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Abstract

In the present paper, we study certain types of generalized BK-recurrent Finsler space, we shall
introduce a definition for a generalized BK-recurrent space to be P2 —like space and P* — space,
respectively. We shall call them P2 — like generalized BK —recurrent space and
P* —generalized BK —recurrent space, respectively. Different theorems concerning these spaces,
we also plan to obtain some identities in these spaces.

Keywords: Finsler space, P2 — like generalized BK —recurrent space, P* —generalized
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Introduction

Verma [13] discussed recurrent property of Cartan’s fourth curvature tensor R}'kh. Dikshit [4]
discussed birecurrent of Berwald curvature tensor H]-ikh. Dwivedi [5] worked out the role of P* —
reducible space in affinely connected space. Cartan [3] introduced it as one of particular cases and
further Berwald [1], [2] showed that the space was characterized by jikh = 0, where j"kh is the
hv - curvature tensor. Dwivedi [5] worked out the role of P* — reducible space in Landsberg
space.
pLet us consider an n-dimensional Finsler space F, equipped with the metric function F(x.y)
satisfies the request condition Rund [12].

The relation between the metric function F and the corresponding metric tensor is given by

LY gy(oy) =302 (x,y).
The tensor g;;(x, y)is symmetric and a positively homogeneous of degree zero in y.
The vector y; and its associative y' satisfy the following relation
12)  g;jCeyyt =y )
The two sets of quantities g;; and its associative g*/, which are components of a metric tensor are
connected by
(1.3) a) gij9% = 5jk = {}) ll];ll + I,{C and b) 8ngik = Gnk-
By differentiating (1.1) partially with respect to y*, we construct a new tensor C;;, defined by
Cijk = %aigjk-
This new tensor C;; is positively homogeneous of degree -1 in ytand symmetric in all its indices
called (h)hv-torsion tensor Matsumoto [10]. According to Euler’s theorem on homogeneous
functions, this tensor satisfies the following:
(1.4) Cijiy* == Ckijy* = Gy = 0.
The tensor Cj, is the associate tensor of C;j; defined by
a) Cisk = lekgis and b) Csjkg]l = Cop-
The tensor C}. is called (v) hv-torsion tensor, and is positively homogeneous of degree -1 in y* and
symmetric in its lower indices, i.e.
Cl = Citr
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This tensor satisfies the following identities

(1.5) Cjikyk = C,ijyk =0.

Berwald’s covariant derivative of the vector y* vanish identically, i.e.

(1.6) Byt = 0.

In general, Berwald’s covariant derivative of the metric tensor g i doesn't vanish and is given by
(1.7) Bigij = —2Cijxpy™ = —2y"BpCijy.

Remark 1.1. The symbol |k is the covariant differential operator with respect to x" in the sense of
Cartan.
The tensor jikh is called Cartan’s fourth curvature tensor, and is positively homogeneous of
degree zero in y*, defined by Rund [12]

Kfen = 0nTij + (OsTi)GR + TiRTis — h/k
Also, this curvature tensor K}kh satisfies the following relation too

(1.8) en = Rien — CfrHipn
The h(v)-torsion tensor H, , the curvature tensors K}, and R, are connected by Rund[12]
(1.9) Kjikhyj = Hiih = R}khyj-

The curvature tensor R}kh is called Cartan’s third curvature tensor, and is positively homogeneous
of degree zero in y*, defined by Rund [12]
Riyn = 0nTi + (0:T7) G + Cln(0xGR* — GR1G) + T T — ke /.
The curvature tensor Rjikh satisfies the following :
(1.10) a) Rjr =Ry and  b) }khgjk = Rj.
The curvature scalar R is given by Rund [12]
(111)  Ryg’* =R.
The curvature vector tensor R; is given by Rund [12]
(1.12)  R; =K; +C},H].
The associate curvature tensor Rijkh of the curvature tensor R}kh is given by Rund [12]
(1.13) Rine =94 Ri -
Also the curvature tensor R}kh satisfies the following identity Rund [12]

i i i m r i r i r i
I:\)jkh|s + stk|h + ths|k + y (Rmhs ijr + I:kah Pjsr + I:\)msk I:)jhr) = 0’

where Pjj,, is known as hv- curvature tensor (Cartan’s second curvature tensor) and is defined by
Rund [12]

(1.14) Pjikh =0, FTL +C}m Pér _C}h|k
or equivalent by
lekh =0, FTL +C]!I’Ckrh|5y ) _C;h|k
or
lekh :Cllh|j -9 Ierkh|r +erk P, _PjLCrlk :
The curvature tensor Pth is positively homogeneous of degree zero in y ' and the tensor satisfies
the following:
(115) @) Plyl =Tyl =Pl =C/ .y~ and b) Piy* =P,y " =0,
where PL, is called as v(hv)- torsion tensor and the associative tensor Py, is given by Rund [12]

