
Some properties for Weyl’s projective Curvature Tensor of ……………..Adel  M.Al-Qashbari 

181 Univ. Aden J. Nat. and Appl. Sc. Vol. 23 No.1 – April 2019                                            

 

Some properties for Weyl’s projective Curvature Tensor of  

Generalized 𝐖𝒉-Birecurrent in Finsler Space 
 Adel  Mohammed Al-Qashbari 

Adel_ma71@yahoo.com   

Dept. of Maths., Faculty of Educ. -Aden, Univ. of Aden, Khormaksar, Aden, Yemen  

https://doi.org/10.47372/uajnas.2019.n1.a15DOI:  

 

Abstract 
 

    In this paper, we defined a Finsler space 𝐹𝑛 for which Weyl’s projective curvature tensor  𝑊𝑗𝑘ℎ
𝑖    

satisfies the generalized-birecurrence condition with respect to Cartan’s connection  parameters G𝑘ℎ
∗𝑖  

, given by the condition  𝑊
𝑗𝑘ℎ׀𝑙׀𝑚
𝑖 = 𝛼𝑙𝑚𝑊𝑗𝑘ℎ

𝑖 + 𝛽𝑙𝑚 (𝛿ℎ
𝑖  𝑔𝑗𝑘 − 𝛿𝑘

𝑖  𝑔𝑗ℎ), where  ׀𝑙 ׀𝑚 is h-covariant 

derivative of second order ( Cartan’s second kind covariant differential operator ) with respect to  

𝑥𝑙 and  𝑥𝑚, successively, 𝛼𝑙𝑚 and  𝛽𝑙𝑚  are non-null covariant vectors field and such space is called 

as a generalized  𝑊ℎ-birecurrent space and denoted briefly by     𝐺 𝑊ℎ-𝐵𝑅𝐹𝑛  . We have obtained 

the h-covariant derivative of the second order for Wely’s projective torsion tensor  𝑊𝑘ℎ
𝑖  , Wely’s 

projective deviation tensor  𝑊ℎ
𝑖   and Weyl’s projective curvature tensor 𝑊𝑗𝑘ℎ

𝑖  and some tensors are 

birecurrent in our space. We have obtained the necessary and sufficient condition for Cartan’s third 

curvature tensor  𝑅𝑗𝑘ℎ
𝑖  , the associate curvature tensor  𝑅𝑗𝑝𝑘ℎ  to be generalized birecurrent, the 

necessary and sufficient condition of h-covariant derivative of second order for the h(v)-torsion 

tensor 𝐻𝑘ℎ
𝑖  , the associate torsion tensor  𝐻𝑘𝑝.ℎ  and the deviation tensor 𝐻ℎ

𝑖   has been obtained in 

our space.  
 

Key words: Finsler space, Generalized 𝑊ℎ- Birecurrent space, Weyl’s projective curvature t 

ensor  𝑊𝑗𝑘ℎ
𝑖  , Cartan’s third curvature tensor  𝑅𝑗𝑘ℎ

𝑖  . 

 

1. Introduction  
     On account of the different connections of Finsler space, the concept of the recurrent for 

different curvature tensors have been discussed by Matsumot [6]. Pandey ([8], [9]), Dubey and 

Srivastava [4], Pandey and Misra [10], Pandey and Dwivedi [11], Verma [19], Dikshit [3], Qasem 

[14], Mishra and Lodhi [7], P.N. Pandey and Pal [12] and others. The generalized recurrent space 

was studied by De and Guha [2], Maralebhavi and Rathnamma [5], Pandey, Saxena and Goswani 

[13], Qasem and Al-Qashbari ([17],[18]), Qasem and Saleem[16] and others. Ahsan and Ali [1] 

who discussed a recurrent curvature tensor on some properties of W-curvature tensor of Weyl’s 

projective curvature tensor  𝑊𝑗𝑘ℎ
𝑖  and others. Also, W-generalized birecurrent space studied by 

Qasem and Saleem [15] and others. 

     Let us consider an n-dimensional Finsler space equipped with the metric function F satisfying 

the requisite conditions [19]. 

Let consider the components of the corresponding metric tensor 𝑔𝑖𝑗 , Cartan’s connection 

parameters  Γ𝑗𝑘
∗𝑖  and Berwald’s connection parameters     𝐺𝑗𝑘 

𝑖 . These are symmetric in their lower 

indices . 

     The vectors  𝑦𝑖   and  𝑦𝑖 satisfy the following relations [19]: 

(1.1)             a)    𝑦𝑖 = 𝑔𝑖𝑗  𝑦
𝑗                ,      b)    𝑦𝑖  𝑦𝑖 = 𝐹2        and         c)    �̇�𝑗 𝑦𝑖 = 𝛿𝑗

𝑖      .        

    The h-covariant derivative of second order for an arbitrary vector field with respect to 𝑥𝑘 and 𝑥𝑗, 

successively ,we get  

(1.2)             𝑋
𝑗׀𝑘׀
𝑖 = �̇�𝑗 (𝑋

𝑘׀
𝑖 ) − (𝑋

𝑟׀
𝑖 ) Γ𝑘𝑗

∗𝑟 + (𝑋
𝑘׀
𝑟 ) Γ𝑟𝑗

∗𝑖 − �̇�𝑟 (𝑋
𝑘׀
𝑖 ) Γ𝑗𝑠

∗𝑟  𝑦𝑠   .  
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     Taking skew-symmetric part with respect to the indices  k  and  j , we get the commutation 

formula for h-covariant differentiation as follows [19]: 

(1.3)             𝑋
𝑗׀𝑘׀
𝑖 − 𝑋

𝑘׀𝑗׀
𝑖 = 𝑋𝑟 𝐾𝑟𝑘𝑗

𝑖 − ( �̇�𝑟 𝑋𝑖  ) 𝐾𝑠𝑘𝑗
𝑟  𝑦𝑠    , 

where   

(1.4)             𝐾𝑟𝑘𝑗
𝑖 ∶= 𝜕𝑗 Γ𝑘𝑟

∗𝑖 + ( �̇�𝑙  Γ𝑟𝑗
∗𝑖 ) 𝐺𝑘

𝑙 + Γ𝑚𝑗
∗𝑖  Γ𝑘𝑟

∗𝑚  − 𝑗 𝑘⁄  ∗∗   . 

    The tensor  𝐾𝑟𝑘𝑗 
𝑖  as defined above is called Cartan’s fourth curvature tensor. 

    The metric tensor 𝑔𝑖𝑗 and the vector  𝑦𝑖 are covariant constant with respect to the above process.  

(1.5)               a)     𝑔
𝑖𝑗׀𝑘

= 0          and          b)     𝑦
𝑘׀
𝑖 = 0       .  

     The process of h-covariant differentiation , with respect to 𝑥𝑘  , commute with partial 

differentiation with respect to 𝑦𝑗 for arbitrary vector filed 𝑋𝑖 , according to [19] 

(1.6)               �̇�𝑗 (𝑋
𝑘׀
𝑖 ) − (�̇�𝑗 𝑋𝑖)

𝑘׀
= 𝑋𝑟(�̇�𝑗 Γ𝑟𝑘

∗𝑖 ) − (�̇�𝑟𝑋𝑖) 𝑃𝑗𝑘 
𝑟    . 

