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extended (p, q)-Beta function by considering product of two Mittag-Leffler

functions in the kernel. We investigate various properties of this newly
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defined Beta function such as integral representations, summation formulas
summation and Mellin transform. Further, some known and new relations for various

forms of extended Beta functions are obtained as special cases of the main

1. Introduction

There are many extensions and generalizations of the (p,q)
Beta function(see for example [1,3-10,13], have been
considered by several authors. In this paper, we study
another extension of the (p,q)-Beta function and investigate
various formulas, such as integral representation,
summation formula and Mellin transform.

The Gamma function I'(z) developed by Euler [2] with the
intent to extend the factorials to values between the integers
is defined by the definite integral.

The Gamma function I'(z) developed by Euler [2] with the
intent to extend the factorials to values between the integers

is defined by the definite integral.

Ir'(z) = f e tt7 1 dt

0

Re(z) > 0. (1)

The Euler Beta function B(z,, z,) (see [14]) is defined by

B(z,,2,) = f t2™1 (1—t)% 1 dt.Re(z,) >0 ,Re(z,) >0 (1.2)
0

Among various extensions of gamma function, we mention
here the extended gamma function [6] defined by Chaudhry

and Zubair

L,(2) zf t7 1 exp(
0

In 1997, Choudhary et al. [7] introduced an extension of the

P

t) dt , (Re(p) > 0). (1.3)

Beta function defined by

1

BP(2,,2,) = f £2171 (1 — )21 exp (— t(l";_t)) dt, (1.4)

0

where
Re(p) =20 , (Re(z)) >0 ,Re(zy) > 0).
In 2011, Lee et al. [10] introduced an extension of the Beta

function defined by

1

ByGayim) = [ 67 (1= 0 eap (-
0

p
m) dt, (1.5)

Where
Re(p) =0 ,Re(x) >0 ,Re(y) >0,
The following extended Beta function is introduced by

m>0

Choi et al. [8] respectively:

B(x,y,p.q) = f t* 1 (1 —t)Y exp (—g e q_ t)) dt. (1.6)
0

The following extended Beta function is given by Rahman
etal. [13]:

BP?(x,y) = folt"‘l (1-t)'E, (_ ?) Eq (_ Otlj) . @D
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Re(x) >0 ,
where E,(.) is the classica Mittag-Leffler function
defined as [11]

oo Z"
Eq(2) = nzzom ) (1.8)

Afterwards, Atash et al. [3] introduced the following

Re(y) >0, p,g>0

extension of Beta function:

1
@0 N - 14 q
B® (x,y) _fo E (1= B (=) Eap (—m) dt, (1.9)
Re(x) > 0,Re(y) > 0,Re(a) >0,Re(B) >0, p,g>0
where E,g(.) is the generalized Mittag-Leffler function

defined as [16]

o .
anl;(x) = nzzom . (110)
Xx€EC ,a,BER]

In (2019), Barahmah [4] introduces a new extended of Beta

where

function in the following form:

BEI (x,y) = [ (1— )7 EZ, (— g) ESp (— ﬁ) dt, (1.11)
Re(p) > 0,Re(p) > 0,Re(x) > 0,Re(y) >0,
a,B,0 € RS, u,v € R,
where Eg, (.) is the generalized Mittag-Leffler function
defined as [12]

s oo (@ K
Ea,lf’ x) = kzom F

(1.12)
Khan et at. [9] introduces a new extended of Beta function
in the following form:

( ) ! p q

LHIAS x—1 y-1 -

B,g" " (x,y) = fo t*1(1-1t) Ea( t“) Ea( a t)") dt, (1.13)
Re(p) =0, Re(q) =0, Re(x) >0 ,Re(y) >0, a,u,v>0

and E, is a Mittag-Leffler function.

1. A new extension of the Beta function
In this section, we introduce a new extension of the
extended Beta function and investigate various properties

and representations
1
B0y = [ e -0
0

74 _B vo(_ q
x E"ﬁ( tu) E"‘ﬁ< 1-0v
Re(q) >0, Re(x) > 0,Re(y) >0,

a,B,y,0 € R, u,v ERT,

)dt, 1)

Re(p) >0,
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where E’; (.) is the generalized Mittag-Leffler function

defined as [15]

; _ c (y)pk xk
Eqp () = LiT(ak +p) kt

Remark 2.1. The known special cases of formula (2.1) are
given as follows

On setting u=v=y =1 ,in Eq. (2.1), it reduces to (1.11)
established by Barahmah in [4].

