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Abstract

The g-Laguerre polynomials are important g-orthogonal polynomials whose applications and
generalizations arise in many applications such as quantumgroup (oscillator algebra, etc.), g-
harmonic oscillator and coding theory.

In this paper, we introduce the g-analogue modified Laguerre polynomials and generalized
modified Laguerre polynomials of one variable. Some recurrence relations and g-Laplace
transforms for these polynomials are derived.

Keywords: g-analogue modified Laguerre polynomials, generating functions, recurrence relations,
g-Laplace transforms.

1. Introduction, Definitions and Notations
In this section, a summary of the mathematical notations and definitions required in this paper for
the convenience of the reader is will be given.

The basic hyper geometric or g-hyper geometric function r¢s is defined by the series
a'l’ . a‘r H
r¢s Z (alv 3] r! ( 1)(1+s—r)nq(l+sr)(g)

,b,, ), (@.a),

n

(1.1)

where (&;,...,a,,0), :(%;Q)n-u(arJQ)n and (a;Q)n denotes the g-analogues of Pochhammer
symbol, or g-shifted factorial is defined by [2]

1 ,N=0
(a;a), = 1 (1-ag’) ,n=123... (12)

0<j<n-1
0 k>n
where(q_n;q)k = (q;Q)n (_1)kq(l§]‘“k k<n @3
(a;),. T
0;9), =
Also
(a;0),., = (a; )(aQ”'Q)k, (1.4)

where I|m ( E q; =

The g- blnomlal coefficient is defined by [2]

n (0:9)
=———~"——  0<k<n, kneN (15
Mq CHNGHNS 49
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R

The g-exponential function €, (X) is defined by [2]

eq(x)zi X _ 1 e,(x)=¢e (x), (1.7)

= (@a), (xq),’

and

n

£ 00-YCd) X —(a). s

= (g:0),
The g-derivative with index ¢ is defined by [7]

Daf(x)zﬂ?;—a’(é%, D,=D (L9)

which for g-derivative of the pair of functions are valid

D(Aa(x)+ b(x))= A Da(x)+ 2 Db(x),(1.10)

D (a((x)). b(x)) =( a)(qE())D b((x§+ D(a)(x)b(x), (1.11)
a(x Da(x)b(x)—a(x)Db(x

oS = -0

Exton [1] presented the following g-exponential functions:

E(ﬂ’Z;q)zgqfr:(]n!l) s
1 (@a),
where[ ]q. (l—q)n'

X
In Exton's formula, if we replace Z by ﬁ and £ by 2a, we get

E(Za,li;q]:Eq(x,a),

where
E,(x a):i qa(Z) X" (1.13)
o (@a), '

n=0
which satisfies the functional relation

E, (x,a)-E, (qx,a)= XE, (g°x.a).

The above g-function can be rewritten by the formula

1 a
D,E, (X’a):ﬁ E, (q X'a)- (1.14)

Also, the g-analogue of (Xi y)” is given by [6]
0 o(2Y/. (] [5) ‘
(xty) =(xxy),=x (+%,an =X ;{k}q 2 (i%j (1.15)

The Laguerre polynomials Ln(X) of order N are defined by means of a generating relation [8]
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@-t)* exp( J Z L, ()t", ft|<1, 0<x <o (1.16)
and the following series defmltlon.

L,(x)= ;—(ij;z;“_'xkky . @17)

Also, the associated Laguerre polynomials are defined by the generating function [8]

(1-t)™ exp( jZL x)t",  (1.18)

and the series definition

L) (x) = kz:; k(!(;) (i;(a) o (1.19)

Goyal[3] defines the generating relation for the one variable modified Laguerre polynomials
(MLP)by

3 Lowen ()6 =(-bt) e xp[ ag‘j (1.20)

n=0

Where the MLP La'bvcyn(X)is given by

La,b,c,n(x):MlF[ n;c; b] (1.21)

n!
The g-Laguerre polynomials are defined by [4,5,7]

-n.

aal., qa";
L) =", ai~(L-a)g“"x

_ ("), Z(q a)d ¥ a-q) (@) (122)

(@:a), = (@ a) (@ a),
wherea >-1, 0<q<1 and n=0,1,2,3,....

