BR-FE, ish- BR.
Transvecting (2.31) by y;, using (1.1f) , (1.13) and in view of&}y; = yj,, we get

nRk — YR jepm = Aem YnRk — YiRp),
Thus, we conclude
Theorem 2.16.Forn = 4, the tensor (y, Ry — yxRp)in P" - BR-E, is h- BR.
3. The Projection For Cartan'sSecond Curvature Tensors On Indicatrix

Let us consider a Finsler spaceF;,, for which Cartan's second curvature tensoer"kh ish — BR,

i. e. characterized by the condition (2.3). In view of (5.17), the projection of Cartan's second
curvature tensor Pjikh on the indicatrix is given by

(3.1) p- Pjikh = Pfca hfz h]b hi h,‘f :

Taking the h-covariant derivative twice for (3.1) with respect to x¢ and x™ , successively and
using the fact thathy is covariant constant, we get

32 (P-Pkn),pyy, = Pocateim ha by’ hic b

Using the condition (2.3) in (3.2), we get

(3.3) (p-lekh)l{,lm = Qpm Poq hly ] h§ R

Using (3.1) in (3.3), we get

(3.4) (p-lekh)lflm = apm (P Pfin).

Thus, we conclude

Theorem 3.1. In P"-BR-F, , the projection of Cartan's second curvature tensor Pj"kh on
indicatrix is h — BR.

Let us consider P"*— BR- E, for which the associative curvature tensor Pjikn is h- BR in the sense of
Cartan, i. e. characterized by the condition (2.4). In view of (1.17), the projection of the associative
curvature tensor Py, on the indicatrix is given by

(3.5) P-Pjikn = Papca hft h{ h, hit.

Taking the h-covariant derivative twice for (3.5) with respect to x* and x™, successively and
using the fact thath;;r is covariant constant, we get

[¢|m

[¢lm

(3.6) (p. Pjikh)lglm = Papcajeimhy' h{ h, hj.
Using the condition (2.4) in (3.6), we get

(3.7) (P-Pjikh)mm = Qg Papcahf’ hY R hi.
Using (3.5) in (3.7), we get

(3.8) (p-Pjikh)lglm = apm (0 Pjikn)-

Thus, we conclude
Theorem 3.2. In P"- BR-E,, the projection of the associative curvature tensor Pjixp0n indicatrix
is h- BR.
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Let us consider P"~ BR- F,for which P-Ricci tensor Py is h-BR, i.e.characterized by the
condition (2.8). In view of (1.17), the projection of P-Ricci tensor P;; on the indicatrix is given by
Taking the h-covariant derivative twice for (3.9) with respect to x¢ and x™, successively and
using the fact thathgf is covariant constant, we get

(3.10) (P- ij)lt’lm = Papleim h]q hllé .

Using the condition (2.8) in (3.10), we get

(3.11) (p. ij)lt’lm = Apm Pap h]q hb .

Using (3.9) in (3.11), we get

(3.12) (p'Pfk)|£|m = app (pP]k)

Thus, we conclude

Theorem 3.3. In P"~ BR- E,, the projection of the P-Ricci tensor Pj; on indicatrix ish- BR.
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