On setting u=v=y =0 =1, in Eq. (2.1), it reduces to (1.9)
established by Atash et al.in [3].

Onsetting u=v=y=0=F=1,inEq. (2.1), it reduces to
(1.7) established by Rahman et al. [13].

Onsetting u=v=y=0=8=a=1,inEq. (2.1), it reduces
to (1.6) established by Choi et at. [7].

Onsetting y=0c=f=a=1,u=v=m and p =q, inEq.
(2.1), it reduces to (1.5) established by Lee et al. in [10].

On setting u=v=y=0=Ff=a=1, and p=gq, in Eq.
(2.1), it reduces to (1.4) established by Chaudhry et at. in [7].
Onsetting u=v=y=0=F=a=1and p=q=0,inEq.
(2.1), it reduces to (1.2) established by Srivastava et at. In [14].
On setting y=0= =1, in Eq. (2.1), it reduces to (1.13)
established by Khan et at. [9].

Remark 2.2. There are several new special cases obtained
from formula (2.1) which are as follows:

If we take u=v=1 , in Eq. (2.1), we obtain the
following result:

1
(v.av.0) _ x— - 0 p 0 q
B (x,y)—J;t ra-oEyg (-7) B (- 10) dt @)
If we take y =1, in Eg. (2.1), we obtain the following

result

1, x— —
B0 o) = [ o7 (=0 g (- &) Bap (- 555) de 23)

If we take y,0 =1,inEq. (2.1), we obtain the following

result

1
BYH oy) = [t - o
0

14 q
XE(Z,B (_t_u) Ea,ﬁ’ (-m) dt. (24)
If wetake y=0=a=8=1, in Eqg. (2.1), we obtain

the following result

1
- - p q
BFD (x,y) = fo (1 —-t) exp (_t_“_ t)") dt. (2.5

a-
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3. Some Properties of B‘(f"’"‘""s's""") (x,y)
In this section we get some interesting relation for
summation formulas for Bg,;q'”'"""") (x,y) as the following

theorems:
Theorem 3.1. The following integral representations holds

true:
s

@) Bgl;q’“’v’y’a)(x, y) = 2f cos?*1 § sin?r~1 BEYG( —p (sec?6)*)

0

X El;"‘g(—zz(c:osec‘2 0)")de, 3.1)
@) BIT ()

®  wrt (1 +w)H
= G EVg (—p o )EZ’;(—q A +w)V)dw, (3.2)

(i) B y) = (=~ a)' f LWy - wy

- (c—a)* - (c—a)
x B ( e W)ﬂ) E;"E( e W)V> dw, (33)
()  BEHT (xy) = 2175 f A+w) I —w)?
o 2u 0 v
<525 (- m) EY (—q m) dw. (.4
Proof: For prove the formula (3.1), putting t = cos?8 =

dt = —2cos@sinf in(2.1), we have

0 beq'”'v’y’”)(x, y) =2 foz(cosz 0)*"1 (1 — cos?0)¥~1
—-p —q .
EY? ( ) EV?S ( ) 6sin@ de,
«f \(cos20)+) "8 \(1 = cos2g)?) “*°7 "

™
-p —-q
=2 2x-1 2y-1 EV”( )EY:U'( ) ,
J; cos 6 sin 6 w8 \(coszgyu) Eas \Gsimzgyv deo

which on using simple definitions, we get the desired

result.
Similarly, results (3.2), (3.3) and (3.4) can be proved by

w-a 1+w

taking the transformation = — , t =—— and t = —
1+w c—a 2

in (2.1) respectively. Thus the proof of Theorem 3.4 is
completed.

Remark 3.1.

