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Abstract

Qasem and Ali [15] defined the k"— BR- affinely connected space. In thin space, they obtained
the condition for some tensors to be birecurrent, proved some tensors are birecurrent, gave new
definition for some tensors and found some identities. Also they defined for k"~ BR —Lands
bergspace and obtained various identities in such space.

In this paper we have used the property of K"-BR-E,in P2-like space and P*-Finsler space. We
have obtained different theorems for some tensors to be satisfying the conditions of the above
spaces and various identities in such spaces were also obtained.

Keywords: K"-Birecurrent Space, P2-like K"-Birecurrent Space and P*-K*-Birecurrent
Space.

1.Introduction

A P2-like space has been introduced by Matsumoto [8]. Verma [17] obtained some results
whenR"-recurrent and C-concircularly spaces are P2-like spaces. Dikshit [3] obtained certain
identities in a P2-like R™-birecurrent space. Qasem [13] obtained certain identities in a P2-like R"-
generalized and P2-likeR"-special generalized birecurrent spaces of the first and the second kind.
Qasem and Muhib [14] obtained certain identities in a P2-like R"-trirecurrent space. Muhib [10]
established a different identity concerning P2-like R"-generalized and P2-like R™-special
generalized trirecurrent spaces. Saleem [16] discussed P2-like C"-generalized and P2-like C"-
special generalized birecurrent spaces and he obtained the necessary and sufficient condition of
some tensors to be generalized birecurrent and special generalized birecurrent, as well as some
identities in such spaces.

Izumi ([5], [6]) gave the concept of P*-Finsler space. Matsumoto ([7],[8]) defined a C-
concircularly flat spaces and tried to correlate it with a P*-Finsler space of constant curvature.
Dwivedi [4] worked out the role of P*-reducible space in P*-Finsler space. Verma [17] obtained
some results whenR"-recurrent and C-concircularly spaces are P*-Finsler spaces. Mishra and
Lodhi [9] discussed C™-recurrent Finsler space of second order and obtained different theorems
regarding this space when it is P*-Finsler space. Saleem [16] obtained different theorems in C"-
generalized birecurrent and C"-special generalized birecurrent spaces when C"-recurrent space is
P*-Finsler space.

Let us consider an n-dimensional Finsler space F, equipped with a metric function
F(x!, y* )satisfying the requestic conditions of a Finslerian metric [13]. The relation between the
metric function F and the set of quantities g;;(x, y)(corresponding metric tensor g;;) is defined by

(L.1)gy; (e, y): = 588, F2 (x,y).

These quantities constitute the components of a covariant tensor of second order . This tensor is
called the metric tensor of the space F,. From (1.1) and, due to the the homogeneity of F(x,y) in
y' it is obvious that the metric tensor gij(x,y) is positively homogenous of degree zero in y'and
symmetric in i and j.

Corresponding to each arbitrary contra variant vectory‘of T, (p), there is a covariant vectory;such
that

(12) y;=gij(x, )y’
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Analogous to the metric tensor g;;(x, y), we define a tensor g9 (x¥,y,) as follows:

(1.3)  gY(x",yi) = 5B H? (", v,

whered; denoted the partial differentiation with respect to the covariant vector y; . The quantities
g9 (x¥,y,,) constitute the components of a contravariant tensor of second order .

Transvecting (1.1) byy’ and using Euler's theorem on homogenous function, we get

(1.4) gi; ¥/ =0, F2 =F4,F .

From (1.2) and (1.4), we have

(15) y; = F9,F.

The vectory;also satisfies the following relation:

(1.6) 9ij = 0, y; = 0; y;.

From the metric tensor, we construct a new tensor Cj; by differentiating (1.1) partially with
respect to y*, we get

(17) Cipe = 30195 = 5 0:0,0,F?

whereC;j, is known as (h)hv-torsion tensor [8],it is positively homogenous of degree -1 in ytand
symmetric in all its indices. By Euler's theorem on homogenous functions, this tensor satisfies the
following identities:

(1.8)Ciji y' = Crij y' = G y* = 0.

