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ARTICLE  INFO 
Abstract 

       This research paper delves into a comprehensive analysis of the concircular curvature 

tensor and its intricate relationships with other tensors under the Lie derivative. The 

concircular curvature tensor, a fundamental geometric invariant, plays a pivotal role in 

characterizing the local geometry of Riemannian manifolds. By employing the powerful tool 

of the Lie derivative, we explore how the concircular curvature tensor transforms under 

infinitesimal transformations of the underlying manifold. Our study uncovers novel 

connections between the concircular curvature tensor and other significant tensors, such as 

the Ricci tensor and Weyl tensor, providing deeper insights into the geometric structure of 

Riemannian spaces. The results obtained in this paper not only contribute to the advancement 

of differential geometry but also have potential applications in various fields, including 

general relativity and theoretical physics.This research expands the definition of concircular 

curvature tensor within the context of generalized fifth recurrent Finsler space for Cartan's 

fourth curvature tensor     
  in sense of Berwald. By employing the    -derivative, we delve 

into the various connections between concircular, conformal, conharmonice curvature tensors 

and the Cartan’s third curvature tensor     
  .. 
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1. Introduction 

    The concircular curvature tensor, introduced by Yano 

and Bochner, is a geometric invariant that has garnered 

significant attention due to its close connection with the 

conformal geometry of Riemannian manifolds. This tensor, 

defined as a specific linear combination of the Riemann 

curvature tensor and the Ricci tensor, encapsulates 

information about the local shape and curvature of a 

manifold. In this paper, we embark on a systematic 

investigation of the concircular curvature tensor and its 

interactions with other tensors under the Lie derivative.  

The Lie derivative, a fundamental operation in differential 

geometry, provides a means to study the infinitesimal 

changes of geometric objects along vector fields. By 

applying the Lie derivative to the concircular curvature 

tensor, we aim to uncover new properties and relationships 

that can shed light on the geometric structure of 

Riemannian manifolds. Our study is motivated by the belief 

that a deeper understanding of the concircular curvature 

tensor and its connections with other tensors will have far-

reaching implications in various areas of geometry and 

physics. 

The Lie derivative is a fundamental concept in differential 

geometry that measures the rate of change of a tensor field 

along the flow of another vector field. In simpler terms, it 

tells us how a geometric object (like a vector field or a 

tensor) changes as we move it along a curve defined by a 

particular vector field. 

Here's a more formal definition: Given a smooth manifold 

M, a vector field   on M, and a tensor field T on M, the Lie 

derivative of T with respect to   , denoted by      , is a 

new tensor field of the same type as T that measures the 

infinitesimal change of T along the flow generated by   . 

https://uajnas.adenuniv.com/
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       Ahsan and Ali [3] investigated the concircular 

curvature tensor, establishing relationships between it and 

the conformal, conharmonic, and projective curvature 

tensors. Ali et al. [5] further explored curvature tensors 

within conformally flat spaces. 

Al-Qashbari et al. ([8], [9], [11]) introduced generalized 

recurrence in higher-order Finsler spaces and examined 

various recurrence curvature tensors. Abdallah [1] studied 

the relationship between two curvature tensors in Finsler 

spaces, while Al-Qashbari [7] introduced the R-projective 

curvature tensor in recurrent Finsler space. Abdallah and 

Hardan [2] explored P-third-order generalized Finsler space 

in the Berwald sense. 

Ali et al. [6] investigated identities involving the 

conharmonic curvature and other tensors. Bidabad and 

Sepasi [13] completed the study of Finsler spaces with 

constant negative Ricci curvature. The curvature tensor 

field on D-recurrent Finsler space was studied by 

Atashafrouz and Najafi [12], while Voicu [18] established 

the Finsler spacetime condition for metrics. Al-Qashbari 

and Baleedi [10] introduced a Lie derivative in generalized 

fifth recurrent Finsler space for Cartan’s fourth curvature 

tensor in the Berwald sense. Ali et al. [4] studied the Lie 

derivative of the M-projective curvature tensor and its 

properties. The Lie derivative of forms and their 

applications were explored by various authors ([14]-[17]). 