(i) in(3.1),(3.2),(33)and (34),ifwetake pu=v=1

we obtain the following new results:

2
Béf’t;,q'y'd)(x, y) = Zfo cos®* 1 @sin®~ 10 EZ”Z(—p sec?6)

1+w)

X Ey”( q cosec? 8)d6, 3.5)
(pqya) 2wt V.0 v.0
B, (x,y) = , A+ w) Ea_;; -p Ea_;g(_q ¢!
+w))dw, (3.6)

c
B‘S’[}q'y’a)(x’ y) = (C —_ a)l_x_y-f (1 - W)x_l(l - W)y_l
a

E-ISSN: 2788-9327

0 ( a) (C—a)
xE;B( (1 W)>E (q(l_w)>dw, (3.7)

B 0) =2 [ wyia - wp

x £ (- (1fw)> AR a 2w)) (38)
(ii) If we take
result of Barahmah [4, p. 43, {(2.6) - (2.8)}].
(iii) Ifwetake u =v =y =0 =1, then we get a known
result of Atashetal. [3, p. 17, {(2.7) - (2.9)}].

(iv) If we take

u=v =0 =1, then we get a known

u=v=y=o0=f =1, then then we
get a known result a known result of Rahman et al.
[13, p. 6, {(2.5) - (2.8)}].

(v) On setting u=v=y=0==a=1, then then
we get a known result a known result of Choi et at.
[8, p. 361-362, {(2.5) — (2.8)}].

(vi) If we take u=v=y=oc=f=a=1 and

p =q , then then we get a known result a known

result of Chaudhry et at. [7, p. 22, {(2.7) — (2.9) and

(2.10)3].

Theorem 3.2. The following summation formula holds

true:
n

n
Béf’éq’”’v'y'”) xy) = Z (k) B‘if’l;q'“'v’y'a) (x+ky+n—k).neN,(3.9)
k=0

Proof: To prove of (3.9) we use the mathematical induction
on (n € Ny) as follows:
Clearly, For n = 0 the equation (3.5) holds.

Forn = 1, we have

1
BIHID () = [t (- o2
0

Py q
TACATAE - t)y) dt,

1 vt 1 . 14 0 q
=f0 1 (1-t) {t+(1—t)}EZ,( )Eoytﬁ( (1—t)”)dt'

tu

f{tx A—0) 4+ * 1(1—t)y}EVU(‘£)EZ;( (1ft)”>dt'

= BIIYD (x4 1,y) + BT (2, y + 1), (3.10)
Repeating the same argument to the above two terms in
(3.10), we obtain

Bo(lz’al.?q.u.v.y.a)(x, y) = Bo(lz’al.?q.u.v.y.a)(x +2,9)

+2BIITO (6 + 1,y + 1) + BT (2, + 2). (3.11)
Continuing this process for all (n € N), we finally obtain

the desired relation (3.9).
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Remark 3.2.
As a special cases of (3.9)
(i) If we take u = v =1, we obtain the following new

result:
n

B;ﬁ;q'y"r) xy) = Z (Z) B;%q'y"r) (x+ky+n—-k).neN, (3.12)
k=0

(i) Onsetting u=v =y =1, then (3.9) reduces to a
known result of Barahmah [4, p.44, (2.3)].

(iii) Onsetting u =v =y =0 = 1, then (3.9) reduces to

[3, p. 16, (2.3)].

u=v=y=0=p=1, then (3.9)
reduces to a known result of Rahman et al. [13, p. 7,
(3.1)].

(v) Onsetting uy=v=y=0=8=a=1, then (3.9)

a known result of Atash et al.

(iv) On setting

reduces to a known result of Choi et at. [8, p. 362

311

(vi) Onsetting u=v=y=0=B=a=1and p=gq
then (3.9) reduces to a known result of Chaudhry et at.
[7,p. 23. (3.1)].

Theorem 3.3. The following summation relation holds
BEIEIYD) (3,1 - y) = Z (3% BEITYD) (x 4 1, 1), (3.13)
n=0

Proof: from (2.1), we have

1

BUH D 1 - y) = [ e - o
0
24 _E Yol _ q
x £ (-2) Eaﬁ( e t)v) dt

using the generalized binomial theorem

(1—t)"yzz(3?'nt", [t <1,
n=0
we obtain
B(nwm.y.d) x1-y)
— (y)” x+n-1gv¥,0 1Z4
_fo L prenagy (——)th ( - ))dt

=0
Now, interchanging the order of summation and integration
in the above equation and using (2.1), we obtain the
required result (3.13).

Remark 3.3.
(i) On setting u=v=1 in (3.13), we obtain the

following new result:

E-ISSN: 2788-9327

(y)
BEIYD (x,1 - y) = n
n=0

u=v =y =1, then (3.13) reduces to a

T B (e, 1), (3.14)

(ii) On setting
known result of Barahmah [4, p. 44, (2.1)].