The (v)hv-torsion tensor Cjikwhich is the associate tensor of the tensor Cj, is defined by

(1.9) a) Ch:= g"Cijk and b) Cijic: = gnj cl

which is positively homogenous of degree -1 in y* and symmetric in its lower indices .

The expression for the variation of an arbitrary vector field X* under the infinitesimal change of its
line- element (x,y) to (x + dx,y + dy) by means of covariant (absolute) differential given by
Cartan in his second postulate [2]

(1.10) DX! = dX' + X/ ( C} dy* + T} dx* ),

where

(1.11) jk = Vi = Cnie G + 9" Cjtm G
together with

(112)G% =Sy}, ylyk

and

(1.13) G/ =0;G" .

The function G! is positively homogenous of degree two in y*. Eliminating dy* from (1.10) and
the absolute differential of I¢, Cartan deduced [2]

(1.14) Xi =0, X' — (0, X)) G + X" T3,

where the function T} is defined by

(L15)  Iyi =T — Chy THY* .

The metric tensor g;; and the associate metric tensor g are covariant constant with respect to the
above process which is defined in (1.14), i.e.

(1.16) a)gije =0 and b) g/l =0

The vectory® vanish as under the h-covariant differentiation, i.e.

(1.17) ¥, =o.

The tensork!, ,is defined by

(L18)Kfxn = 0T + (01 T74) Gie + Ty T —h/k

And is called Cartan's fourth curvature tensor, which is skew-symmetric in its last two lower
indices k and h and positively homogenous of degree zero in y!. The curvature tensor Kjikhsatisfies
the following identities known as Bianchi identities:
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(1.19) Knij + Kjpe + Kijn =0
and
(1.20)K i + Kl + Kijin + (s Ti] ) K v + (a T )Kom v*
+(asr W) Koyt =0 .
An obvious consequence of the identity (1.19) is
(121)  Kjikn + Knijic + Kieinj = 0.
The curvature tensor Kjpsatisfies the following relations too:
(1-22)Kjikh ¥ = Hp-
The curvature tensor Rikhis defined as
(L23)Ryp, := 0Tk + (0, Tjh) G + G (0n G — GRiGi)+ T, Tii — h/k
and is caIIed h- curvature tensor (Cartan's third curvature tensor ), this tensor is positively

homogenous of degree -1 in y' and skew-symmetric in its last two lower indices k and h and is
satisfies the relations:

(1.24) jikh = ]ikh + lem Hy,

(1.25) a)Rfkh yl = Hkh = ]kh}’]

and

) Rixwm ¥’ = Hknm = Kjknm ¥’

where the associate curvature tensorR;,, of the curvature tensor th is given by

(1.26) Rijkn:= grj Rixn

which is skew-symmetric in the first two lower indices i and j and satisfies

(L.27)Rijkn = Kijkn + Cijm Hryﬁ :

Also, the curvature tensor Rj, satisfies the following identity known as Bianchi identity
(1 28) Rl]k|h + th]Ik + leh|] + y (Rmkh ijs + RS 515 + Rmh] i?cs) =0,
whereP! jich is calledhv curvature tensor (Cartan's second curvature tensor) and defined by
(1.29)Pjyp, = ahF + C]lm Pgp — C]hlk

The hv-curvature tensor th is positively homogenous of degree -1 in y* and satisfies the relation
(1.30) Py’ = 0,Tjiky’ = Pip = Copr "

WherePk is called v(hv)-torsion tensor and its associate tensor P, is given by:

(1.31) a)Pj i= 0;(Thi) ¥ = Py = Tihie ¥

and

b)gir Per. = Pricn -
Ricci-tensor ij is given by:

(1.32)Pjy; = P -
The assouate curvature tensor P, 0f the hv-curvature tensor Pj,, is given by Qasem and Ali [15]
(1.33) Pijn = Gir Pikn

which is skew-symmetric in the last two lower indicesi and j .