The g-Laguerre polynomials are specified by the following generating function:

Z'— Xq)t ( .q) A xi0;.97). (1.23)
The g- Laplace transforms is defined by[9]

oLt :—I )d(t;a);  R(s)>0(1.24)

and

L= (qs;ncjl)" . n>0. (1.25)

2. g-Analogue Modified Laguerre Polynomials of One Variable

In this section, g-analogue modified Laguerre polynomial of one variable is introduced by
the followinggenerating function:

[1 ,Bt] equ{ 05Xt:| i Laﬁmnxq)[ (2.1)

n=
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Now, we get hyper geometric representation of g-analogue Laguerre polynomials L ﬂmn(x q)

in the form of the following theorem:
Theorem2.1.The following hyper geomatric representation for the g-analogue Laguerre

polynomials L i, n(X q) holds true:

(q ’q) (b) [ -n. m+1 axj
L 1q) =L g 2.2
wpma(X:0) ), AR 5 (2.2)

where ‘t‘<1, ‘q‘<l.
Proof. From (2.1) and using (1.7), we obtain

2 Lo pmn (X 0)E" =i(—2)rﬂ[l_ AL

= (a.9)
by using relation (1.15),we get

© v & () (axt) & [—m—r} (3); av
L g’ =)y —A—— 2 —
2. wpma(X ) 2, ) 2 k A,
on using relation (1.6) the above equation becomes
0 e (_1)r m+r+n-1| , o
3 Losmabia) = S @ e (2
Using relation (1.5), we get
S . n S (_1)r(q ) (q q)m+n+r 1( n+r
L . =
Z: ona059) Zo (q:q)r(q,q)m+r_l(q a), 2k
N (qm n ﬁ) r (rj (J 1+m O[XJ
L (;a), Zo (qq)( )q, nrkq B

From relation (1.3), we get

S q q) (18 rj (q_n1Q) ( 1+m ox r n
La m,n X q ( q mr q — |t
Z 7 Z qqn; (a:a),(a™;q), B
By using definition (1.1) a nd the nequating the coefficients of t" , we get the required relation
(2.2).
Next, we derive some recurrence relations for the polynomials L a,fm, n(X q) in the form of the
following theorems:

Theorem2.2. The g-analogue modified Laguerre polynomials of one variable L ﬁmn(x q) satisfy
the following relation:

0
& Lmﬁ,m,n (X; CI) =-a La,ﬁ,m+l,n—l(X; CI) (23)

Proof.Differentiating both sides of (2.1) with respect to X, we get

R N e ]

n=0 1—ﬂt

—t aXt)l tmr—l
a;; (a;a), i-sl

Univ. Aden J. Nat. and Appl. Sc. Vol. 21 No.2 — August 2017 328



g-Analogue modified Laguerre.........Fadhle B.Mohsen, Mubarak A. Alqufail,Fadhl S. Alsarahi

by using relation (1.15), we get

> 9 oy v laxt) & [mmer=1) (5]
S L Ll S ) (S { A py.
From relation (1.6), we obtain

5 2t pmba =Sy 5 M e gy

n=0 r=0
which on using relation (1.5) becomes

S 0 eare—a Sy O @) (@) (B)
Z" aLaﬂmn * nrzo (a:a), (@), (@ 0), t

m+ n-1 p_ -(n-2)r r
& (o ) ore oy d " ead® (e,

(m+1)( z ( 1) m+1 q t !
S d"ga),,F 7 (ga)la™a)(@a), L B
using relation (1.3) and the equating the coefficients of t" , we obtain

(qm”;q)nl(ﬂ)“”z‘l:q@ (";q), (qm a_XJ

9™ (q;q),, 5 (9:9).(q™%:q) B

LI MU S o

=-a T = ¢ n’ m+1. i, qm+2
q( l)( 1)(q q) 171 ﬂ

which on using definition (1.1) yields the required relation (2.3).

Theorem2.3. The g-analogue modified Laguerre polynomials of one variable Lalﬂ‘m,n(X;Q) satisfy
the following relation:

[n+l]q aﬂmn+1( ) mﬂL ﬁm+1n( q)
B S i | W ) { G ) B

m+1

85 ™ (a;9), (o @)y (a5 )y,
Proof. Differentiating both sides of (2.1) with respect to t, we get

Z [k L pma (% q)t”lzmﬁ[l—ﬂt];m_lequ{_%}

—aX _ axt
+ 1-qpt] " exp {— }
{[1—ﬂt]q[1—qmq}[ " ee, 1-pt
by using relations (1.7) and (1.15), we get

z [n +1]q La,ﬁ,m,n+1(X; q)tn

n=0

=—a

0
& La,ﬂ,m,n (X; q) =-a

applying relation (1.6), we find
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3 b ) —mﬁ; st gy
L O i ) i e N e
Zo{ r Lq( )(Qﬁ)g kz;‘( Y @ay@a),

on using relations (1.5) and (1.3), we find

S B Clt X1 ) A T ) A G A
Z[ 1]q|‘aﬁmn+1( qt = ﬂz m+1 Zq )(qm+l q)k[q ]t

n=0 )n k=0 q q B
e Skl ( g tq) 0™ a) (@) (8)
“ zo kz(;zo =3 ™ (a;0), (05 ), (0 ), i t