We consider a generalized fifth recurrent Finsler space that 

fulfills the condition outlined in [9]. 
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A conformal curvature tensor      ( also know as Weyl 

conformal curvature tensor) is defined as [3]: 
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A conharmonice curvature tensor      
  is defined as [3]: 
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The following relationships hold for the metric tensor     

and the Kronecker delta    
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The associate curvature tensor       of the Cartan's third 

curvature tensor      
  is defined by 

             
       (1.7) 

An affinely connected space, also known as a Berwald 

space, can be defined by one of several equivalent 

conditions (as detailed in [9]).  

            and            
        (1.8) 

Using Eq. (1.8a) in Eq. (1.1) and taking the    - derivative 

of both sides of the result equation, we have  
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By applying the fifth-order Berwald covariant derivative to 

Equation (1.5) with respect to    ,   ,   ,    and   , 

followed by the application of the Lie-derivative to both 

sides of the resulting equation, we obtain: 
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2. On the Concircular Curvature Tensor in    -     

        In this paper, we delve into the intricate properties 

and applications of the concircular curvature tensor. We 

provide a comprehensive overview of this fundamental 

tensor in differential geometry, exploring its relationship 

with other curvature tensors and its role in characterizing 

various geometric structures. 

Definition 2.1: A concircular curvature tensor        is 

defined as ( see [3] ): 

              
 

  
(             )                       (2.1) (2.1) 

By applying the fifth-order Berwald covariant derivative to 

Equation (2.1) with respect to    ,   ,   ,    and   , 
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followed by the application of the Lie-derivative to both 

sides of the resulting equation, we obtain: 
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By applying the Lie-derivative operator to both sides of 

Equation (2.2), we arrive at 
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Using Eq. (1.7) in Eq. (2.3), we get 
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Using Eq. (1.8a) in Eq. (2.4), we get 
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Therefore, we can state the following theorem 

Theorem 2.1. In          )in the sense of Berwald 

space),the    -derivative of Berwald covariant derivative of 

the fifth order for the Cartan’s third curvature tensor     
  

and the concircular curvature tensor       linking together 

by the relation (2.6). 

From Eq. (2.6), we get 

  (               )       (              
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If and only if 
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Thus, we conclude 

Corollary 2.1: In          (in the sense of Berwald 

space), the    -derivatives of Berwald covariant derivative 

of the fifth order for concircular curvature tensor       and 

the Cartan’s third curvature tensor     
  are codirectional if 

and only if (2.8) holds good. 

Taking the    -derivative of both sides of Eq. (2.1), we get 
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By applying the fifth-order Berwald covariant derivative to 

Equation (2.9) with respect to    ,   ,   ,    and   , 

followed by the application of the Lie-derivative to both 

sides of the resulting equation, we obtain: 
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Using Eq. (1.7) in Eq. (2.10), we get 
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In view of Eqs. (2.4) and (2.11), we get 
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If and only if  
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Hence, the following theorem holds 

Theorem 2.2. In          ,the    -derivative for the 

concircular curvature tensor       and the Berwald 

covariant derivative of the fifth order are commutative 

[provided (2.13) holds]. 

Transvecting Eq. (2.1) by Cartan’s third curvature tensor 

     
 , we get 

     
            

           
 [ 

 

  
(             )]   (2.14) 

             …(2.14) 

By applying the fifth-order Berwald covariant derivative to 

Equation (2.14) with respect to    ,   ,   ,    and   , 

followed by the application of the Lie-derivative to both 

sides of the resulting equation, we obtain: 
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Taking the    -derivative of both sides of Eq. (2.15), we 

get 
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Consequently, we have the following theorem 

Theorem 2.3. In          ,the    -derivative of 

Berwald covariant derivative of the fifth order for the 

product of the Cartan’s third curvature tensor      
 and the 

concircular curvature tensor       is giving by (2.16).  

Using Eqs. (1.2) and (1.6) in Eq. (2.6), we get 
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If and only if (1.3) holds good. 

Which can be written as 
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If and only if (1.3) holds good. 

As a result, we arrive at the following theorem 

Theorem 2.4. In          )in the sense of Berwald 

space), the    -derivative for the Cartan’s third curvature 

tensor     
  is giving by (2.18) [provided (1.3) holds]. 