     The quantities 𝐻𝑗𝑘ℎ 
𝑖 and 𝐻𝑘ℎ

𝑖 form the components of tensors and they are called h-curvature 

tensor of Berwald (Berwald curvature tensor) and  h(v)–torsion tensor, respectively and are 

defined as follow [19]: 

(1.7)             a)     𝐻𝑗𝑘ℎ
𝑖 ≔ 𝜕𝑗 𝐺𝑘ℎ

𝑖 + 𝐺𝑘ℎ
𝑟  𝐺𝑟𝑗 

𝑖 + 𝐺𝑟ℎ𝑗 
𝑖 𝐺𝑘  

𝑟 − ℎ/𝑘 

and  

                     b)    𝐻𝑘ℎ
𝑖 ∶= 𝜕ℎ  𝐺𝑘  

𝑖 +  𝐺𝑘 
𝑟  𝐶𝑟ℎ

𝑖  −  ℎ 𝑘⁄   .  

    They are also related by [19]  

(1.8)             a)     𝐻𝑗𝑘ℎ
𝑖  𝑦𝑗 = 𝐻𝑘ℎ

𝑖        ,      b)    𝐻𝑗𝑘ℎ
𝑖 = �̇�𝑗 𝐻𝑘ℎ

𝑖         and      c)    𝐻𝑗𝑘
𝑖 = �̇�𝑗 𝐻𝑘

𝑖    . 

    These tensors were constructed initially by means of the tensor 𝐻ℎ  
𝑖 , called the deviation tensor, 

given by  

(1.9)             a)    𝐻ℎ
𝑖 ≔ 2 𝜕ℎ  𝐺𝑖 − 𝜕𝑟𝐺ℎ 

𝑖  𝑦𝑟 + 2 𝐺ℎ𝑠 
𝑖 𝐺𝑠 − 𝐺𝑠  

𝑖 𝐺ℎ  
𝑠     , 

where           b)    �̇�𝑘  𝐺ℎ
𝑖 = 𝐺𝑘ℎ 

𝑖  . 
In view of  Euler’s theorem  on  homogeneous functions and by contracting the indices  i  and  h  in 

(1.8) and (1.9), we have the following:       

(1.10)           a)    𝐻𝑗𝑘 
𝑖 𝑦𝑗 = − 𝐻𝑘𝑗  

𝑖 𝑦𝑗 = 𝐻𝑘  
𝑖          and         b)        𝑔𝑖𝑝 𝐻𝑗𝑘 

𝑖 = 𝐻𝑗𝑝.𝑘      . 

    The tensor 𝑊𝑗𝑘ℎ
𝑖 is known as projective curvature tensor (generalized Wely’s projective 

curvature tensor ), the tensor 𝑊𝑗𝑘
𝑖  is known as projective torsion tensor ( Wely’s torsion tensor ) 

and the tensor 𝑊𝑗
𝑖  is known as projective deviation tensor ( Wely’s deviation tensor ) are defined 

by  

(1.11)           𝑊𝑗𝑘ℎ
𝑖 =  𝐻𝑗𝑘ℎ

𝑖 +
2 𝛿𝑗

𝑖

𝑛+1
𝐻[ℎ𝑘] +

2 𝑦𝑖

𝑛+1
�̇�𝑗𝐻[𝑘ℎ] 

                     + 
𝛿𝑘

𝑖

𝑛2−1
(𝑛 𝐻𝑗ℎ + 𝐻ℎ𝑗 + 𝑦𝑟�̇�𝑗𝐻ℎ𝑟) −  

𝛿ℎ
𝑖

𝑛2−1
(𝑛 𝐻𝑗𝑘 + 𝐻𝑘𝑗 + 𝑦𝑟�̇�𝑗𝐻𝑘𝑟)      ,   

(1.12)           𝑊𝑗𝑘
𝑖 =  𝐻𝑗𝑘

𝑖 +
𝑦𝑖

𝑛+1
𝐻[𝑗𝑘] + 2 { 

𝛿[𝑗
𝑖

𝑛2−1
(𝑛 𝐻𝑘] − 𝑦𝑟𝐻𝑘] 𝑟) 

and  

(1.13)           𝑊𝑗
𝑖 =  𝐻𝑗

𝑖 − 𝐻 𝛿𝑗
𝑖 −

1

𝑛+1
( �̇�𝑟𝐻𝑗

𝑟 − �̇�𝑗𝐻) 𝑦𝑖   , 

respectively. 

The tensors 𝑊𝑗𝑘ℎ
𝑖  , 𝑊𝑗𝑘

𝑖  and  𝑊𝑘
𝑖  are satisfying the following identities [19] 

(1.14)           a)    𝑊𝑗𝑘ℎ
𝑖  𝑦𝑗 = 𝑊𝑘ℎ

𝑖        and        b)    𝑊𝑗𝑘
𝑖  𝑦𝑗 = 𝑊𝑘

𝑖     . 

    The projective curvature tensor 𝑊𝑗𝑘ℎ
𝑖  is skew-symmetric in its indices k and h.  

   Cartan’s third curvature tensor  𝑅𝑗𝑘ℎ
𝑖   and the R-Ricci tensor  𝑅𝑗𝑘 are respectively given by [19] 

 
*       The indices  𝑖 , 𝑗 , 𝑘 , …  assume positive integral values from 1 to n . 

**   −j k ⁄  means the subtraction from the former term by interchanging the indices  k  and  j . 
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(1.15)           a)   𝑅𝑗𝑘ℎ
𝑖 = �̇�ℎΓ𝑗𝑘

∗𝑖 + (�̇�𝑙Γ𝑗𝑘
∗𝑖 ) 𝐺ℎ

𝑙 + 𝐶𝑗𝑚
𝑖 (�̇�𝑘 𝐺ℎ

𝑚 − 𝐺𝑘𝑙
𝑚 𝐺ℎ

𝑙 ) + Γ𝑚𝑘 
∗𝑖 Γ𝑗ℎ

∗𝑚 − 𝑘/ℎ , 

                     b)  𝑅𝑗𝑘ℎ
𝑖  𝑦𝑗 = 𝐻𝑘ℎ

𝑖 = 𝐾𝑗𝑘ℎ
𝑖  𝑦𝑗     ,    c)   𝑔𝑖𝑝 𝑅𝑗𝑘ℎ

𝑖 = 𝑅𝑗𝑝𝑘ℎ     and    d)  𝑅𝑗𝑘  𝑦𝑗 = 𝐻𝑘    .  

