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Abstract
The generalized Riccati equation mapping is extended which is powerful and straight for Word
mathematical tool for solving nonlinear partial differential equations.

In this paper, we construct twenty-seven traveling wave solutions for Combined (1+3)
Zakharov-Kuznetsov-burgers equation (cmZKB) and potential (1+3) Zakharov-Kuznetsov
Equation (Pzk)by applying this method. In this method Q' = [ + nQ + mQ?, is used, as the
auxiliary equation, called the generalized Riccati equation, where I, m and n are arbitrary constants.
Further, the solutions are expressed in terms of the hyperbolic function, the trigonometric function
and elliptic function.

Keywords: The generalized Riccati equation,Combined the (1+3) Zakharov-Kuznetsov-burgers
equation, Nonlinear partial differential equations.

Introduction

The study of exact traveling wave solutions for the nonlinear partial differential equations
(NPDEs) is one of the attractive and remarkable research fields in all areas of science and
engineering, such as plasma physics, chemical physics, optical fibres, chemistry and many others.
In the recent years, many researchers implemented various methods to study different nonlinear
differential equations for searching traveling wave solutions, for example, the tanh-coth method
[9], the Exp-function method[5],the Inverse scattering method[2], the Inverse scattering transform
method [1], the Hirota's bilinear methed [6], the painleve expansion method[12] the G'/G —
expansion method [11], the generalized Riccati equation mapping method [16] and others. In the
present paper, we shall use the improved Riccati equation mapping method to find the exact
solutions of (cmZKB) and (Pzk) equations.

The Extended Generalized Riccati Equation Mapping Method

Suppose the general nonlinear partial differential equation:
H(v,vt 2 Ux s Vy s Uxt » Uyt » Uxy » Uttt » Vxxe » Vyy ) = 0, (D
where v = v(x,y,t)is an unknown function, H is a polynomial inv(x,y,t)and the subscripts
indicate the partial derivatives.
The most important steps of the generalized Riccati equation mapping method are as follows:

Step 1:
Consider the traveling wave variable:
vxy,) = v(B), B = Ax+y—ct), )

where\ and care constant, then Eq. (1) reduces to a nonlinear ordinary differential equation
(NODE).
F(v,v',...)=0, 3)
where the superscripts stand for the ordinary derivatives with respect tof.

Step 2:
We suppose that the solution of the ODE (3) can be expressed as follows:
r
VE) = ) @Qi(h), @)

i=0
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wherea; is constant to be determined later suchas a;# 0 or a+# 0and Q@ = Q(f) is the solution of
generalized Riccati equation

Q' = n+1Q + mQ?(5)

wheren, land m are constants, such that r # 0.

Step 3:

We determine the positive integer r in Eq. (4) by highest order with the highest order derivative
term ofv(B)in Eq.(3).
Step 4:

Substituting Eq. (4) and along with Eq.(5) into Eq.(3) and setting all the coefficients of Q'to
zero, Yyield a system of algebraic equations which can be solved by using the Maple to find the
values of the constants a;, cand A.

Step 5:

We have the following twenty-seven solutions, including four different types solution of Eq.(5).

Family 2.1:

WhenA = 12 — 4mn > 0 and Im # 0 ormn # 0, the soluations of Eq. (5) are:

TR
oson(59)

2__
03 = g (1 VB(anh(VBR) £ i sech(VAD))). v
Q4 _n11(l + VA(coth(VAB) csch(\/_B)))

2:

2
Qs = ﬁ( l++A (tanh <\/Z ﬁ) + coth (@ ﬁ)))
(. J (M2 + N2)A — M+/Acosh (VAR)

% = 2m M cosh(vVAB) + N '

1

0, = , J(NZ — M2)A + MVAsinh(VAB)
7T 2m M cosh(VAB) + N '
where M and N are two nonzero real constants and satisfy N2 — M? > 0.

