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Abstract

There are many papers which have been published in the same direction of this paper by K.
Nishimoto, S. Owa, Shih-Tong Tu and H. M. Srivastava [7],[8]. In this paper, application of N-
fractional calculus to solve ordinary differential equation of fourth order is obtained.
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Introduction:
K. Nishimoto defined the fractional calculus of order (v) for functions of single variable
as the following:

Definition: ( Nishimoto K. [4], [5], [6]):

Let D={D ,D,} , C={C_,C,}, where

C_ be a curve along the cut joining two points z and -co+ilm(z),
C, be a curve along the cut joining two points z and oo +ilm(z),
D_ be a domain surrounded by C_,

D, bea domain surrounded by C, .

(Here D contains the points over curves C).
Moreover, let f = 1f(z) be a regular function in D (zeD),

== 10 [ e wen)
(1) =im (), mez°).,

where ¢ =z, zeC, veR, I':Gamma function, —z < arg (c—2) <z for C_,
O<arg (¢—-2) <27 for C
then (f), is the fractional differintegration of arbitrary order v (derivatives of ordery for v>0,

4

and integrals of order —v for v<0 ), with respectto z, of the function f,if |(f)v

., < 0

Lemmas
In order to discuss the solution of ordinary differential equation of fourth order,
we need the following lemmas [2].

Lemma (1): If k is constant, then
k), =k-(@), =0, for veZ U{0}
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Lemma (2): Let f = f(z) be regular function, if f exist, then
v+l f()-a
fa) = d
(fa), 2 J; (¢ -2 ¢

(fa),=af,, where ais constant (z,v €C).

Lemma (3): Let u=u(z), v=v(z) be regular functions and if U, v, exist, then

v v

(ua+vb), =a(u), +b(v),, where a,b are constants (z,v €C).
Lemma (4 ): Let u =u(z),v = v(z) be regular functions and if are U, ,V, exist, then

< r'(v+1)
OV, = Y e W@ @veo),

Solution of Non-homogeneous Ordinary Differential Equation

Theorem:

If f_ isexist and f _ #0, then the differential equation

go{azbZ“ +a’z®-bp*z*? —ﬂzz} +

+¢3{ abz3[ 4aa + By + aj+ ZZ(Baza +afBy+bp-[B +ﬂy+%]J+
+Zﬁ(([32 +ﬂy+%)—bﬂ-[2a +1]j—a,32}+

+a%{abzz(ﬂa-[a—l]+3-[,B;/+ a]J+ + Z[6a2[a —1]+2aBy +2bp [ B? +,B;/+%]j+
( P +ﬂy+%)—bﬂ2[2a—1]j}+

+a(a —1)@1{6ab2[4a[a—2] + By + aj ++ (Gaz[a ~2]+2aBy+2bp [+ Py + %]j} +

+a(0:—1)(a—2)¢{6ab[4a(a—3)+ﬂy+aj}: f,(af#0and Z+#0) (1)

has a particular solution of the form

_ P(Z) | B
Q= {( fe Z(aZ - B)(az + B)(bZ +1)]1 (P(2)) J : (2)

a-3
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for arbitrary o ,where @=¢(z), z2€C,p, = (; f m=01234,f = f(z)is known,
Z

C

p(z) = (2 -p)*? (02 +1)

(az+p)*

,  Where C:%(ﬂ2+2ﬁ7+%) and E:%(,Bzwt%),

and a,b, B,y and & are constants.

Proof:
By applying the operational properties of the generalized operator to

p=W, (see[1] [3]) (3)

then

¢ =W, (4)
P, =W, (5)

P33 =W,.3 (6)

and

Py =W, 4 (7)

h A%} _01234 and w-

where @, :dz_k’ =01,2,3,4 and w=w(2).

Substituting (3) - (7) into (1); we get
wm{asz“ +a%Z° —bp?z? —,BZZ} "

+ wms{z ‘ab(4aa + By+a)+Z 2£3a2a +aBy +bp(B° + Py + %)j

+ Zﬂ((ﬂz By +) b2 +1>j - aﬂ2}+

ta- wmz{zzab(lZa(a ~1)+3(By+a))+ Z(6a2(a ~1)+2a8y+2bB(L% + p%%)] +
{ (B +ﬁ7+%)—b/32[2a—1]j}+

rala-Dw, ., {Gabz (4a(cc—2)+ By +a)+ (Gaz (a—2) + 238y + 20B(F° + By + %)j} ;