(116)  PlyGir = Prkn -
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The curvature vector Pj, is given by
(1.17) Pl = Py.
A Finsler space F, for which the curvature tensor Ry, satisfies the following Hussien [6]:

(1.18)  ByRjn = AmRixn. Rixn #0
is called R™ —recurrent space, where A,,, is non-zero covariant vector field.
Transvecting the condition. (1.18) by y/ , using (1.9) and (1.6), we get

(1.19)  BpHi, = A Hly,.

Definition 1.1. A Finsler space F, for which Cartan’s fourth curvature tensor Kjikh satisfies the
condition Qasem and Baleedi [11]

(1.20) BnKjkn = AmKjin + (819 — 6k 9jn), Kjyn # 0,

will be called generalized BK-recurrent space, where A,,and u,, are non-zero covariant vectors
field and tensor will be generalized recurrent tensor. We shall denote such space and tensor
briefly by GBK — RF,, and GBK — R, respectively Qasem and Baleedi [11].

Transvecting the condition (1.20) by y/, using (1.9), (1.6) and (1.2), we get

(1.21) BnHin = AmHien, + tm 81k — 8kn)-

Taking the covariant derivative for (1.8) with respect to x™ in the sense of Berwald, using the
condition (1.20) and (1.21), we get

(1.22) BimRhen = AnKjin + tm(85.9k — 659jn) + (BmCir ) Hion + Cfr[ A Higy
+ ttm (Op Yk — Sy
Using (1.8) in (1.22), we get
(1.23) BinRixn = AmRen + tm (8h9jic — 8kgjn + ChnYi — Ciyn) + (BmCl ) Hien.
2. AP2 — Like — GBK — RF,,
Definition 2.1. A P2 —like space is characterized by Matsomoto[10]
(2.1) lekh = <chiih - fPlekh ;
where ¢; and @' are non-zero covariant and contravariant vector fields, respectively.
Definition 2.2. The GBK — RE, which is P2 — like space [satisfies the condition (2.1)] will be
called P2 — Like — GBK —recurrent space and is denoted briefly by P2 — Like — GBK — RE,.
Transvecting (1.8) by ¢,- and using (2.1), we get

(2-2) (er;kh = qorKjlkh + (P;jm + §0ierm)Hl?fll'
Transvecting (2_.2) by yr,' using (1.15a) and (1.4), we get
(2.3) ORjin = OKjin + PimHgh

where ¢ = @, y".
Using (1.8) in (2.3), we get
(2.4) P]lm = qujlm '
since Hy, # 0 .Thus, we conclude that
Theorem 2.1. In P2 — Like — GBK — RF,, the torsion tensor Pj"m is proportional to the torsion
tensor Cfp,.
Taking the covariant derivative for (2.2) with respect to x™ in the sense of Berwald and using
(1.20), we get
(2-5) Bm((er;kh) = q)r/lijlkh + (pr:“m(é‘fllg.jk - 5Il<gjh) + Kjlkth(pr
+Bn[(Phjm + ' Crjm)Hith |-

Using (2.2) in (2.5), we get
26)  Bu(@rRjen) = Am(@rRjxn) + @rtm(5ngjk = 5k9jn) + Kjen By

+Bn[(Phjm + 0 Crjm)Hih | = A (Phjm + ©'Crjm ) Hith-
which can be written as
(2-7) (perR}kh + R}kth(pr = Am(q)rR}kh) + wrﬂm(&lzgjk B alt’_gjh)
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+Kjikth(pr + Brn[(P;'jm + (pierm)lecrill ] - Am(Prijm + (picrjm)Hl?;L'
This shows that

(2.8) BmR}kh = AmR}kh + .um(5iilgjk - 5Iigjh)a

if and only if

(2.9) Bn[(Pen + @' Crjm)Hin | = Ar'n( hen + O Crjm)Hih + Riyn Bm @y
_Kjlkth(pr’

since ¢, # 0. Assuming B,,®, = 0, i. e. covariant constant, then
Bm[(l)jlkh + (plerm)HI?;L] = Am[(lekh + (plerm)lecrill ]
Thus, we conclude that

Theorem 2.2. In P, — like — GBK — RE,, the curvature tensor }kh behaves as generalized
recurrent if and only if the tensor ( jikh + <pierm)H,’§;l behaves as recurrent, provided that
Bnor = 0. '

Transvecting (2.5_) by y/ , u_sing (1.6), _(1.9), (1_.4), (1.2) and (1.15b), we get

(2-10) BmHIlch = AmHIlch + Mm((silly}c - SIiyh)v

if and only if

(211)  Bper =0,

since Hy;, # 0. Thus, we conclude that

Theorem 2.3. In P2 — Like — GBK — RF,, Berwald’s covariant derivative of first order for the
hv-torsion tensor Hy,, is given by (2.10) if and only if B,,¢, = 0 holds good.