The tensor (P;; — P;;)is given by

(1.34) Pijkn g*" = P;j — Py

The curvature vector P, is given by

(1.35) Py =P

Berwald curvature tensorH; h and the h(v)-torsion tensor H:,, are defined by
(1.36)H;, ]kh = 0y, ]‘k + G Gsp, + Gs‘thk h/k

and

(1.37)  HL, = 0,GL + GLGL, —h/k

Respectively and connected by
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(1-38)Hrikh = a.THIich'

Berwald curvature tensor Hjikh also satisfies the following :

(1.39) fen + Hiyn + Hiyp = 0

which is one of the Bianchi identities for Berwald curvature tensor.
The tensorH}, , is defined by

(1.40) Hjih.k = JYin Hjik
2.P2- LikeK™-Birecurrent Space
Let us consider a K "-birecurrent space which is characterized by the condition [1,(2.1)]
Kinimie = @emKjn + Kjen # 0,
wherea,,, is a non-zero covariant tensor field of second order will be called h-
birecurrence tensor. We shall denote such space and tensor briefly by K"-BR-F,and h-BR
respectively .
A P2-like space [9] is characterized by the condition
(2.1) .jlkh =@ Cen — D' Cikn,
where@;and @' are non-zero covariant and contravariant vectors field, respectively.
Definition 2.1. The K"-birecurrent space which is a P2-like space [satisfies the condition (2.1)]is
called it a P2-like K™-birecurrent space and denoted briefly by P2-like K"-BR-F,.
Let us consider a P2-like K- BR-F, , then, necessarily, we have the condition (2.1).
Taking the h-covariant derivative for (2.1) twice with respect to x™andx!, successively, we get
Picnimie = ®jimie Cien + jim Cienje + DjjeCienm + O Cinimie
= @imie Cikn — Bjm Ciknie — Bje Ciknjm — D' Ciknimie

which can be written as:
(2.2) leknmw = Q)jClihm;w — 0 Ciknmie + (Djimie Ckn + DjimCinje + Djie Cinpm

= @imie Cikn — BimCiknie — Dje Ciknm ) -
In view of the condition[1,(3.9)]
Cirimle = bem Gy, .
Provided the h(v)-torsion tensorHypand the(v)hv- torsion tensor Cj, are h-recurrent and in view
of the condition[1,(3.22)]
ijrlml# = bym ijr’
provided the h(v)- torsion tensorH;,and the (h)hv-torsion tensorC, -are h-recurrent the equation
(2.2) can be written as
(2.3) lekh|7_n|£’ = aem(%czih — @' Cjkfl) + (Djimie Ckn + DjimChnje + Djie Cienm

= Bimie Cikn = Bim Cikne — e Ciknm ) -
Using (2.1) in (2.3), we get
CDPinmie = a{’m_lekh + (Djimie Cin + Djjm Cnje + Dj1eCnim — Pjmye Cikn — Pm Cjknye

= B¢ Ciknim )
which can be written as:
(2.5) Pixnmie = @em Pjkn
if and only if
(2.6) BjimieCicn + DjimCinje + D j1eChnim — BimieCirn — PmCikne — BjeCiknim = 0.
Thus, we conclude
Theorem 2.1.Ina P2-like K"-BR-F, thehv-curvature tensor ikn 18 h-BR[providedtheh(v)-torsion
tensorH},, the (v)hv-torsion tensorCi,andthe (h)hv-torsion tensorCj,, are h-recurrent] if and
only if (2.6) holds good.
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Transvecting (2.4) byg;,,using(1.16a), (1.33) and (1.9b), we get
2. 7DPyjknimie = Qom Prjkn + {(_Q)j|m|e Crkn + Djjm Cricnje + 1o Crinm)— 8ir (BmieCien
+ Ot Ciknje + Ble Ciknpm)
which can be written as:
(2-8)Prjkh|m|£’ = at’mprjkh
if and only if
(2.9)8imie Cricn+ Djim Cricnje + Djie Crichim = 8ir (Bjmye Cikn + Bim Ciknje + B¢ Cirenpm) = 0
Thus, we conclude
Theorem 2.2.In a P2-like K"-BR-E, , the associatecurvature tensor Py jin of the hv-curvature

tensorPj,, is h-BR [ providedtheh(v)-torsion tensorHy,, the (v)hv-torsion tensor Ci, and the
(h)hv-torsion tensor Cj,pare h-recurrent] if and only if (2.9) holds good.