(iii) On setting u=v =y =0 =1, then (3.13) reduces
to a known result of Atashetal. [3,p. 16, (2.1)].

u=v=y=0=p=1, then (3.13)
reduces to a known result of Rahman et al. [13. P. 7,
(3.5)].

(v) Onsetting uy=v=y=0=8=a=1, then (3.13)

(iv) On setting

reduces to a known result of Choi et at. [8, p. 362
(3.2)].

(vi) Onsetting u=v=y=0=B=a=1and p=gq
then (3.13) reduces to a known result of Chaudhry et
at. [7, p. 27, (4.23)].

Theorem 3.4. The following summation relation holds

BUIT D (,y) = ) BT (x4, + 1), (3.15)

n=0
Proof: To prove (3.15), using the relation
A-ort=@- Y e (<D

in (2.1), we obtain

BT (x, y)
p q
_ y n+x-1 124 V.o _
f < t) t Ee, ( )Eaﬁ( (1—t)”>dt
o 1
B(p,q,lw.y.a) (x,y) = Zf -t
00

14
Y,0 Y.0
x a1 Eaﬁ ( tu) Eu,ﬁ (_

a - t)") dt

which in view of (2.1), we get the desired result (3.15).

Remark 3.4.

(i) If wetake p = v = 1in(3.15), we obtain the following
new result:

BEIO(y) = ) BE Gk ny + 1), (3.16)

n=0

(if) On setting p =v =y =1, then (3.15) reduces to a
known result of Barahmah [4, p. 44, (2.2)].

(iii) Onsetting pu=v=y =0 =1, then (3.15) reduces

to a known result of Atashetal. [3,p. 16, (2.2)].
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(iv) On setting u=v=y=0=f=1, then (3.15)

reduces to a known result of Rahman et al. [13, p. 8,
(3.7)].

(vV) Onsetting uy=v=y=0=8=a=1, then (3.15)
reduces to a known result of Choi et at. [8, p. 363,

3.3)].

For our aim in this section, we introduce the following

definition of extended Gamma function:

By, _ , p
Frgaﬁ}’lf)(x) :fex 1 EZ,; (_t_?) dt, (317)

0
Rx)>0,p=0, Rl@a)>0,RB)>0, REy) >

0, R(o)>0.

Theorem 3.5. The extension of extended Beta function has
the following Mellin transform relation:

M{BEH* T (e, y); p—1,q — s} =

B(x + 1,y + s)[PAYI (1)[PAVI(s), (3.18)
Proof:

M{BEI Y (e, y); p—1,q > s}

1

=f (-t
0

x <f A tﬂu) dp> <f ¢S (— (1:7—017) dq) dt, (3.19)
14

Substituting w =% and z = (1_'2)1, ,in (3.19), we have

1
M{Bo(féq.ll.v,y.ﬂ)(x’ y); p—or,q— S} — f pxtur-1 (1 _ t)y+vs—1
0

0 0

which on using definition (3.17) for p = 0, yields result
(3.18).
Remark 3.5.
(i) If we take u=v=1in (3.17), we obtain the
following new result:
M {Bf;}q'y'”) xy) p—r.q— S} =
B(x + 7,y + s)[PAYo(1)[PaYo(s), (3.19)
(i) Onsetting u=v =1y =1, then (3.17) reduces to a
known result of Barahmah [4].
(iii) Onsetting u = v =y = ¢ = 1, then (3.17) reduces to

a known result of Atashetal. [3].

E-ISSN: 2788-9327

(iv) On setting u=v=y=0=8=1, then (3.17)
reduces to a known result of Rahman et al. [11].

(vV) Onsetting uy=v=y=0=8=a=1, then (3.17)
reduces to a known result of Choi et at. [8].

(vi) Onsetting uy=v=y=0=Ff=a=1 andp =g,
then (3.17) reduces to a known result of Chaudhry et
at. [7].

Conclusion

This paper defines a new generalization of Beta function
using product of two Mittag-Leffler functions. Most
prominent properties related to the new generalized beta
function, such as integral representations, summation
formulas and Mellin transform are obtained. As a
continuation of this work, applications of this new
extension of the beta function will be presented in a
forthcoming paper.

X (f wr‘lE;"';(—W) dw) <f Zs"lE;':;(—z) dz) dt, (3.20)
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