By equating the coefficients of t" , we get the required relation(2.4).
Theorem 2.4.The g-Laplace transform of the g-analogue modified Laguerre polynomials

Laﬁ’m’n(t X q)is given by

Ll ea(tig)= (@™ a)(s) < gl?) q‘",qr(qmi}(%)

sq™(@-a)a,q), S a",q Bs

wheret >0 .
Proof. By using the definition of the g-Laplace transform (1.24), we get

qu{La,ﬁ,m,n(t?Q)}zq {( ) Zq(r)( (q Q) (qhm“_tjr}

q™(q,09), = q).(a",a), B

1 opg Cq @ahBr & 0 aa) (mat)
T1-g% o t>{ q™(a,q), Zoq (a.9), qm,qr(q ﬂj}d(t’q)
_ (qm’q)n(ﬂ)n C (5) (qin!Q)r l+mgr°°e _st)t"
_q”””(l—q)(q,Q)ngq (q,q)r(qm,ql(q ﬂjL s,

on using relation (1.25), we get

e (ama) ey <« (5 (@"a) ([ wme ) (@a)
qLS{L”"”"“"‘(LQ)}_or“"(l—Q)(OLQ)n 1 W(q ﬁH E }

S
which is the required relation (2.5).

3. The Generalized g-Analogue Modified Laguerre Polynomials of One Variable
In this section, a generalized g-analogue modified Laguerre polynomial of one variable by is
introduced means of the following generating function:

(L- )" Eq(lllxt : a] = i L, sma(X @ a)t", t<1 |o] <1.3.2)
_ﬁt n=0

Now, we get hyper geometric representation of the generalized g-analogue Laguerre
polynomials in the form of the following theorem:
Theorem 3.1.The following hyper geometric representation of the generalized g-analogue

Laguerre polynomials LMm n(X a;q) holds true:

(q q) (ﬂ) ( (a+1) m+1 axj
L L e ) 232
wpma (X Q)= @), él 9"amq%,—q 5 (3.2)
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Proof. From (3.1) and using (1.13), we obtain

k a(
Z L et = - g3 Y

k=0 (q;q)k
by using relation (1.15), we get

Z Lo pma(x @)t =3 (1) 9

k=0 (q; Q)k n-0

which by using relation (1.6) becomes

ZLaﬂmnxaq ZZ
n=0 k=0

On using relation (1.5), we obtain

a(SJ(aX) {m+k+n

n

11((1 e,

alk +(-m—k)n
i La/i’mn X, a, q i i(—l)k g (2) (ax)k (q;q)m+k+n—1 (,B)ntn+k

n=0 n=0 k=0 (q1 q)k (q’ q)m+k—l(q; q)n )

(qm;Q)n(,B)n n (_1)k q(a+1)(2)+(2)*nk (q;q)n (qmu%jktn’
q"(0;0), &= (@a),  (a™a)(@a),.,
elation (1.3), we get

. . 1>(5) :

L =y @hahe) $a Y (g ,q)k( mﬂ%j "
2 Leamale )t =2, Q(qanz;‘ I CE RS
Which, by equating the coefficients of t", yields the required relation (3.2).

Next, some recurrence relations are derived for the polynomials L ﬂmn(x a;q) in the form of
the following theorems:

M

n=

now using

- ©

Theorem3.2.The generalized g-analogue Laguerre polynomials of one variable L ﬂmn(X a;CI)
satisfy the following relation:

a a a N
& La,ﬁ,m,n (X' a q) = _m La,ﬂ,mﬂ,n—l(q X, a, q)-(3-3)

Proof.Differentiating both sides of (3.1) with respect to X and using (1.14), we get

= 0 n _m —at q°axt
—L a gt =(1- ——¢E. | — ,al
% o resmaln @A == ) {(1—Q)(1—ﬁt)} ‘*( -4 a}
by using relations (1.13) and (1.15), we get

i

i ot I R

(Ga) = n

0

0
Z &La,ﬂ,m n(X a q

n=0

from relation (1.6), we find

5Lt Syl s

n=0 k=0
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which by using relation (1.5), we find