Transvecting(2.4) byy/, using (1.17), (1.8) and (1.30), we get

(2.10)Pipimie = @emPin + Y7 (@ jimieCin + Djpm Chnje + Djte Cinym)

which can be written as:

(2.11) Pinmie = Qem Pin
if and only if
Y/ (@jimie Cin + Djim Cnje + Dj1e Cionm) = 0
or
(2.12) Bimie Ckn + Om Cinje + D2 Cienym = 0,

where @; y/ = @ and since(1.17) holds good.

Thus, we conclude

Theorem 2.3.In a P2-like K"-BR-E, , the v(hv)-torsion tensorP}, is h-BR [ provided the h(v)-
torsion tensorHy,, the (v)hv-torsion tensor CL, and the (h)hv-torsion tensor Cjxn, are h-recurrent ]
if and only if (2.12) holds good.

Transvecting(2.10) byg;,, using(1.16a), (1.9b) and(1.31b), we get

(2.13)Pjknjmie = QemPixn + Y7 (D jimie Cikn + D jim Cirnje + 9jje Cirnm)

which can be written as:

(2.14) Piknimie = aem Pikn
if and only if
Y (Bjimie Cikn + B jim Ciknje + Bjie Cixnjm) = 0
or
(2.15) Djim1eCikn + DjimCixnie + Dj1eCiknm = 0,

where@; y/ = @ and since(1.17) holds good.

Thus, we conclude

Theorem 24.In a P2-like K"-BR-F,thetensorPy, is h-BR[provided the h(v)-torsion
tensorHp, the (v)hv-torsion tensor CL, and the (h)hv-torsion tensor Cjknareh-recurrent] if and
only if (2.15) holds good.

Transvecting (2.8) byg*", using(1.16b)and (1.34), we get

(2-16)(Prj - Pjr)lmli’ = a{’m(Prj_Pjr) + gkh{(®j|m|{’ Crin + ®j|m Crkh|{’ + ®j|{’ Crkh|m)
- gir(®|lm|£ Cikn + Ojm Ciknje + 9l Ciknm)}

which can be written as:

(2'17)(PTI - PJ'T)|m|g = afm(PT]' — b )

if and only if

(2.18) g {(D jjmye Cricn + Djim Cricnje + Bj1eCrichim)— Gir(Bfmie Cikn ~ + B Ciknje
+ 01,Ciknim)} -

Thus, we conclude
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Theorem 25.In a P2-like K"-BR-F, , the tensorP,; — P;is h-BR [provided the h(v)-torsion
tensorHZ, the (v)hv-torsion tensor C},, and the (h)hv-torsion tensor Cikn, are h-recurrent ] if and
only if (2.18)holds good.
Contracting the indicesi and h in (2.4) and using (1.32), we get
(2.19) Pjkmie = @emPic + ( Djimie Cic + Bjjm Chje + Bjje Cpm — Bimie Ciki —
im Cikite = 9j¢ Cikijm )
where
(2.20) ¢}, =¢;.
The equation (2.19) can be written as:
(2.21) Pikjmie = AemPjk
if and only if
(2.22)@jjmie Cic + Djjm Cije + Dj1eCrim — Bimie Ciki — DimCikire — 9Bje € jkijm = 0.
Thus, we conclude
Theorem 26. In a P2-like K"-BR-F, , RiccitensorP;, is h-BR [provided the h(v)-torsion
tensorHp, the (v)hv-torsion tensor C:, and the (h)hv-torsion tensor Cjxn are h-recurrent] if and
only if (2.22) holds good.
Contracting the indices iand h in (2.9),using(2.20) and (1.35), we get

(2.23) Pijmie = @emPi + (D imieCr + jjm Creje + Djje Crepm) ¥7
which can be written as
(2.24) Primie = ApmPr
if and only if