2ncosh (\/2—Z B)

= VAsinh (28) ¢ cosh (2B
0 = —2nsinh (\/2—Z B)
T lsinh(gﬁ) —\/Zcosh(\/?zﬁ)’
_ 2ncosh (VAB)
Qo = \/Zsinh(\/ZB) -1 cosh(\/ZB) + VA’
B 2nsinh (\/2—Z [3)
i —lsmh(\/_ ) +\/Zcosh(\/—|3) i\/Z’

4n sinh (‘/TE B) cosh (\/TE B)

—2lsinh (\/TZ B) cosh (\/TE B) + 2v/A cosh? (\/TE B) — VA

1
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Family 2.2:

WhenA= I — 4mn < 0 and Im # 0 ormn # 0, the soluations of Eq. (5) are:

Q3= 1n< l+\/_tan<\/?ﬁ>>,
Qi = nll <l +v/—Acot <TA B)),
Q15 = 5 (1 + V=B(tan(V=28) + sec(v=25))),
Q6 = %(l + \/_(cot(\/_B) + csc (\/_B))
1 V=42 V=24

Q17—m< 2l+\/_ tan( 4 ﬁ)-COt(Tﬁ>)>,

L i J—A(M? — N2) — My/=Acos (\/_ﬁ)
s = 2m Msm(\/_B) +N

i AN+ M~N-A cos(\/_ﬁ)
G = Msin(V—=AB) + N

where M and N are two nonzero real constants and satisfy N> — M? > 0.
—2ncos (? B

Q20 = ,

® V=Esin (=28) - Lcos (22p)

2nsin (? B)

Q21 = )

“ —Isin (?B) ++/—Acos (? B)
0, = —2ncos (V—AB)

2 V=Asin(V=AB) + L cos(V=Ap) + iv—~
Qe = 2n sin(vV—Ap)

27 _Isin(W=AB) + V=4 cos(V—AB) V=24~
0 4n sin (@ B) cos (? B)

24 = ’

. (V=A V=4 V=2
~2lsin (2 ) cos (7 B) + 2v=Acos? (7B) ~ V=4
Family 2.3:
When n =0, and Im # 0, the solutions of eq.(5) become:

—ld
Q25 = m(d + cosh(IB) — sinh(I8))’
0 = —l(cosh(iB) + sinh(IB))

26 —

m(d + cosh(IB) + sinh(IB))’

whered is an arbitrary constant.

Family 2.4:

When m # 0and n = [ = 0, solution of Eq.(5) become:
-1

Qzr mB +p,’

wherep; is an arbitrary constant.
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The Combined (1+3) Zakharov- Kuznetsov-Burgers Equation
Application.
In this section, we present our proposed equation, namely combinedthe(1+3)-Zakharov-Kuznetsov-
Burgers (ZKB) and modified the (1+3)-Zakharov-Kuznetsov -Burgers (mZKB)equations as the
form:

VU + Uy = Uxx + (p (U))Ux + Uxxx + vxyy + Uxzz = 0: (6)

P(v)=v+v? where v = v(x,y,z,t),

and donated by (cZKB),

where

Vi + Uy — Uyy + VU + Uy + Uy + Uxzz = 0, @)
is the (1+3)-Zakharov-Kuznetsov-Burgers (ZKB) equation,

and

Vg 4 Uy = Uy + V205 + Uyyye + Uy + Vyezz = 0, ®
isthe modified (1+3)-Zakharov-Kuznetsov-Burgers (mZKB) equation.
Now, we apply the improved generalized Riccatiequation mapping method to find many families of
exact traveling wave solution of Eq. (6).

To the end, we use the wave transformationof Eq. (2), in Eq. (5) and integrating once yields
2 3

%
(1—c)v—)lv’+7+?+3/12v”= ) 9)
balancing the highest order of the nonlinear term v3with the highest order derivative v’

3r =r + 2that givesr = 1.