+a(a-D(a-2)w, {6ab(4a(a -3+ fr+ aj} =f

or
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wm{azbz“ +a’z%-bp?z? —,BZZ} + wa+3{a[4a2bz3 +3a°Z%?-2bB°Z - B*1+
+2°[abfy+a%h] + Z2[afy + bA(S® +%) +bp2 ]+ ZIA(S? +%) +ﬂ2y—bﬁ21}+
+W, -a{(a —1)[12a*bZ? +6a°Z — 2bp?*]+3Z*[abBy + a’b] + 2Z[aBy + bB(B° + %) +bpB%y]+

+[B(B° +%) + ,Bzy—bﬁz]} +wW_,a(a —1){(a—2)[24a2b2 +6a’]+6Z[abBy +a’b] +

+2-[aBy +bB(B? +%) + b,BZ;/]}JrWaa(a—l)(a - 2){24a2b(a—3) +6[abBy + azb]} = f

and

{Ww{azbz“ +a’z°-bp?z? —,BZZ} + awms{4a2bz3 +3a?2% —2bp?*Z - f5? }+
+a(a-)w,,, {12a2bZ > +6a°Z— Zbﬂz} +ala-D(a- 2)Wa+1{24a2bz +6a’ }+

+a(a-1)(a-2)(a-3)w, {24a2b } } +

{wms {Zs[abﬂ7+ a’h] + Z2[afy +bA(S? +%) vbp? ]+ ZLA(B? +%) +ﬂ2y—bﬂ21}+

+a-wa+z{322[abﬂy+ a’b] + 2Z[afy +bA(S? +%> £+ (BB +%) +ﬂ2y—bﬂ2]}+

+a(a —1)Wa+1{62[abﬂ7+ a’b]+2-[aBy +bp(B° + %) + bﬂzyf]} +

+a(a—l)(a—Z)Wa{6-[ab,B;/+a2b] }} f, (8)

Now, by employing lemma (4 ), equation (8) reduces to

(W4{a2bz4 +a’z®-bp°z’? —,BZZ}] +

+[w3{z3[abﬂy+a2b]+ZZ[aﬂwbﬂ(ﬂz+%)+bﬂ2y]+zw(ﬂ2+%)+ﬂ27—bﬂ2]}] —t (9)

a

By using lemma ( 3 ) then taking the differintegration of order (— a)of (9), we get
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w4{a2bz4 +a’z®-bp*z? —,BZZ}+

+ ws{z{% ab(B° + 2By + %) —Lab(p? +%) + azb} +

+Z{%a(ﬁ2 +2ﬁ7+%)+%bﬂ(ﬁ2 +2ﬂ7+%)—%a(ﬂ2 +%)+%bﬂ(ﬂ2 +%)}+

+Z{%ﬂ(ﬂ2 +2/>’7+%)+%ﬁ(ﬂ2 +%)—bﬂ2} -1,

Dividing ( 10 ) by ( a’bZ*+a’Z°® -bp°Z> - °Z ), and et C=%(ﬂ2+2ﬁy+%) and

E=1(p +%); we obtain

W, + W,

Z*ab[C —E +a]+Z%[a(C —E)+bB(C +E)]+ZB[C + E —bp] _

a’hz* +a’z°® -bp’z° - p*z
f - !
“ a’z*+a’z®-bp’z? - p’z

C

Multiplying (11) by P(Z), where P(Z) =

(az + p)?
P(Z)

(az - p)2 -(bZ +1)

w,-P(Z)+w,-(P(2)),=f
4 ( ) 3 ( ( ))l —-a azbz4+a223_bﬂ222_ﬂ22
ie,

[w3 -P(Z) j = f, P(2)
. “Z(z-p)az+p)bZ +1)

and

W - P(Z) = (f—a P(Z) j
Z@zZ-p)aZ+p)bz+1) ),

or

W, = ( f P(2) ] (P@)"
Z(@zZ - p)az + p)(bz +1) .

that is

(11)
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_ P(2) P
" (( " 2z~ paz + P02 +1)]_1 (P@) Js (12)

From (3) and (12); we get

- P(2) (P
g”_w“{(f‘“Z(aZ—ﬂ)(azw)(bzu)jl °@) J .

oa—

as a particular solution to the differential equation (1).