. o ak+a(§)+(—l—m—k)n ) K n
a (q1q) k (CZX) (ﬂ) n+k+1
_|_ m+k+n t
2 oy boam B =73 3 TN
(@™ a) (8" & aW)(%j(“)k(crq)1[ o ank :
_ 1 X
gk g <q,q>n_1§( P e Y L

by equating the coefficient of t" , we obtain

mel. o ak+( a+1)(;) - .
O (xaig)=— (g ) ; 5 (q ,q)k(qmza_xj

ox (1-q) g™ = (aa)la™a) Vi

m+. a+: a+m+2 OX
1¢1( ! 11q( l)l_q 2?];

n-.

a (m+1 ) (ﬂ)n
- (@-9)a"" I (a;q),.,

which is the required result (3.3).

[NENR

Theorem3.3. The generalized g-analogue Laguerre polynomials of one variable La,ﬂ,m,n(x’ a§Q)
satisfy the following relations:

[n +:L:lq La,ﬁ,m,n+l(x’ a; q)tn =mp La Y m+1,n(x’ a, q)

" ak+a( )+( k-1 )(n- k—r)(
Z S

a4 a), (@ a), .

ax ) (B) " .(3.4)
== ™ (o). (@ ). (A a)r (@) )
Proof leferentlatlng the both sides of (3.1) with respect to t, we get

i [n]q La,ﬂ,m,n (X,a;Q)t”—l — mﬂ(l—ﬂt)’”“ Eq(_ axt ’a]

n-0 1-pt

+{(1— i ﬂat);(l— qﬁt)}(l_ WE, K_ T—aﬂxtt ’ a}

by using relation (1.13), we get

> [+ 2L, s (i)t =mpy(-0f A

k

I

o
—_
o)
o]
~—
=

>

I

o

B s B S
o I R e A
Which, by using relation (1.6), we find

i N+1], L, pmpa (X a50)t" = mﬁi (1)

qa((53<ax>k St e

Ga) LN
it [ L T o e
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Applying relation (1.5), we find

" " a(é}(—m—k—l)n ] ‘ N
. n Kk q (ql q) k+n (aX) (ﬂ) n+k
§ 1 (&gt =mpd (-1 u t
A ]q @pmn (X ? q) mﬁnk—o( (q’q)k(q1q)m+k(q1q)n

e w ak+a(k) +(—k-1)n " ner
X ) (0 D (9 D (@) (B i
-2 X G e aed e

Z n+1], La,ﬁ,m,ml(x, a;q)t"

o (o) (a) g @M ‘
—mpy (@ a),(8) Z(_l)k (g;9), (qmza_X] e

I
o

& 9" (g;0), = a) ™ a) (a;q B
ak+af § (- )n—k-r n—
S A L i wwmwmr<m;,
-85 < RN CH) .
using definition (1.1), we get
S (qm+l q) (IB)n ( m+1. a+1) m+2 aXJ n
N+1}, L, smaa(X @)t =m N YIRS — |t
;[ 1 Lepmna(X.250) ﬂgql(qq)lﬂqq L
ak+a K +(—k—1)(n—k-r) me 4 n—
n (2) (q 1;q)r(qk l;q)n—k—r(ax)k(ﬂ) kt“
VaE S a™ (a;a), (a; ) (0;0),

by equatmg the coefficients of t" , we get the required relation(3.4).
Theorem3.4.The g-Laplace transform of g-modified Laguerre polynomials Laﬁ’m'n(t,a;Q)is
defined by

oL {La, P (- q)} Miq‘aﬂ)@ %qn_;q)rk(qm“ ﬁ]k ) (3.5)

sq™(a;q), &= q™;q), sp
wheret >0, R(s)>0 .

Proof.By using definition of the g-Laplace transform (1.24),then the relation (3.2) can be written

qLs{La,ﬂ,m,n(t’a;q)}:Lweq(—st (qm;q)n(ﬂ)niq(aﬂ)(z) (q—n;q)k (qmﬂa_th d(t;q)

a"(0:q), = (@a) (@ma) " 2

as

k
(q q) ' (a”)()(q q)[mﬂajk k
— | JLAt

" (g:9), kzt; @a), @5a) " 7 LA
by using relation (1. 25) we obtain

a+l)(§) n K
I G ) a"* (g ;Q)k( mﬂaj {(q;Q)k}
L L t, y - ’
q 5{ a,ﬁ,m,n( a q)} q q q ) ; k ( m;q)k q ﬁ k+1
which is the required relation (3.5).
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