     

2. A Generalized 𝑾𝒉-Birecurrent Space 

      A Finsler space 𝐹𝑛 for which Weyl’s projective curvature tensor  𝑊𝑗𝑘ℎ
𝑖  satisfies the recurrence 

property with respect to Cartan’s coefficient connection parameters  Γ𝑗𝑘
∗𝑖   which is characterized by 

the condition [16] 

(2.1)          𝑊
𝑗𝑘ℎ׀𝑙
𝑖 =  𝜆𝑙 𝑊𝑗𝑘ℎ

𝑖 + 𝜇𝑙 (𝛿ℎ
𝑖  𝑔𝑗𝑘 − 𝛿𝑘

𝑖  𝑔𝑗ℎ)          ,       𝑊𝑗𝑘ℎ
𝑖 ≠ 0    , 

where  ׀𝑙  is h-covariant derivative of first order ( Cartan’s second kind covariant differential 

operator ) with respect to  𝑥𝑙, the quantities  𝜆𝑙   and  𝜇𝑙   are non-null covariant vectors field. We 

shall call such space as a generalized 𝑊ℎ-recurrent space and we shall denote it briefly by        𝐺 

𝑊ℎ-𝑅𝐹𝑛 .          

    Taking the h-covariant derivative for (2.1) with respect to  𝑥𝑚 and using (1.5a), we get  

                  𝑊
𝑗𝑘ℎ׀𝑙׀𝑚
𝑖 =  𝜆

𝑙׀𝑚
𝑊𝑗𝑘ℎ

𝑖 + 𝜆𝑙𝑊
𝑗𝑘ℎ׀𝑚
𝑖 + 𝜇

𝑙׀𝑚
(𝛿ℎ

𝑖  𝑔𝑗𝑘 − 𝛿𝑘
𝑖  𝑔𝑗ℎ)     ,   where   𝑔

𝑗𝑘׀𝑚
= 0   , 

In view of (2.1), the above equation yields 

(2.2)          𝑊
𝑗𝑘ℎ׀𝑙׀𝑚
𝑖 =  𝛼𝑙𝑚𝑊𝑗𝑘ℎ

𝑖 + 𝛽𝑙𝑚 (𝛿ℎ
𝑖  𝑔𝑗𝑘 − 𝛿𝑘

𝑖  𝑔𝑗ℎ)    , 

where    𝛼𝑙𝑚 = 𝜆
𝑙׀𝑚 

+ 𝜆𝑙 𝜆𝑚    and    𝛽𝑙𝑚 = 𝜆𝑙 𝜆𝑚 +  𝜇
𝑙׀𝑚

  . 

 

Result 2.1.  Every generalized 𝑊ℎ-recurrent space is generalized 𝑊ℎ-birecurrent space. 

Transvecting the condition (2.2) by 𝑦𝑗, using (1.5b), (1.14a) and (1.1a), we get  

(2.3)          𝑊
𝑘ℎ׀𝑙׀𝑚
𝑖 =  𝛼𝑙𝑚𝑊𝑘ℎ

𝑖 + 𝛽𝑙𝑚 (𝛿ℎ
𝑖  𝑦𝑘 − 𝛿𝑘

𝑖  𝑦ℎ )   . 

Transvecting (2.3) by 𝑦𝑘, using (1.5b), (1.14b) and (1.1b), we get  

(2.4)          𝑊
ℎ׀𝑙׀𝑚
𝑖 = 𝛼𝑙𝑚 𝑊ℎ 

𝑖 +  𝛽𝑙𝑚 ( 𝛿ℎ
𝑖  𝐹2 − 𝑦ℎ 𝑦

𝑖 )   . 

Thus, we conclude  

Theorem 2.1. In  𝐺𝑊ℎ-𝐵𝑅𝐹𝑛 , the h-covariant derivative of the second order for Wely’s projective 

torsion tensor 𝑊𝑘ℎ
𝑖  and Wely’s projective deviation tensor  𝑊ℎ

𝑖  given by (2.3) and (2.4), 

respectively. 

In view of the equation (1.3), we have 

(2.5)        𝑊
𝑗𝑘ℎ׀𝑙׀𝑚
𝑖 − 𝑊

𝑗𝑘ℎ׀𝑚׀𝑙
𝑖 = 𝑊𝑗𝑘ℎ

𝑟  𝐾𝑟𝑙𝑚
𝑖 − 𝑊𝑟𝑘ℎ

𝑖  𝐾𝑗𝑙𝑚
𝑟 − 𝑊𝑗𝑟ℎ

𝑖  𝐾𝑘𝑙𝑚
𝑟 − 𝑊𝑗𝑘𝑟

𝑖  𝐾ℎ𝑙𝑚
𝑟 −

(�̇�𝑟𝑊𝑗𝑘ℎ
𝑖 )𝐾𝑠𝑙𝑚

𝑟 𝑦𝑠. 

Using the condition (2.2) and (1.15b) in (2.5), we get 

                  𝛼𝑙𝑚𝑊𝑗𝑘ℎ
𝑖 + 𝛽𝑙𝑚 (𝛿ℎ

𝑖  𝑔𝑗𝑘 − 𝛿𝑘
𝑖  𝑔𝑗ℎ) − 𝛼𝑚𝑙𝑊𝑗𝑘ℎ

𝑖 − 𝛽𝑚𝑙 (𝛿ℎ
𝑖  𝑔𝑗𝑘 − 𝛿𝑘

𝑖  𝑔𝑗ℎ) 

                       = 𝑊𝑗𝑘ℎ
𝑟  𝐾𝑟𝑙𝑚

𝑖 − 𝑊𝑟𝑘ℎ
𝑖  𝐾𝑗𝑙𝑚

𝑟 − 𝑊𝑗𝑟ℎ
𝑖  𝐾𝑘𝑙𝑚

𝑟 − 𝑊𝑗𝑘𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 − ( �̇�𝑟𝑊𝑗𝑘ℎ
𝑖  ) 𝐻𝑙𝑚

𝑟       

or  

(2.6)          ( 𝛼𝑙𝑚 − 𝛼𝑚𝑙  ) 𝑊𝑗𝑘ℎ
𝑖 + (𝛽𝑙𝑚 − 𝛽𝑚𝑙 )(𝛿ℎ

𝑖  𝑔𝑗𝑘 − 𝛿𝑘
𝑖  𝑔𝑗ℎ) 

                       = 𝑊𝑗𝑘ℎ
𝑟  𝐾𝑟𝑙𝑚

𝑖 − 𝑊𝑟𝑘ℎ
𝑖  𝐾𝑗𝑙𝑚

𝑟 − 𝑊𝑗𝑟ℎ
𝑖  𝐾𝑘𝑙𝑚

𝑟 − 𝑊𝑗𝑘𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 − ( �̇�𝑟𝑊𝑗𝑘ℎ
𝑖  ) 𝐻𝑙𝑚

𝑟    . 