Hence, the formal solution of Eq. (9) takes the form:

v(B) =ag+ a0 (10)
wherea, and a; are constant to be determined, inserting Eg. (10) with the aid of Eq. (5) into Eq.
(9)and solving the resulting system, using maple program weobtain the following solution.

(1811 + 3ivV2 — 2)V2 +135iV2 + 146
i( ) , a; =+3iV2mA, ¢ = , l=1,
12 +54(3iV2 + 4)

+486i\22%1% + 6481%1% + 45i\/2 — 8

648(mA%(+3iV/2 + 4)
Using Eq. (10), the solutions of Eq. (9).
Family 3.1:
WhenA = 12 — 4mn > 0and Im # 0 ormn # 0. In Eq. (10), we compensate for the values of
ay,a, and Q4 in family 2.1, the solutionsof Eq. (6)are given by:

a0:

A=Am=m, n=

-1 VA
V1, = ap + 3iV2mA| —( I + VA tanh | — Ao ,
’ 2m 2
Simplifying, we get
3iv24 A
Vi, =ag+ \é_ L+ ﬂ(tanh <§/10’>) ,

similarly, we find other solutions,

_3iV2A VA
V34 =ao+ 5 [+ \/Z(COth <7Aa>> ,

ves = ag F 31’\2/5/1 (l +VA (tanh(\/ﬂla) + isech(\/Z/la))),
vg = ag F 31’\2/5/1 (l +VA (coth(\/Z)lcr) + csch(\/ﬂla))),
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3ivV2A4 A A
Vg19 = Qo F 2 21 ++/A| tanh <£ Aa) + coth <£ /10') ,
: 4 4 4
3v21( W/A(MZ +N?) — M\/Zcosh(\/_la)
V11,12 = Qo T
2 Msmh(\/_la) +N
3iv24 - JANNZ — M2) — M\/_smh(\/_/la)
v =aqay+
1o o 2 Mcosh(vVAdo) + N

(+4861VZA212 + 6482%1% + 4512 — 8)cosh (2 Ao

)
324(+3ivZ + 4) (Vasinh (L 0) — L cosh (L 10)) )
°)
)

V1516 = Ao T 3iv2

(+486iVZA2I2 + 6487217 + 45vZ — 8)sinh (22

= a, F3iV2
Vizas = do ¥ 32 324A(+3iv2 + 4) (Isinh (7' 20) — VA cosh (7 20)

(+486iv22%1% + 6482212 + 45iv2 — 8)cosh(VAlo)

324A(+3iv2 + 4)(vAsinh(VAis) — I cosh(VAio)) + i\/Z>'
(£486iv22%1% + 6482212 + 45iv2 — 8)sinh(vVAlo)

324A(i3i\/§ + 4)(lsinh(\/z/1cr) — \/Zcosh(\/z/la)) + \/Z>’

V1920 = Qo E 3i‘/§<

V21‘22 = ao 1 31—\/2(

V23,24 = Qo

+486iVZA212 + 6482212 + 45ivZ — 8)sinh (X2 16 cosh (2 1o
$3i\/_( ( ) (4 ) (4 )

\162/1(131'\/5 +4) <2lsinh (%220) cosh (2 40) - 2VAcosh? (@Aa)) + VA /

Family3.2
WhenA = 12 —4mn < 0and lm # 0 ormn # 0. In Eq. (10), we compensate for the values of
ay ,a; and Q45 in family 2.2, the solutions of Eq. (6) are given by:

1 V=24
V25,26 = Qg + 31\/§ml % —l+v-A (tan <T/10'>> ,

simplifying we get
3iv221
2

V25,26 = Qg T

—l+v-A <tan (?Aa)) ,

similarly, we find other solutions,
V728 = Qo + Si\fA [+ \/—_A<cot <gla>> ,
31\/_A
31\/_A

V29,30 = Qg T

( [+V-A (tan(\/_/la) + sec(\/_ﬂa)))
(l +V-A (cot(\/_/la) + csc(\/_la)))