(@j1mie Cic + Bjim Cie + j1¢Crejm )y’ = 0
or
(2.25) DimieCr + BymCrie + D1oCrym = 0,

where @; y/ = @ and since(1.17) holds good.
Thus, we conclude
Theorem 2.7.In a P2-like K"-BR-F, , the tensorP, is h-BR [provided the h(v)-torsion
tensorHJ, the (v)hv-torsion tensor C., and the (h)hv-torsion tensor Cikn, are h-recurrent] if and
only if (2.25) holds good.
Let us consider aP2 -likeK"-BR-E,, then necessarily, we have the condition (2.1) and, if we take
Bianchi identity for Cartan's fourth curvature tensorl(jikhwhich is givenby (1.25).
Transvecting(1.25) byy/, using (1.17),(1.22),(1.31a) and (1.30),we get
(2.26)Hinpm + Higepn + Hhmpe + Him (Plsie /) + Hin (P v7)
+ Hyw(Plp y7) = 0.
Using the condition(2.1) in (2.26), we get
Hinpm + Hin + Himpe + Him (95 Coi = 0 G ) v/

+ Hlih(@jcsim - Q)icjsm )yj + Hrsnk(q)j Csih - Q)i sth )yj =0
which can be written as:
(2.27)Hippm + Honein + Himpie + 05 (Hin Core + HinCim + Hie Cop) v/

- Qi(Hislm stk + Hlih stm + Hrsnk sth ) yj =0 .
Using (1.24) and (1.27) in (2.27), we get
(2.28)Hyenpm + Hiiejn + Hiomjie + @5 (Ricnm + Rinen + Rimi) ¥

— 0 (Kinm + Kien + Khnie)Y? — 0" (Rixnm + Rimin + Rinmie ) ¥7

- @i(Kjkhm + Kimkn + Kinmk ) yl =0.
Using (1.19) and (1.21) in (2.28), we get
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(2.29)Hippm + anlﬁh + Hinjic + 05 ( Rim + RrinIFh + Riynie) ¥
— 0" (Rjknm + Rimkn + Ripmi ) ¥? = 0.
Using (1.25b) in (2 29), we get
(2. 30)Hkh|m + Hmk|h + Hhm|k + @ (Ripm + Rikn + Riumi) — 0" (Hgnm +
- Hpen +Humi) =0,
where@d; y/ = 9.
Transvecting (2.30) byg;,using(1.16a), (1.26) and (1.40), we get
Hyjnm + Hmjrn + Hpjmie + @ (Rjknm + Rimin + Rinmk )
— @' (Hgpnm + Hpien + Hpmi ) =0
which can be written as

(2.31) Hijnim + Hmjin + Hujmpe = 8 (Hinm + Higen + Hpmoe)

-0 ( jikhm + Rjmikn + R hmk)
Now, dlfferentlatlng yl Hi, = 0 [13] partially with respect to y/ , using (1.39) and (1.6), we get
(2 32)91} Hkh +yl ]kh =0
Taking skew_ symmetrlg part of (2_.32) with respect tothe indicesj , k and h,using (1.39), we get
(2.33)gij Hin + gin Hjie + gur Hpj = 0
Using (1.40) in (2.33), we get

(234) ij.h + th.k + Hkh.j =0
Putting (2.34) in (2.31), we get
(2.35) Hixnim + Himaen + Hinmie = =9 (Rikhm + Rjmien + Rjpme ) -