If  𝛼𝑙𝑚 and  𝛽𝑙𝑚  are skew-symmetric, then (2.6) can be written as    

(2.7)          𝑎𝑙𝑚 𝑊𝑗𝑘ℎ
𝑖 + 𝑏𝑙𝑚(𝛿ℎ

𝑖  𝑔𝑗𝑘 − 𝛿𝑘
𝑖  𝑔𝑗ℎ) = 𝑊𝑗𝑘ℎ

𝑟  𝐾𝑟𝑙𝑚
𝑖 − 𝑊𝑟𝑘ℎ

𝑖  𝐾𝑗𝑙𝑚
𝑟  

                       −𝑊𝑗𝑟ℎ
𝑖  𝐾𝑘𝑙𝑚

𝑟 −  𝑊𝑗𝑘𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 − ( �̇�𝑟𝑊𝑗𝑘ℎ
𝑖  ) 𝐻𝑙𝑚

𝑟    , 

where   𝑎𝑙𝑚 = 2 𝛼𝑙𝑚   and   𝑏𝑙𝑚 = 2 𝛽𝑙𝑚   . 

In view of the condition (2.2), the equation (2.7) is reduced to 

(2.8)          𝑊
𝑗𝑘ℎ׀𝑙׀𝑚
𝑖 = 𝑊𝑗𝑘ℎ

𝑟  𝐾𝑟𝑙𝑚
𝑖 − 𝑊𝑟𝑘ℎ

𝑖  𝐾𝑗𝑙𝑚
𝑟 − 𝑊𝑗𝑟ℎ

𝑖  𝐾𝑘𝑙𝑚
𝑟 − 𝑊𝑗𝑘𝑟

𝑖  𝐾ℎ𝑙𝑚
𝑟 − ( �̇�𝑟𝑊𝑗𝑘ℎ

𝑖  ) 𝐻𝑙𝑚
𝑟     . 

Transvecting (2.8) by 𝑦𝑗, using (1.5b), (1.14a), (1.15b) and (1.1c), we get  

(2.9)          𝑊
𝑘ℎ׀𝑙׀𝑚
𝑖 = 𝑊𝑘ℎ

𝑟 𝐾𝑟𝑙𝑚
𝑖 − 𝑊𝑟𝑘ℎ

𝑖 𝐻𝑙𝑚
𝑟 − 𝑊𝑟ℎ

𝑖 𝐾𝑘𝑙𝑚
𝑟 − 𝑊𝑘𝑟

𝑖 𝐾ℎ𝑙𝑚
𝑟 − (�̇�𝑟𝑊𝑘ℎ

𝑖 − 𝑊𝑟𝑘ℎ
𝑖 ) 𝐻𝑙𝑚

𝑟    . 



Some properties for Weyl’s projective Curvature Tensor of ……………..Adel  M.Al-Qashbari 

184 Univ. Aden J. Nat. and Appl. Sc. Vol. 23 No.1 – April 2019                                            

Transvecting (2.9) by 𝑦𝑘, using (1.5b), (1.14b) and (1.15b), we get  

(2.10)        𝑊
ℎ׀𝑙׀𝑚
𝑖 = 𝑊ℎ

𝑟𝐾𝑟𝑙𝑚
𝑖 − 𝑊𝑟ℎ

𝑖 𝐻𝑙𝑚
𝑟 − 𝑊𝑟

𝑖𝐾ℎ𝑙𝑚
𝑟 − {𝑊𝑟𝑘ℎ

𝑖 𝐻𝑙𝑚
𝑟 + (�̇�𝑟𝑊𝑘ℎ

𝑖 − 𝑊𝑟𝑘ℎ
𝑖 )𝐻𝑙𝑚

𝑟 } 𝑦𝑘   . 

Thus, we conclude  

Theorem 2.2. In 𝐺𝑊ℎ-𝐵𝑅𝐹𝑛 , the h-covariant derivative of the second order for Weyl’s projective 

curvature tensor  𝑊𝑗𝑘ℎ
𝑖  , Wely’s projective torsion tensor 𝑊𝑘ℎ

𝑖  and Wely’s projective deviation 

tensor  𝑊ℎ
𝑖   given by (2.8), (2.9) and (2.10), respectively, provided  𝛼𝑙𝑚  and  𝛽𝑙𝑚   are skew-

symmetric. 

If  𝛼𝑙𝑚 and  𝛽𝑙𝑚  are symmetric, then (2.6) can be written as    

(2.11)        𝑊𝑗𝑘ℎ
𝑟  𝐾𝑟𝑙𝑚

𝑖 = 𝑊𝑟𝑘ℎ
𝑖  𝐾𝑗𝑙𝑚

𝑟 + 𝑊𝑗𝑟ℎ
𝑖  𝐾𝑘𝑙𝑚

𝑟 + 𝑊𝑗𝑘𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 + ( �̇�𝑟𝑊𝑗𝑘ℎ
𝑖  ) 𝐻𝑙𝑚

𝑟     . 

Now, taking h- covariant derivative for (2.11), with respect to 𝑥𝑛 , we get 

(2.12)        𝑊
𝑗𝑘ℎ׀𝑛
𝑟  𝐾𝑟𝑙𝑚

𝑖 + 𝑊𝑗𝑘ℎ
𝑟  𝐾

𝑟𝑙𝑚׀𝑛
𝑖 = { 𝑊𝑟𝑘ℎ

𝑖  𝐾𝑗𝑙𝑚
𝑟 + 𝑊𝑗𝑟ℎ

𝑖  𝐾𝑘𝑙𝑚
𝑟 + 𝑊𝑗𝑘𝑟

𝑖  𝐾ℎ𝑙𝑚
𝑟 +

( �̇�𝑟𝑊𝑗𝑘ℎ
𝑖  ) 𝐻𝑙𝑚

𝑟 }
𝑛׀

   . 

Again, taking h- covariant derivative for (2.12), with respect to 𝑥𝑝 , we get 

                  𝑊
𝑗𝑘ℎ׀𝑛׀𝑝
𝑟  𝐾𝑟𝑙𝑚

𝑖 + 𝑊
𝑗𝑘ℎ׀𝑛
𝑟  𝐾

𝑟𝑙𝑚׀𝑝
𝑖 + 𝑊

𝑗𝑘ℎ׀𝑝
𝑟  𝐾

𝑟𝑙𝑚׀𝑛
𝑖 + 𝑊𝑗𝑘ℎ

𝑟  𝐾
𝑟𝑙𝑚׀𝑛׀𝑝
𝑖  

                  = { 𝑊𝑟𝑘ℎ
𝑖  𝐾𝑗𝑙𝑚

𝑟 + 𝑊𝑗𝑟ℎ
𝑖  𝐾𝑘𝑙𝑚

𝑟 + 𝑊𝑗𝑘𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 + ( �̇�𝑟𝑊𝑗𝑘ℎ
𝑖  ) 𝐻𝑙𝑚

𝑟 }
𝑝׀𝑛׀

  . 