Verification of The Solution:

Routing inversely, we have

p=W, {[f P(z) J -(P(Z))‘lj (13)

@ 7(aZ - B)(aZ + B)(bZ +1)

a—

then

P = e = ( teZ(az = ﬂ)(z(zzi B)(bZ +1)j_1 '(P(Z))_llz’ (14)

Py =W, = (fa Z(az = ﬂ)(z(zzi oD, (P@))* (15)
Py =W,,3 = [f_a Zaz = ﬂ)(z(zzj AoZD) . (P@))" - (16)

and

Py =W, = (f_a Ztaz = /;)(Z(zzi AoZD) . (P@)* (17)

Substituting (13) - (17 ) into the left—hand side of (1), we get

L.H.S. of (1) =(p{a2bz4 +a’z®-bp*z*? —ﬂzz}u
+ ¢3{Z3ab(4aa + By+a)+ Z{Saza +aBy+bB(p* + ﬂy+%)j +
+ Z,B((ﬁ2 +ﬁ)/+%) —~bB(2a +1)j —~ aﬂ2}+

ap, {z 2ab(12a(a —1) + 3(By + a))+ z[ea2 (a—1)+2a8y+2bB(B% + By + %)J +
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P+ Br+ ) —bﬁz(Za—l)}+

e —1)¢1{6ab2 (da(@—2)+ By+a)+ (Gaz (@—2)+2a8y+ 2bB(B° + By + %)j} ;
ala-1)(a- 2)¢{6ab(4a(a -3)+ By + aj} =

Wm{azbz“ +a’z°-bp?z? —ﬂzz} +

" wwg{z Sab(4ac + By +a) + Z 2(3a2a +aBy + DB + By + %)J "

" Zﬂ(([j’z " ﬁy+%) _bB2a +1)j—aﬂ2}+

+a- sz{zzab(lZa(a ~1)+3(By+a))+ Z(Baz(a ~1)+2a8y +2bB8(5% + ,B}/+%)J +
BB+ Py )b e —1)}+

e —1)wa+1{6abz (4a(cc—2)+ By +a)+ (ea2 (a—2) + 288y + 20B(3° + By + %)j} ;

+a(a-D(a-2)w, {6ab(4a(a—3) + By + aj}
L.H.S. of (1) { W(M{azbz4 +a’z°-bp’z’® —ﬂ22}+

+o-W

a+3

{4a2bz3 +3a°Z2% - 2bB°Z - B* }+

+a(a-)w,,, {12a2b2 ? +6a’z— Zbﬂz} +a(a-1)(a- 2)wa+1{24a2b2 +6a’ }+

+a(a-)(a-2)(a-3)w, {24a2b } ] +

{wm {Zs[abﬂ7+a2b]+ Z[afy +bp(S? +%) +b% )+ ZLA(S? +%) +ﬂ27—bﬁ2]}+

+0!'Wa+2{322[abﬂ7+a2b]+ 22[afy +bp(S? +%) Y]+ B +%) +ﬂ27—bﬂ2]}+
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+a(a—l)Wa+1{6Z[abﬂ7+a2b]+2-[aﬁ7+bﬂ(ﬂ2 +%)+bﬁ2y]}+

+a(a—l)(a—2)wa{6~[abﬂy+ a’b] } (18)

Now, by employing lemma (4 ), equation (18) reduces to

L.H.S. of (1)=(w4{azbz4 +a’zZ°-bp°z’ —ﬁZZH +

a

+(W3{Z3[abﬂy+ a’b] + Z?[afy + bA(S? +%) +bB+ Z[B(B? +%) +ﬁ27—bﬁ2]H

(19)
Substituting (9) into (19), we obtain

o

LHS. of (1)="f.
Special Case of the Theorem:

Putting f =0 in the theorem; we obtain the homogeneous differential equation

q){azbz“ +a%z°—bp?z? —ﬂzz}

+ (/)3{2 ‘ab(4aa + By+a)+Z 2(3a2a +apBy+bB(B° + By + %)] +

+ Zﬂ((ﬂz ) -bp (e +1)J - aﬂ2}+

+ap, {z ?ab(12a(a —1) +3(By +a)) + z[ea2 (a—1)+2aBy+208(B% + By + %)j +
BB+ Py )b e —1)}+

+a(a —1)¢1{6abz (4a(a—2)+ By +a)+ (6a2 (@ —2)+2aBy+2bB(B° + By + %)]} +
a(a-1)(a- 2)¢{6ab(4a(a—3) + By + a}} -0, (af=0andZ=0) (20)

which has a particular solution of the form

= (((Ou Pz) ] -(P(Z))‘lja X (21)

'Z(aZ - )z + B)(bZ +1)

By using lemma (1)
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(m)_,, =0, if (~a+1)ez U0}

I T R i

where m is constant.

We can not take the order (—a+1)e Z" because (— o +1) is fractional, so we
will take (—a+1)eZ U0},

0.0 =(0)1) s =(M) s =0 if (~a+1)eZ” {0},

By using lemma (2)the equation (21) becomes

p=k-(P@)"),. (22)
where K is constant.
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