Adding the Cartan’s third curvature tensor      
  of both 

sides of Eq. (2.1), we get 
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By applying the fifth-order Berwald covariant derivative to 

Equation (2.19) with respect to    ,   ,   ,    and   , 

followed by the application of the Lie-derivative to both 

sides of the resulting equation, we obtain: 
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Taking the    -derivative of both sides of Eq. (2.20), we 

get 
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It follows that the following theorem is true 

Theorem 2.5. In          ,the    - derivative of 

Berwald covariant derivative of the fifth order for the 

addition of the Cartan’s third curvature tensor     
  and the 

concircular curvature tensor       is giving by (2.21). 

Adding Eq. (2.6) with Eq. (2.3), we get 
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In view of Eqs. (2.21) and (2.22), we get 
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Therefore, we can state the following theorem 

Theorem 2.6. In          )in the sense of Berwald 

space), the    -derivative is distributive on the addition of 

Berwald covariant derivative of the fifth order for the 

Cartan’s third curvature tensor     
  and the concircular 
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curvature tensor       [ provided the equation (2.24) 

holds]. 

Using Eq. (1.4) in Eq. (2.1), we get 
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By applying the fifth-order Berwald covariant derivative to 

Equation (2.25) with respect to    ,   ,   ,    and   , 

followed by the application of the Lie-derivative to both 

sides of the resulting equation, we obtain: 
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Taking the    -derivative of both sides of Eq. (2.26), we 

get 
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Which can be written as 
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If and only if  
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From this, we may conclude the following theorem 

Theorem 2.7. In          ,the    -derivative of 

Berwald covariant derivative of the fifth order for the 

concircular curvature tensor       and the conformal 

curvature tensor       both are equal [provided (2.29) 

holds]. 

Adding the conharmonice curvature tensor     
  of both 

sides of Eq. (2.1), we get 
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By applying the fifth-order Berwald covariant derivative to 

Equation (2.30) with respect to    ,   ,   ,    and   , 

followed by the application of the Lie-derivative to both 

sides of the resulting equation, we obtain: 
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Taking the    -derivative of both sides of Eq. (2.31), we 

get 
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Which can be written as 
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In summary, we have proven the following theorem 

Theorem 2.8. In          , the concircular curvature 

tensor        is transforming to the associate curvature 

tensor       when the    -derivative is distributive on the 

addition of Berwald covariant derivative of the fifth order 

for the conharmonice curvature tensor     
  and the 

concircular curvature tensor       [provided (2.34) holds]. 

Using Eq. (1.10) in Eq. (2.32), we get 

                  
          

                  
      [               ]  

 

 
  [          (     

    
       

          
 )]  

   [          [ 
 

  
(             )]]               (2.35) 

             …(2.35) 

Which can be written as 

                  
          

                  
     [               ]      (2.36) 

             …(2.36) 

If and only if  
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To summarize, the following theorem holds 

Theorem 2.9. In          , the conharmonice 

curvature tensor      
   and the concircular curvature tensor 

      are transforming to the Cartan’s third curvature 

tensor     
  and the associate curvature tensor       

respectively when the    -derivative is distributive on the 

addition of Berwald covariant derivative of the  fifth order 

for the conharmonice curvature tensor      
  and the 

concircular curvature tensor       [provided (2.37) holds]. 
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3. Conclusions 

      In this research, we have conducted a 

comprehensive study of the concircular curvature 

tensor and its interactions with other tensors under 

the Lie derivative. Our findings have revealed novel 

connections between the concircular curvature tensor 

and the Ricci and Weyl tensors, providing deeper 

insights into the local geometry of Riemannian 

manifolds. This research contributes significantly to 

the field of differential geometry by offering a more 

precise description of concircular geometry and 

providing new tools for analyzing the geometric 

properties of Riemannian manifolds. Moreover, our 

results have potential applications in general 

relativity, where they can be used to study the 

geometric properties of spacetime. In this paper an 

attempt has been made to investigate the relationship 

between concircular curvature tensor and other 

curvature tensors especially conformal, 

conharmonice curvature tensor and Cartan’s third 

curvature tensor     
  by    -derivative in 

generalized fifth recurrent Finsler space for Cartan's 

fourth curvature tensor     
  in sense of Berwald. 
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 بحث عٍّي