Using the condition (2.2) in the above equation, we get 

(2.13)        𝛼𝑛𝑝𝑊𝑗𝑘ℎ
𝑖  𝐾𝑟𝑙𝑚

𝑖 + 𝛽𝑛𝑝 (𝛿ℎ
𝑖  𝑔𝑗𝑘 − 𝛿𝑘

𝑖  𝑔𝑗ℎ) 𝐾𝑟𝑙𝑚
𝑖 + 𝑊

𝑗𝑘ℎ׀𝑛
𝑟  𝐾

𝑟𝑙𝑚׀𝑝
𝑖 + 𝑊

𝑗𝑘ℎ׀𝑝
𝑟  𝐾

𝑟𝑙𝑚׀𝑛
𝑖  

                  + 𝑊𝑗𝑘ℎ
𝑟  𝐾

𝑟𝑙𝑚׀𝑛׀𝑝
𝑖 = { 𝑊𝑟𝑘ℎ

𝑖  𝐾𝑗𝑙𝑚
𝑟 + 𝑊𝑗𝑟ℎ

𝑖  𝐾𝑘𝑙𝑚
𝑟 + 𝑊𝑗𝑘𝑟

𝑖  𝐾ℎ𝑙𝑚
𝑟 + ( �̇�𝑟𝑊𝑗𝑘ℎ

𝑖  ) 𝐻𝑙𝑚
𝑟 }

𝑝׀𝑛׀
 . 

In view of (2.11), the equation (2.13) is reduced to 

(2.14)        { 𝑊𝑟𝑘ℎ
𝑖  𝐾𝑗𝑙𝑚

𝑟 + 𝑊𝑗𝑟ℎ
𝑖  𝐾𝑘𝑙𝑚

𝑟 + 𝑊𝑗𝑘𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 + ( �̇�𝑟𝑊𝑗𝑘ℎ
𝑖  ) 𝐻𝑙𝑚

𝑟  }
𝑝׀𝑛׀

 

                  = 𝛼𝑛𝑝 { 𝑊𝑟𝑘ℎ
𝑖  𝐾𝑗𝑙𝑚

𝑟 + 𝑊𝑗𝑟ℎ
𝑖  𝐾𝑘𝑙𝑚

𝑟 + 𝑊𝑗𝑘𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 + ( �̇�𝑟𝑊𝑗𝑘ℎ
𝑖  ) 𝐻𝑙𝑚

𝑟 } 

                  + 𝛽𝑛𝑝 (𝛿ℎ
𝑖 𝑔𝑗𝑘 − 𝛿𝑘

𝑖 𝑔𝑗ℎ)𝐾𝑟𝑙𝑚
𝑖 + 𝑊

𝑗𝑘ℎ׀𝑛
𝑟 𝐾

𝑟𝑙𝑚׀𝑝
𝑖 + 𝑊

𝑗𝑘ℎ׀𝑝
𝑟 𝐾

𝑟𝑙𝑚׀𝑛
𝑖 + 𝑊𝑗𝑘ℎ

𝑟 𝐾
𝑟𝑙𝑚׀𝑛׀𝑝
𝑖    . 

This shows that  

                  { 𝑊𝑟𝑘ℎ
𝑖  𝐾𝑗𝑙𝑚

𝑟 + 𝑊𝑗𝑟ℎ
𝑖  𝐾𝑘𝑙𝑚

𝑟 + 𝑊𝑗𝑘𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 + ( �̇�𝑟𝑊𝑗𝑘ℎ
𝑖  ) 𝐻𝑙𝑚 

𝑟 }
𝑝׀𝑛׀

 

                  = 𝛼𝑛𝑝{ 𝑊𝑟𝑘ℎ
𝑖  𝐾𝑗𝑙𝑚

𝑟 + 𝑊𝑗𝑟ℎ
𝑖  𝐾𝑘𝑙𝑚

𝑟 + 𝑊𝑗𝑘𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 + ( �̇�𝑟𝑊𝑗𝑘ℎ
𝑖  ) 𝐻𝑙𝑚 

𝑟 }    , 

if and only if  

(2.15)        𝛽𝑛𝑝 (𝛿ℎ
𝑖 𝑔𝑗𝑘 − 𝛿𝑘

𝑖 𝑔𝑗ℎ)𝐾𝑟𝑙𝑚
𝑖 + 𝑊

𝑗𝑘ℎ׀𝑛
𝑟  𝐾

𝑟𝑙𝑚׀𝑝
𝑖 + 𝑊

𝑗𝑘ℎ׀𝑝
𝑟  𝐾

𝑟𝑙𝑚׀𝑛
𝑖 + 𝑊𝑗𝑘ℎ

𝑟  𝐾
𝑟𝑙𝑚׀𝑛׀𝑝
𝑖 = 0   . 

Transvecting (2.14) by 𝑦𝑗, using (1.5b), (1.15b), (1.14a),(1.1c) and (1.1a), we get  

(2.16)        { 𝑊𝑟𝑘ℎ
𝑖  𝐻𝑙𝑚

𝑟 + 𝑊𝑟ℎ
𝑖  𝐾𝑘𝑙𝑚

𝑟 + 𝑊𝑘𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 + (�̇�𝑟𝑊𝑘ℎ
𝑖 − 𝑊𝑟𝑘ℎ

𝑖 ) 𝐻𝑙𝑚 
𝑟 }

𝑝׀𝑛׀
 

                  = 𝛼𝑛𝑝 { 𝑊𝑟𝑘ℎ
𝑖  𝐻𝑙𝑚

𝑟 + 𝑊𝑟ℎ
𝑖  𝐾𝑘𝑙𝑚

𝑟 + 𝑊𝑘𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 + (�̇�𝑟𝑊𝑘ℎ
𝑖 − 𝑊𝑟𝑘ℎ

𝑖 ) 𝐻𝑙𝑚
𝑟  } 

                  + 𝛽𝑛𝑝 (𝛿ℎ
𝑖  𝑦𝑘 − 𝛿𝑘

𝑖  𝑦ℎ)𝐾𝑟𝑙𝑚
𝑖 + 𝑊

𝑘ℎ׀𝑛
𝑟 𝐾

𝑟𝑙𝑚׀𝑝
𝑖 + 𝑊

𝑘ℎ׀𝑝
𝑟 𝐾

𝑟𝑙𝑚׀𝑛
𝑖 + 𝑊𝑘ℎ

𝑟 𝐾
𝑟𝑙𝑚׀𝑛׀𝑝
𝑖    . 

This shows that  

(2.17)        { 𝑊𝑟𝑘ℎ
𝑖  𝐻𝑙𝑚

𝑟 + 𝑊𝑟ℎ
𝑖  𝐾𝑘𝑙𝑚

𝑟 + 𝑊𝑘𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 + (�̇�𝑟𝑊𝑘ℎ
𝑖 − 𝑊𝑟𝑘ℎ

𝑖 ) 𝐻𝑙𝑚 
𝑟 }

𝑝׀𝑛׀
 

                  = 𝛼𝑛𝑝 { 𝑊𝑟𝑘ℎ
𝑖  𝐻𝑙𝑚

𝑟 + 𝑊𝑟ℎ
𝑖  𝐾𝑘𝑙𝑚

𝑟 + 𝑊𝑘𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 + (�̇�𝑟𝑊𝑘ℎ
𝑖 − 𝑊𝑟𝑘ℎ

𝑖 ) 𝐻𝑙𝑚
𝑟  } 

if and only if  

(2.18)         𝛽𝑛𝑝 (𝛿ℎ
𝑖  𝑦𝑘 − 𝛿𝑘

𝑖  𝑦ℎ)𝐾𝑟𝑙𝑚
𝑖 + 𝑊

𝑘ℎ׀𝑛
𝑟 𝐾

𝑟𝑙𝑚׀𝑝
𝑖 + 𝑊

𝑘ℎ׀𝑝
𝑟 𝐾

𝑟𝑙𝑚׀𝑛
𝑖 + 𝑊𝑘ℎ

𝑟 𝐾
𝑟𝑙𝑚׀𝑛׀𝑝
𝑖 = 0     . 