V3132 = Qo +

3iv22
l\i_ —2l++V-A tan( 2

\/__A)ﬁ) — cot <§ Aa) ,

V3334 = Qo =
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31\/_,1< ,/—A(MZ N2) M\/_Acos(\/_la)>

Pas3e = fo < Msin(v—AAc) + N
31\/_,1 e JA(M? — N2) + M\/_Acos(\/_/la)
v =a
37,38 0 Msm(\/_/lo) +N
(+£486iV21%1% + 6487212 + 452 — 8)cos (ﬂ,la)
U39'40 = Qy 1 31\/§ V3 \/—ZA )
324A(£3iV2 + 4) (\/—_Asin (—/10) + L cos (T/la))
(+4861VZA212 + 648271 + 4512 — 8)sin (=210 )
'l]41'42 = Qq ? 31\/7 N \/Z—A )
3244(+3iV2 + 4) (Isin (=2 A0 ) — V=R cos (“=10))
V43,44 = Qo
2313 (£486iV22%12 + 6482212 + 45i\/2 — 8)cos(V—Ado)
l )
3242(+3iVZ + 4) ((V=Bsin(v=E40) + lcos(v=Aio) ) +V=2)
Vas,46 = Qo
T3iv3 (+486iV22%12 + 6481212 + 45iV2 — 8)sin(vV—Alo)
l )
3242(+3iV2 + 4) ((sin(V=510) — V=4 cos(V=A10)) + V=4)
Va7,48 = Qo
e (+486iV22217 + 6487217 + 4512 — 8)sin (=220 ) cos (2 0)
F3i

162/’[(i3i\/§ + 4) (ZIsin (?la) cos (?la) — 2/—Acos? (?la) + \/—_A) ’
1486iV22%12+6481%12+45i\/2-8
h 16202 (+3iV2+4)

+135iV/2 + 146 i(1812 £ 3iv/2 - 2)V/2
t ao = i .
+54(31v2 + 4) 12

The Potential (1+3)-Zakharov-Kuznetsov EquationApplication

In this section, we present our proposed equation, namelypotential the (3+1)-dimensional
Zakharov-Kuznetsov (pZK) equation as the form:

whereA= [?

G=x+y+z—<

U + a(Ux) Uy + DUy + Uyy +Uz5) =0, an
and donated by (pZK),

where

U + AUy + b(Uyy + Uyy +Uy)x =0, (12)

is the (3+1)-dimensional Zakharov-Kuznetsov (ZK).
Now, we apply the improvedgeneralized Riccati equation mapping method to find many families of
exact traveling wave solutions of Eq. (11). That will be transformed to the ODE
—cu' +ar(u’)? + 3bA%u'" = 0. (13)
By using the wave variablep = A(x + y — ct).
Balancing thehighest order of the nonlinear term (u’)?with the highest order derivative u'”,
wegetm+ 3 =2(m+ 1), that givesm = 1.
Hence the formal solution of Eq.(13) takes the form:

u(W = ag + a,0Q, (14)
whereaganda, are constants to be determined.
Substituting Eq. (14) in to Eqg. (13), collecting the coefficients of Q and solving the resulting
system using maple program,we obtain the following one solution:
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—18bmA
ap =00 =——,c =3bl?2> - 12bmnA>,A=Am=m,l=In=n

Using Eq. (13), the solutions of Eq. (14),

Family 4.1:
WhenA= 12 — 4mn > 0and Im # 0 ormn # 0. In Eq. (14), we compensate for the values of
ag, a, and Qq in family 2.1, the solutions of Eq. (13) are given by:

—18bmA [ -1 VA
Uu, = T % L+ \/E(tanh (7/1(p>> f

Simplifying, we get
9bA A
u, =—\ 101+ \/Z(tanh <£/1<p>> ,
a 2
similarly, we find other solutions,