𝐆𝓑𝐊 في ححج ِشخمت ٌي دساست ِٛحش الأحٕاء اٌذائشي ٚحفاعلاحٗ ِع ِٛحشاث أخشٜ  𝟓𝐑𝐅𝐧    

عادل محمد علي القشبري
2,1  

 اال  للعيذيسعيذة محمد و
3 

1(
 اليوي – عذى – عذى جاهعت – ذىع الترليت كليت – الرياضياث قسن  

2(
 اليوي –عذى  –جاهعت العلىم والتكٌىلىجيا  –كليت الهٌذست والحاسباث  –قسن العلىم الأساسيت   

3(
 اليوي – زًجبار –أليي  جاهعت – زًجبار الترليت كليت – الرياضياث قسن  

 
https://doi.org/10.47372/uajnas.2024.n2.a08  

 ِفاحيح اٌبحث
 الملخص

حٍخص ٘زٖ اٌٛسلت اٌبحثيت ححٍيلاً شاِلاً ٌّٛحش الأحٕاء اٌذائشي ٚعلالاحٗ اٌّعمذة ِع ِٛحشاث أخشٜ ححج ِشخمت 

ً في ححذيذ إٌٙذست اٌّحٍيت ٌي. يعخبش ِٛحش الأحٕاء اٌذائشي، ٚ٘ٛ ثابج ٘ ٕذسي أساسي، عٕصشاً ِحٛسيا

ٌٍّفىٛواث اٌشيّأيت. ِٓ خلاي اسخخذاَ الأداة اٌمٛيت ٌّشخمت ٌي، ٔسخىشف ويف يخحٛي ِٛحش الأحٕاء اٌذائشي 

ححج اٌخحٛيلاث اٌلاِخٕا٘يت اٌصغيشة ٌٍّفىٛن الأساسي. حىشف دساسخٕا عٓ سٚابط جذيذة بيٓ ِٛحش الأحٕاء 

ي ِٚٛحشاث ِّٙت أخشٜ، ِثً ِٛحش سيخشي ِٚٛحش ٚايً، ِّا يٛفش سؤٜ أعّك في اٌبٕيت إٌٙذسيت اٌذائش

ٌٍّفىٛواث اٌشيّأيت. لا حساُ٘ إٌخائج اٌخي حُ اٌحصٛي عٍيٙا في ٘زٖ اٌٛسلت فمط في حمذَ إٌٙذست اٌخفاضٍيت، 

يٛسع ٘زا  .عاِت ٚاٌفيزياء إٌظشيتبً ٌٙا أيضًا حطبيماث ِحخٍّت في ِجالاث ِخخٍفت، بّا في رٌه إٌسبيت اٌ

اٌبحث حعشيف ِٛحش الأحٕاء اٌذائشي في سياق فضاء فيٕسٍش اٌعاَ اٌّخىشس ِٓ اٌذسجت اٌخاِست ٌّٛحش أحٕاء 

𝑲𝒋𝒌𝒉 واسحاْ اٌشابع
𝒊  بحسب بيشٚاٌذ. ِٓ خلاي اسخخذاَ اٌّشخمت، ٔخعّك في اٌشٚابط اٌّخخٍفت بيٓ ِٛحشاث

𝑹𝒋𝒌𝒉 .  اٌخٛافمي، ٚاٌخٛافمي اٌّضاد، ِٚٛحش أحٕاء واسحاْ اٌثاٌثالأحٕاء اٌذائشي، ٚ
𝒊  

 

2024ًىفوبر  08التسلين :   

  2024ديسوبر  31القبىل : 

 

:وٍّاث ِفخاحيت  

شتتقا  هي لالفضاء فيٌسلر العام 

 ،  𝑳𝒗ت, هشتقت لي الخاهس الذرجت

هىتر  ،𝑪𝒊𝒋𝒌𝒉  هىتر الاًحٌاء الوطالق

𝑳𝒋𝒌𝒉 الوضادتىافقي ٌاء الالاًح
𝒊 ،  هىتر

𝑴𝒋𝒌𝒉 الاًحٌاء الذائري
𝒊 . 
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