Transvecting (2.16) by 𝑦𝑘, using (1.5b), (1.15b), (1.14b), (1.14a) and (1.1b), we get  

(2.19)        [ 𝑊𝑟ℎ
𝑖  𝐻𝑙𝑚

𝑟 + 𝑊𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 + { 𝑊𝑟𝑘ℎ
𝑖  𝐻𝑙𝑚

𝑟 + (�̇�𝑟𝑊𝑘ℎ
𝑖 − 𝑊𝑟𝑘ℎ

𝑖 ) 𝐻𝑙𝑚
𝑟 } 𝑦𝑘 ]

𝑝׀𝑛׀
 

                  = 𝛼𝑛𝑝 [ 𝑊𝑟ℎ
𝑖  𝐻𝑙𝑚

𝑟 + 𝑊𝑟
𝑖 𝐾ℎ𝑙𝑚

𝑟 + { 𝑊𝑟𝑘ℎ
𝑖  𝐻𝑙𝑚

𝑟 + (�̇�𝑟𝑊𝑘ℎ
𝑖 − 𝑊𝑟𝑘ℎ

𝑖 ) 𝐻𝑙𝑚
𝑟 } 𝑦𝑘 ] 

                  + 𝛽𝑛𝑝 (𝛿ℎ
𝑖  𝐹2 − 𝑦ℎ 𝑦

𝑖)𝐾𝑟𝑙𝑚
𝑖 + 𝑊

ℎ׀𝑛
𝑟 𝐾

𝑟𝑙𝑚׀𝑝
𝑖 + 𝑊

ℎ׀𝑝
𝑟 𝐾

𝑟𝑙𝑚׀𝑛
𝑖 + 𝑊ℎ

𝑟𝐾
𝑟𝑙𝑚׀𝑛׀𝑝
𝑖    . 

This shows that  
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(2.20)        [ 𝑊𝑟ℎ
𝑖  𝐻𝑙𝑚

𝑟 + 𝑊𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 + { 𝑊𝑟𝑘ℎ
𝑖  𝐻𝑙𝑚

𝑟 + (�̇�𝑟𝑊𝑘ℎ
𝑖 − 𝑊𝑟𝑘ℎ

𝑖 ) 𝐻𝑙𝑚
𝑟 } 𝑦𝑘 ]

𝑝׀𝑛׀
 

                  = 𝛼𝑛𝑝 [ 𝑊𝑟ℎ
𝑖  𝐻𝑙𝑚

𝑟 + 𝑊𝑟
𝑖 𝐾ℎ𝑙𝑚

𝑟 + { 𝑊𝑟𝑘ℎ
𝑖  𝐻𝑙𝑚

𝑟 + (�̇�𝑟𝑊𝑘ℎ
𝑖 − 𝑊𝑟𝑘ℎ

𝑖 ) 𝐻𝑙𝑚
𝑟 } 𝑦𝑘 ] 

if and only if  

(2.21)         𝛽𝑛𝑝 (𝛿ℎ
𝑖  𝐹2 −  𝑦ℎ 𝑦

𝑖)𝐾𝑟𝑙𝑚
𝑖 + 𝑊

ℎ׀𝑛
𝑟 𝐾

𝑟𝑙𝑚׀𝑝
𝑖 + 𝑊

ℎ׀𝑝
𝑟 𝐾

𝑟𝑙𝑚׀𝑛
𝑖 + 𝑊ℎ

𝑟𝐾
𝑟𝑙𝑚׀𝑛׀𝑝
𝑖 = 0     . 

Thus, we conclude  

Theorem 2.3. In  𝐺𝑊ℎ-𝐵𝑅𝐹𝑛 , the tensors { 𝑊𝑟𝑘ℎ
𝑖 𝐾𝑗𝑙𝑚

𝑟 + 𝑊𝑗𝑟ℎ
𝑖  𝐾𝑘𝑙𝑚

𝑟 + 𝑊𝑗𝑘𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 +

( �̇�𝑟𝑊𝑗𝑘ℎ
𝑖 ) 𝐻𝑙𝑚

𝑟  } , { 𝑊𝑟𝑘ℎ
𝑖 𝐻𝑙𝑚

𝑟 + 𝑊𝑟ℎ
𝑖  𝐾𝑘𝑙𝑚

𝑟 + 𝑊𝑘𝑟
𝑖  𝐾ℎ𝑙𝑚

𝑟 + (�̇�𝑟𝑊𝑘ℎ
𝑖 + 𝑊𝑟𝑘ℎ

𝑖 ) 𝐻𝑙𝑚
𝑟  } and [ 𝑊𝑟ℎ

𝑖  𝐻𝑙𝑚
𝑟 +

𝑊𝑟
𝑖 𝐾ℎ𝑙𝑚

𝑟 + { 𝑊𝑟𝑘ℎ
𝑖  𝐻𝑙𝑚

𝑟 + (�̇�𝑟𝑊𝑘ℎ
𝑖 + 𝑊𝑟𝑘ℎ

𝑖 ) 𝐻𝑙𝑚
𝑟 } 𝑦𝑘] are 

behaves as birecurrent, if and only if (2.15), (2.18) and (2.21) hold, respectively ( provided that  

𝛼𝑙𝑚 and  𝛽𝑙𝑚  are symmetric). 

 

3. The Necessary and Sufficient Condition 

    In this section, we shall obtain the necessary and sufficient condition for some tensors to be 

generalized birecurrent in 𝐺𝑊ℎ-𝐵𝑅𝐹𝑛 .   

    We know that Weyl’s projective curvature tensor 𝑊𝑗𝑘ℎ
𝑖  and Cartan’s third curvature tensor 𝑅𝑗𝑘ℎ

𝑖  

are connected by the formula ( [1], [3] ) 

(3.1)          𝑊𝑗𝑘ℎ
𝑖 = 𝑅𝑗𝑘ℎ

𝑖 +  
1

3
 ( 𝛿𝑘 

𝑖 𝑅𝑗ℎ − 𝑔𝑗𝑘 𝑅ℎ 
𝑖 )   . 

Taking h-covariant derivative of (3.1), with respect to 𝑥𝑙, we get   

(3.2)          𝑊𝑗𝑘ℎ|𝑙
𝑖 = 𝑅𝑗𝑘ℎ|𝑙

𝑖 +  
1

3
 ( 𝛿𝑘

𝑖  𝑅𝑗ℎ −  𝑔𝑗𝑘 𝑅ℎ 
𝑖 )

|𝑙
  . 