Transvecting (1.12) by ¢,,, we get

(212) @R} = Ok + omClH

Using (2.1) in (2.12), we get '

(2.13) PmR; = OpK; + (P + @' Conjn )H}.

Transvecting (2.13) by y™, using (1.15a) and (1.4), we get

(214)  @my™R; = @my™K; + P} H]!

which can be written as

(215)  PjH! = o(R; — K;),

where ¢ = @, y™.

Using (1.12)'in (2.15), we get

(216)  PjH{" = ¢ CjpH]"

or

(217) P}, = ¢C},, since H # 0.

Transvecting (2.17) by y™ or y/ and using (1.5),we get

(218) a)PhLy" =0 and b) Py’ = 0.

Thus, we conclude that

Theorem 2.4. In P, — Like — GBK — RF,, we have the identities (2.15), (2.17), (2.18a) and
(2.18b).
3. An P* — GBK — RF,,

Definition 3.1. A P* —Finsler space is characterized by the condition Izumi ( [7], [8], [9])
(3.1) Pep = Cnyjy’ = @Chkp, » @ # 0.
Definition 3.2. The GBK — RE, which is A P* —Finsler space [satisfies the condition (3.1)] will

be called P* — GBK —recurrent space and is denoted briefly by P* — GBK — RE,,.
Transvecting (1.23) by ¢ and using (3.1),we get

(32)  ¢BuRin = An@Rjn + Plm(8h9ji — 5igjn) + Ottm (PjnYic = Pjiyn)
+(Bm P}, )Hip-
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This shows that

BmRikn = AmRjien + .um(5illgjk - 5Il<gjh)
if and only if
3.3) Otim (Phyi — Piyn) + (BmPjr)Hiy = 0.
Thus, we conclude that

Theorem 3.1. In P* — GBK — RF,, Cartan's third curvature tensor R}kh behaves as generalized
recurrent if and only if the condition (3.3)holds good.
Transvecting (3.2) by g;; , using (1.3b), (1.13), (1.6) and (1.16), we get
OBmRjtkn = PAmRjekn + Obim (9 jkIne — gjnGke T Pejnyr — PejkYn)
+(BmPejr ) Hin — Bmie (Pf-Hin — @R}en)-

This shows that

BmRjtkn = AmRjekn
if and only if
(3.4) Ot (9jeIne — GinGre + PejnYi - Pyjiyn) + (BmPejr)Hin

~Bim8ie (Pir-Hiep — fPR}kh) = 0.

Contracting the indices i and h in the condition (3.2), using (1.3b), (1.10a) and (1.17), we get
(3.5) ®BinRik = @AmRjx + @ [(n — Dgjic + Py — PjSkYS] + (Bmpjsr)H;s-
This shows that

Bijk = Aijk
if and only if
38)  oun|[(n—Dgjc + Pyi — Piys| + (BuPjy)His = 0.
Transvecting (3.2)' by g’*, us'ing (1.3a) ,(1.10b) qnd in view of (1.3)_ ,we get

PBmRy = An@Riy + @[ (0 — D8, + g7 (P — Pjicyn)]

+97*(BnPjy )Hin + ¢ (Bing” )Rjin-

This shows that '

BmRi, = AR},
if and only if
@7 o[ =16 + g (P = Pieyn)] + 97 (BmPjr ) Hin

+<R(Bmg]k)R}kh = 0.

Transvecting (3.5 ) by g/, using (1.3a) and (1.11),we get

@BmR = An@R + @up[n(n — 1) + g7 (Piyx — Piys)| + 0 (Bmg’™)Rjx +

97 (BmP}, ) Hin-
This shows that
BmR = AR
if and only if
(3.8) Ptm[n(n — 1) + g% (Piyi — Piys)| + 0(Bng”™)Rjx + 97% (B P}, ) Hicy

= 0.
Thus, we conclude that
Theorem 3.2. In P* — GBK — RE,, the associative curvature tensor R;,.,, Ricci tensor R;; the

deviation tensor R}, and the curvature scalar R all behave as recurrent if and only if (3.4), (3.6),
(3.7) and (3.8), respectively hold good.
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