Taking the h-covariant derivative for (2.35) with respect tox! and using [1,(2.10)]
Hyjnimie = @emHyjn,
we get
(2.36)apm Hipen + on Himi + aoxcHinn = —912(Riknm + Rimin + Rinmic )
— @ (Riknm + Rimkn + Rinmi )If :
Thus, we conclude
Theorem 2.8.In a P2-like K"*-BR-F, , the identities (2.34), (2.35) and (2.36) hold good.
Transvecting (2. 35) byg¥, usmg (1.16b), (1.40) and (1.26), we get
(237D Hjpim + Hiin + Himje = =0 (Rl + Rinien, + Rhmk)
Taking the h-covariant derivative for (2.37) with respect to x* and using and using [1,(2.6)]
Hinimie = @em Hin,
we get
(2.38) Aom Hin + athri_nk + Ak .Hfilm = — B¢ (Rinm + Rinkn + Rimic)
— @ (Ricnm + Rnen + Rillmk)w :
Thus, we conclude
Theorem 2.9. In a P2-like K"*-BR-E, , the identities (2.36), (2.37) and (2.38) hold good.
Let usconsideraP2-like K"*-BR-F,, , then the necessarily we have the condition (2.1).
Using the condition (2.1) in (1 28), we get
(2'39)R}khlm+ Rimklh +R; jhm|k Ty {Rshm(Q) Ckr Q)icjkr) + Rejen (Q)J'CTL'M - Q)iijT)
smk(a Chr @ thr )} =0.
Using (1.25a) in (2.39), we get
R]kh|m+ R; mk|h+ R; hm|k+ Hhm(q) Ckr (Z)icjkr )+ HI:h(Q)j Crinr - @i ijr)
+ Hmk((b Chr 0! C]hr) =0
or
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(2-40)R}kh|m + Rjim.k|h + Rjihm|k + ®j(H£m Clir + HI:hCrinr + H{nk Cfilr)
-9 (H;;mcjkr + HI:thmr + H:nijhr) =0.
Using (1.24) and (1.21) in (2.40), we get
ADRpm+ R}mk|.h+ R}hm!k+ ®j{(31§hm ~ Kinm) + (Riukn — Kinien)
+ (Rhmie = Knmic)}= ' {(Rjicnm — Kjknm) + (Rjmicn. — Kjmkn)
+ (Rinmk — Kjnmk )} = 0.
Using (1.19) and (1.21) in (2.41), we get
(2A2)Rjinim + Rimien + Rinmic + 95 (Ricnm + Rinen, + Rhumie) — 0 (Rikhm + Rimin + Rinmic)

=0.
Transvecting(2.42) by g;;, using(1.16a) and (1.26), we get
(2.43) - (Rpjkhlm + Rpjmk|h + Rpjhm|k) = Q)j(Rpkhm + Rpmkh + Rphmk) +

' O (Rjknm + Rimkn + Rinmi),
whereg;, @' = @y, .
Transvecting(2.43) by y?, using (1.17) and (1.25b), we get
(2.44) — (Hjknpm + Himan + Hinmpe) = 0j(Hinm + Hmpen + Hama) +
@ (Rjkhm + Rimkn + Rinmk) -
where@, y? = 9.
In view of (2.35),the equation (2.44) can be written as:
(2.45) Hjenim + Himan + Hinmie = — @ (Riknm. + Rjmn + Ripmic )-
Taking the h-covariant derivative for (2.45) with respect to x* and using [1,(2.7)]
Hymje = @em Hp,
we get
(2.46)apmHn + aonHjmi + apeHinm = — O1e(Riknm + Rjmin + Rinmic )
— @ (Rjknm + Rimin + Rinmk )It’ :
Thus, we conclude
Theorem 2.10.In a P2-like K"-BR-E, , the identities (2.44), (2.45) and (2.46) hold good.
Transvecting(2.45) by g%, using (1.16b), (1.40) and (1.26), we get
(2A7)Hypm + Hpgen + Hppe = —9 (Rinm + Rinien + Rhmic)-
Taking the h-covariant derivative for (2.47) with respect to x* and using [1,(2.7)],we get
(2.48)apm Higp, + gy, H7lnk + aechﬁm = - ®1e(Rim + Rinien + Rhumic)
— 8 (Rinm + Rinien + Rfllmk)w :
Thus, we conclude
Theorem 2.11.In a P2-like K"-BR-E, , the identities (2.47) and (2.48) hold good .
Remark 2.1. The different determents of Bianchi identity for Cartan's fourth curvature tensor K}kh

and Cartan's third curvature tensor }khin aP2-like K"-BR-E, gives the same results.

3. P*-K"-Birecurrent Space
AP*-Finsler space is characterized by the condition ([6],[7])
H.lzumi([6],[7]) denoted @ by A.
Remark 3.1.A P2-like space is necessarily aP*-Finsler space which characterized by the condition
(3.1) or in other word by
Pgp = @ Ciep,
where
lekh vyl =Py = Cﬁmsys-
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Definition 3.1. TheK"*-birecurrent space which is aP*-Finsler space[satisfies the condition (3.1)] is
called ,a P*-K"-birecurrent space and denoted briefly by P*-K"-BR- E,.

Letus consider an P*-K"-BR-E,, then necessarily we have the condition (3.1).