9bA VA
Uy = T [+ \/Z<C0th <7A(p)> ,

(l + VA(tanh(VAdg) + isech(\/leqo))).
I+ \/_(coth(\/_/lfp) + csch(\/_lfﬂ)))

<l +— tanh —A(p) + coth <glfp)> )

\W+M\/_(cosh(\/_/w)>

Asinh(VAAp) + N
_9bA , JAN? + M?) —M\/_(smh(\/z/lq)))

= a Acosh(\/Zlfp) +N

o SD|G‘SD|®‘
NS

| S

[+

)

—36bmnicosh (\/75 Aqo)

a <\/Zsinh (g A(p) — Ilcosh (g/up))’

36bmnAlsinh (%Z Ago)

a (lsinh (\/2—Z /'l(p) —+/A cosh (%Z Ago))
—36bmnlcosh(\/ZA(p)

410 = (Vasinh(vVAAg) — lcosh(VAAg) + iVA)
36bmnAlsinh (\/Z)pr)

B a (lsinh(\/Z)kp) —VA cosh(\/ﬂlq)) + \/Z)’
72bmnAlsinh (‘/TE A(p) cosh (‘/TE A(p)

a (2lsinh (\/TZ A(p) cosh (\/TE A(p) — 2vA cosh (\/75/1(/)) + \/Z)’

u3=

u9=

Uqp =
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Family 4.2:
WhenA= [2 — 4mn < 0 and Im # 0 ormn # 0. In Eq. (14), we compensate for the values of
ay, a, and Q45 in family 2.2, the solutions of Eq. (13) are given by:

—-18bmA|[ 1 A
u13=—m — —l+\/Z<tan<\/2—_A<p>> ,

a 2m
Vg,
2 )
similarly, we find other solutions,

9bA v—=A
Ug = T [++V-A <C0t <Tﬂ.(p>> )

uls—%( — V=A(tan(V—22¢) + sec(\/_/lqo)))

g = %(l +V=B(cot(N=BAp) + esc(V=41p))),

U7 = %(21 \/_<tan <g/1(p) — cot (El<p>),
= 9b/1< J—A(MZ — N2) + M\/_(cos(\/_/l(p))
18= 7

simplifying we get

9bA
Uz = - l —V—A(tan(

Asin(vV=Ap) + N
9bA a V—A(M? — N?2) M\/_(cos(\/_/l(p)
u = —
Poa Asin(vV=-A%p) + N
36bmnAicos (g A(p)
Uzo = .
a <\/—_Asin (? Aqo) + lcos (?lgo))
36bmnAisin (@ A(p)
Uz = :
(s (520 - o (S0)
36bmnicos(vV—AAyp)
Uyy = ,
2 a (V=bsin(V=2Ap) + lcos(V—>p) + VA)
36bmn)lsin(\/—_A/1go)
Uyq = ’
B, (Isin(vV—~A21¢) — V=4 cos(vV—2p) + V—-4)

72bmnAsin (? l(p) cos (? l(p)

Uzq = a (2lsin (gkp) cos (?l(p) — 2v/—A cos (?M’) + \/—_A)'
whereA= 12 — 4mn, ¢ = x + y + z — (3bl?2% — 12bmnA?).

Conclusion

In summary, the improved Riccati equation method has been proposed and used to find out exact
solutions of nonlinear equation with aid maple.

Our method allows us to carry out the solution process of nonlinear wave equations more
systematically and conveniently by computer algebra systems such as Maple.We have successfully
obtained some travelling wave solutions of the (cmZKB)equation and a potential of(ZK). When the
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parameters aretaken as special values, the solitary wave solutions and periodic wave solutions are
obtained. We surely believe that these solutions will be of great importance for analyzing the
nonlinear phenomena arising in applied physical sciences. The work shows international journal of
differential equations that the improved Riccati equation method is sufficient, effective and suitable
for solving other nonlinear evolution equations and it deserves further applying and studying, as
well.
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