Again, taking h- covariant derivative of (3.2), with respect to  𝑥𝑚  , we get   

(3.3)          𝑊𝑗𝑘ℎ|𝑙|𝑚
𝑖 = 𝑅𝑗𝑘ℎ|𝑙|𝑚

𝑖 +  
1

3
 ( 𝛿𝑘

𝑖  𝑅𝑗ℎ −  𝑔𝑗𝑘 𝑅ℎ 
𝑖 )

|𝑙|𝑚
  . 

Using the condition (2.2) in (3.3), we get 

                  𝛼𝑙𝑚𝑊𝑗𝑘ℎ
𝑖 + 𝛽𝑙𝑚 (𝛿ℎ

𝑖  𝑔𝑗𝑘 − 𝛿𝑘
𝑖  𝑔𝑗ℎ) = 𝑅𝑗𝑘ℎ|𝑙|𝑚

𝑖 + 
1

3
 ( 𝛿𝑘

𝑖  𝑅𝑗ℎ −  𝑔𝑗𝑘 𝑅ℎ 
𝑖 )

|𝑙|𝑚
    . 

By using (3.1), the above equation can be written as  

(3.4)          𝑅𝑗𝑘ℎ|𝑙|𝑚
𝑖 = 𝛼𝑙𝑚 𝑅𝑗𝑘ℎ 

𝑖 +  𝛽𝑙𝑚 ( 𝛿ℎ
𝑖  𝑔𝑗𝑘 −  𝛿𝑘

𝑖  𝑔𝑗ℎ  )   

                  + 
1

3
 𝛼𝑙𝑚( 𝛿𝑘

𝑖  𝑅𝑗ℎ −  𝑔𝑗𝑘 𝑅ℎ 
𝑖 ) −  

1

3
 ( 𝛿𝑘 

𝑖 𝑅𝑗ℎ −  𝑔𝑗𝑘 𝑅ℎ 
𝑖 )

|𝑙|𝑚
   . 

This shows that  

(3.5)          𝑅𝑗𝑘ℎ|𝑙|𝑚
𝑖 = 𝛼𝑙𝑚 𝑅𝑗𝑘ℎ 

𝑖 +  𝛽𝑙𝑚 ( 𝛿ℎ
𝑖  𝑔𝑗𝑘 −  𝛿𝑘

𝑖  𝑔𝑗ℎ  )      , 

if and only if  

(3.6)          ( 𝛿𝑘 
𝑖 𝑅𝑗ℎ − 𝑔𝑗𝑘 𝑅ℎ 

𝑖 )
|𝑙|𝑚

=  𝛼𝑙𝑚( 𝛿𝑘
𝑖  𝑅𝑗ℎ −  𝑔𝑗𝑘 𝑅ℎ 

𝑖 )   . 

Thus, we conclude  

Theorem 3.1. In 𝐺𝑊ℎ - 𝐵𝑅𝐹𝑛  , Cartan’s third curvature tensor 𝑅𝑗𝑘ℎ
𝑖  is generalized                  

birecurrent if and only if the tensor ( 𝛿𝑘
𝑖  𝑅𝑗ℎ − 𝑔𝑗𝑘 𝑅ℎ 

𝑖 ) is birecurrent. 

Transvecting (3.4) by 𝑔𝑖𝑝 , using (1.5a) and (1.15c), we get  

                  𝑅𝑗𝑝𝑘ℎ|𝑙|𝑚 = 𝛼𝑙𝑚 𝑅𝑗𝑝𝑘ℎ + 𝛽𝑙𝑚 ( 𝑔𝑝ℎ  𝑔𝑗𝑘 − 𝑔𝑝𝑘  𝑔𝑗ℎ )   

                  + 
1

3
 𝛼𝑙𝑚( 𝑔𝑝𝑘  𝑅𝑗ℎ − 𝑔𝑗𝑘 𝑅𝑝ℎ) −  

1

3
 ( 𝑔𝑝𝑘  𝑅𝑗ℎ − 𝑔𝑗𝑘 𝑅𝑝ℎ)

|𝑙|𝑚
   , 

where  𝑔𝑖𝑝 𝑅ℎ 
𝑖 = 𝑅𝑝ℎ  , this shows that  

(3.7)          𝑅𝑗𝑝𝑘ℎ|𝑙|𝑚 = 𝛼𝑙𝑚 𝑅𝑗𝑝𝑘ℎ +  𝛽𝑙𝑚 ( 𝑔𝑝ℎ 𝑔𝑗𝑘 − 𝑔𝑝𝑘  𝑔𝑗ℎ  )       , 

if and only if  

(3.8)          ( 𝑔𝑝𝑘  𝑅𝑗ℎ −  𝑔𝑗𝑘 𝑅𝑝ℎ)
|𝑙|𝑚

   =  𝛼𝑙𝑚( 𝑔𝑝𝑘  𝑅𝑗ℎ −  𝑔𝑗𝑘 𝑅𝑝ℎ)   . 

Thus, we conclude  

Theorem 3.2.  In 𝐺𝑊ℎ-𝐵𝑅𝐹𝑛 , the associate curvature tensor  𝑅𝑗𝑝𝑘ℎ is generalized birecurrent if 

and only if the tensor ( 𝑔𝑝𝑘  𝑅𝑗ℎ − 𝑔𝑗𝑘 𝑅𝑝ℎ) is birecurrent. 

Transvecting (3.4) by 𝑦𝑗 , using (1.5b), (1.15b), (1.1a) and (1.15d), we get 
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(3.9)          𝐻𝑘ℎ|𝑙|𝑚
𝑖 = 𝛼𝑙𝑚 𝐻𝑘ℎ 

𝑖 +  𝛽𝑙𝑚( 𝛿ℎ
𝑖  𝑦𝑘 −  𝛿𝑘

𝑖  𝑦ℎ  )   

                  + 
1

3
 𝛼𝑙𝑚( 𝛿𝑘

𝑖  𝐻ℎ − 𝑦𝑘 𝑅ℎ 
𝑖 ) −  

1

3
 ( 𝛿𝑘

𝑖  𝐻ℎ − 𝑦𝑘 𝑅ℎ 
𝑖 )

|𝑙|𝑚
   . 

This shows that  

(3.10)        𝐻𝑘ℎ|𝑙|𝑚
𝑖 = 𝛼𝑙𝑚 𝐻𝑘ℎ 

𝑖 +  𝛽𝑙𝑚( 𝛿ℎ
𝑖  𝑦𝑘 −  𝛿𝑘

𝑖  𝑦ℎ  )       

if and only if  

(3.11)        ( 𝛿𝑘
𝑖  𝐻ℎ −  𝑦𝑘 𝑅ℎ 

𝑖 )
|𝑙|𝑚

= 𝛼𝑙𝑚( 𝛿𝑘
𝑖  𝐻ℎ −  𝑦𝑘 𝑅ℎ 

𝑖 )   . 