Remark 3.2.All results in a P2- likeK "-BR-FE,which were obtained in theprevioussectionsatisfy in
aP*- K"-BR- E, .

Taking the h-covariant derivative for (3.1) twice with respect to x™andx!, successively, we get

(3.2) Pzimmw = QimieChn + ®|mclih|{’ + ®|#Clih|m +¢ Clih|m|€'

In view of the condition{(3.19), [1]} the condition (3.2) can be written as
(3.3) Pinpmie = Gem d Cin + (Bimie Cin + Bim Cinge + D Cionpm)-
Using the condition (3.1) in (3.3), we get

(3.4) Pinjmie = @em Pien + (Bmie Cin + Bpm Cinje + Pye Cionpm)
which can be written as:

(3.5) Pinimie = @em Pin

if and only if

(3.6) Bimie Ckn + Dim Cinje + By Cinpm = 0.

Thus, we conclude

Theorem 3.1.In P*- K"-BR- E,, the v(hv)-torsion tensorP}, is h-BR [ providedthe h(v)-torsion
tensorH},and the (v) hv-torsion tensor Ci,are h-recurrent] if and only if (3.6) holds good .
Transvecting (3.4) byg;,,using(1.16a), (1.31b) and (1.9a), we get

(3.7) Prknimie = Qem Pricn + (Bjmie Cricn + Bym Cricnje + D1e Cricnjm)
Which can be written as:

(3.8) Prknimie = Qem Pricn

if and only if

(3-9)0mje Crkn + Bym Cricnje + Dy Crkcnym = 0.

Thus, we conclude

Theorem 3.2.In P*- K"-BR- F,, the associate tensorP,,0f thev(hv)-torsion tensorP;, is h-BR
[provided the h(v)-torsion tensorHz,and the (v)hv-torsion tensorC, areh-recurrent ] if and only
if (3.9)holds good.

Contracting the indices i andhin (3.4), using (2.22) and (1.35), we get

(3.10)Pyimie = AemPr + (Dpmie Cic + Bjm Cieje + B2 Ciepme)

which can be written as:

(3.11) Pmie = apm Py

if and only if

(3.12)m1eCy + Bjm Crje + Dre Ciejm = 0.

Thus, we conclude

Theorem 3.3. In P*-K"-BR-E, the curvature vectorP.is h-BR [provided the h(v)-torsion
tensorH},and the(v) hv-torsion tensorCt, are h-recurrent] if and only if (3.12) holds good.
Transvecting(1.20) byy/, using (1.17), (1.22) and (1.31a), we get

(3-13)Hynim + Hpipn + Hhmie + Him Pk + HipPon + Hipye Pgp = 0

In view of (3.1),(3.13) can be written as:

GADHinm + Hygn + Himppe + @ (HimCie + HinCim + Hiie Cip) = 0.

Using (1.24) in (3.14), we get

(3.15) Hinpm= Hiiein Himje+ © {(Rhumic + Rienm + Rinien) — (Khmic + Kiewm + Ken)}
= 0.

Using (1.19) in (3.15), we get

(3.16) Hicnpm + Hynn + Hymje + @ (Rhie + Rim + Rinkn) = 0

which can be written as
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(3.17) Hzicmm + ankm + Hiilm|k = — @ (Riyni + Rinm + Rinien):
Taking the h-covariant derivative for (3.17) with respect to x* and using [1,(2.6)], we get
(3.18)asm Hyp, + app Hypye + agi Hppy = — Q)H’(Rllchm + Rhgn + Rbumi )

~ O(Rinm + Rinkn + Rfilmk)lg'

Transvecting(3.18) byg;;, using(1.16a), (1.26) and (1.40), we get
(319 apm Hien + aon Himi + ascHinm = — 812 (Riknm + Rimin + Rinmic )

— @ (Riknm + Rimkn + Rinmi )If’ :

Thus, we conclude
Theorem 3.4.InP*-K"-BR- F, theidentities (3.17), (3.18) and (3.19) hold good.

Remark 4.3. If we take Bianchi identity for Cartan's third curvature tensorRj,,, we get the same
identities, i.e. the identities (4.17), (4.18) and (4.19).
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