Thus, we conclude  

Theorem 3.3. In  𝐺𝑊ℎ-𝐵𝑅𝐹𝑛 , the h-covariant derivative of the second order for the h(v)–torsion 

tensor 𝐻𝑘ℎ
𝑖  is geven by (3.10) if and only if the tensor ( 𝛿𝑘

𝑖  𝐻ℎ −  𝑦𝑘 𝑅ℎ 
𝑖 ) is birecurrent. 

Also, transvecting (3.9) by 𝑦𝑘  , using (1.5b), (1.10a) and (1.1b), we get 

                  𝐻ℎ|𝑙|𝑚
𝑖 = 𝛼𝑙𝑚 𝐻ℎ 

𝑖 +  𝛽𝑙𝑚( 𝛿ℎ
𝑖  𝐹2 −  𝑦ℎ  𝑦𝑖 )   

                   + 
1

3
 𝛼𝑙𝑚( 𝐻ℎ 𝑦

𝑖 −  𝐹2 𝑅ℎ 
𝑖 ) −  

1

3
 ( 𝐻ℎ 𝑦

𝑖 −  𝐹2 𝑅ℎ 
𝑖 )

|𝑙|𝑚
   . 

This shows that  

(3.12)        𝐻ℎ|𝑙|𝑚
𝑖 = 𝛼𝑙𝑚 𝐻ℎ 

𝑖 +  𝛽𝑙𝑚( 𝛿ℎ
𝑖  𝐹2 −  𝑦ℎ  𝑦𝑖 )        

if and only if  

(3.13)        ( 𝐻ℎ 𝑦
𝑖 − 𝐹2 𝑅ℎ 

𝑖 )
|𝑙|𝑚

= 𝛼𝑙𝑚( 𝐻ℎ 𝑦
𝑖 −  𝐹2 𝑅ℎ 

𝑖 )   . 

Thus, we conclude  

Theorem 3.4. In 𝐺𝑊ℎ-𝐵𝑅𝐹𝑛 , the h-covariant derivative of the second order for the deviation 

tensor 𝐻ℎ
𝑖  is geven by (3.12) if and only if the tensor (𝐻ℎ 𝑦

𝑖 −  𝐹2 𝑅ℎ 
𝑖 ) is birecurrent. 

Further, transvecting (3.9) by 𝑔𝑖𝑝 , using (1.5a) and (1.10b), we get 

                  𝐻𝑝𝑘.ℎ|𝑙|𝑚 = 𝛼𝑙𝑚 𝐻𝑝𝑘.ℎ + 𝛽𝑙𝑚 ( 𝑔𝑝ℎ  𝑦𝑘 − 𝑔𝑝𝑘  𝑦ℎ  )   

                  + 
1

3
 𝛼𝑙𝑚( 𝑔𝑝𝑘  𝐻ℎ −  𝑦𝑘 𝑅𝑝ℎ) − 

1

3
 ( 𝑔𝑝𝑘  𝐻ℎ − 𝑦𝑘 𝑅𝑝ℎ)

|𝑙|𝑚
   , 

where  𝑔𝑖𝑝 𝑅ℎ 
𝑖 = 𝑅𝑝ℎ  , this shows that  

(3.14)        𝐻𝑝𝑘.ℎ|𝑙|𝑚 = 𝛼𝑙𝑚 𝐻𝑝𝑘.ℎ +  𝛽𝑙𝑚 ( 𝑔𝑝ℎ 𝑦𝑘 − 𝑔𝑝𝑘  𝑦ℎ  )        

if and only if  

(3.15)        ( 𝑔𝑝𝑘  𝐻ℎ − 𝑦𝑘 𝑅𝑝ℎ)
|𝑙|𝑚

= 𝛼𝑙𝑚( 𝑔𝑝𝑘  𝐻ℎ −  𝑦𝑘 𝑅𝑝ℎ)   . 

Thus, we conclude  

Theorem 3.5. In 𝐺𝑊ℎ-𝐵𝑅𝐹𝑛 , the h-covariant derivative of the second order for the associate 

curvature tensor 𝐻𝑘𝑝.ℎ  is geven by (3.14) if and only if the tensor (𝑔𝑝𝑘  𝐻ℎ − 𝑦𝑘 𝑅𝑝ℎ)  is 

birecurrent. 
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 الملخص 
 

𝑊𝑗𝑘ℎ  لويليالتقوسي   الموتر  الذي يحقق𝐹𝑛  ، عرفنا فضاء فنسلر  في هذه الورقة      
𝑖   ة  حالال بفي مفهوم كارتان

 الآتية : 

                         𝑊
𝑗𝑘ℎ׀𝑙׀𝑚
𝑖 =  𝛼𝑙𝑚𝑊𝑗𝑘ℎ

𝑖 + 𝛽𝑙𝑚 (𝛿ℎ
𝑖  𝑔𝑗𝑘 − 𝛿𝑘

𝑖  𝑔𝑗ℎ)          ,       𝑊𝑗𝑘ℎ
𝑖 ≠ 0    , 

بالنسبة إلى    (ن النوع الثانيمكارتان  متحدة الاختلاف من الرتبة الثانية )مشتقة    –h  هي مشتقة    𝑚׀ 𝑙׀ حيث       

التعاقب 𝑥𝑙  و   𝑥𝑚ين  الوضعي  ينالمسقط أن   على  حقول     𝛽𝑙𝑚و  𝛼𝑙𝑚   إذ  متحدة  ة  غير صفريهي  لمتجهات 

وأطلقنا   فنسلر    يهعلالاختلاف  فضاء  بالرمز  ثنائي  - 𝑊ℎتعميم  إليه  ورمزنا  .  𝐺𝑊ℎ-𝐵𝑅𝐹𝑛   التالي  المعاودة 
ال  الاختلافالمتحدة    –hلمشتقة  اأوجدنا   لويلي    ةالثاني  مرتبةمن  الألتوائي  𝑊𝑘ℎللموتر 

𝑖     الأو  نحرافي للموتر 

𝑊ℎلويلي  
𝑖   الاسقاطي لويلي     للموترو كذلك𝑊𝑗𝑘ℎ

𝑖   اللازم والكافي للموتر  كذلك أوجدنا الشرط  .في هذا الفضاء

𝑅𝑗𝑘ℎلكارتان    ثالثالقوسي ال
𝑖  لإيجاد    أوجدنا الشرط اللازم والكافيثم  ،  المعممة    لتكون ثناية المعاودة   ومرافقه

ال  الاختلاف المتحدة    –h  المشتقة  𝐻𝑘ℎ  ،  الإلتوائيلموتر  ل  ةالثاني  مرتبةمن 
𝑖 الإلتوائي  المرافق    لموتر ا  𝐻𝑘𝑝.ℎ  

𝐻ℎ   نحرافيللموتر الأوكذلك 
𝑖  في هذا الفضاء . 

  

 𝑊𝑗𝑘ℎ  ر الأسقاطي لويليت، المو  عاودة ي الم  ئ ا نث    - 𝑊ℎفنسلر   فنسلر ، تعميم فضاء فضاءكلمات مفتاحية:   ال
𝑖، 

𝑅𝑗𝑘ℎلكارتان  ثالثقوسي الت لموتر الا
𝑖  .   
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