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Abstract
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Introduction

It is often convenient to identify the various functions with integral along certain paths in the real
or complex plane. These integrals provide recursion formulas, asymptotic forms and analytic
continuations of the special functions. Inthis paper we consider Eulerian integral formulas of first
kindand obtained a number of integral representations for functions related to Kampe' de Fe'riet
function of the fourth order.A great interest in the theory ofhypergeometric functions (that is,
hyper-geometric functions of one , two and several variables) ismotivated essentially by the fact
that the solutions of many applied problems involving (for example) partial differentialequations
are obtainable with the help of such hypergeometric functions (see, for details, [10, p. 47-48]).Also,
in this regard, it is noticed that the general sextic equation can be solved in terms of Kampe' de
Fe'rietfunction (see [2] and [8]).Although the integrals involving and representing hypergeometric
functions have numerous applications in pure and applied mathematics (see, for example, [4]-[7]),
not all such integrals have beencollected in tables or are readily available in the mathematical
literature.It is noted that a few integrals involving functions related to Kampe' de Fe'riet function
of two variables annexed those mathematical literature.
The Kampe' de Fe'riets hyper-geometric series of two variables E{;f’;k (see [10] and [9]) is defined

as follows:
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prg<l+m+1l, p+k <l+n+1, |x|<o, |y| < ©

or

prg<l+m+L, p+k <l+n+1, |x|,<oo, |y |< oo,and (1.2)
lx T4y | AT <1Lif p>1; max{ |x ||y |}<Lif p <1
where

P i
H (aj )m =(@),,,(@),.;-(a,),,,, with similar interpretations for H (aj )M ,, et.cetera and
j=1 Jj=1

(a), denotes the Pochhammer symbol given by (a), =1,(a) =T(a+n)/T(a)

andI" being the well-known Gamma function.The Kampé de Fériet's function (1.1) being the most
general hypergeometric function of two variables, this is because the Kampé de Fériet function
reduces to the product of two generalized hypergeometric functions of one variable by choosing
parameters suitably.Here, in this present work, we aim atinvestigating 83 integral representations
for functions related to Kampe' de Fe'rietfunction of the fourth order.

Integral Representations
First, we recall the definition ofEuler integral of the first kind ( the Beta function)[3]:

=t (1=¢) " ar _L@re)
0 I'(a+b)

By making a simple application of (2.1), we begin by presenting each of thefollowing integral
representations (2.2)—(2.83).

Rea >0, Reb >0. (2.1)

Theorem. Each of the following integral representations for Kampe' de Fe'riet functions holdstrue.

1:10242{ —a,b,c,d;a,b,c,d; ’ }: ['(e+e,) I (1= g)"
T le+es  f.g f185 I(e)r( (2.2)
X, F, (a b,c.dse.f.,g;x&) F. (al,bl,cl,dl,el, ey (1- ff)) g,
Re(e)>0,Re(e;) >0,
:a,b,c,d;a, b, c,.d,; ; e
F044 .a,b,c,a,a,n,,c, I’X,yj|: é:al a-1
. |:e; f.8; 1,815 '([ (2.3)
x,F, (b c,d;f,g; x(f) (al,bl,cl,dl,e afl,gl,y (1 f))
Re(e)>0, Re(a)>0
E02424|: ;a,b,c,d;al,bl,cl,dl;x,y} a+a1 j- £ (1= ) _
e; f.g; S1:815 )% (2.4)

:b,c,d;b,.c,.d,;
F_l;3’3 a+a;;b,c,d;b,,c, 19x§’y l—é: }d«’f,
”2{ e; .8 [1.&5 (1-¢)
Re(a)>0,Re(q,)>0,
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FOM{ ;a,b,c,d;al,bl,cl,dl;x }_ I'(a+a)T b+b j-j e 4
e re fue PTG ! 25)
a+a,b+b;c,d;c
1— F122222 1> 1> 1’ 15 1— dé&dn,
(o) O (=)0 a
Re(a)>0,Re(q,)>0,Re(b)>0,Re(b,)>0,
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Pl flgs fogs F(a) (a)T (b) (b]) (C)F(CI)
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125 1- -¢)|dédnd S,
§ S xangy (1-8)1-n)(1-) dadndg
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29 X, =
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Re(a) > O,Re(al) > O,Re(b) > O,Re(bl) > O,Re(c) > O,Re(cl) > O,Re(d ) >0,Red, >0,
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F044|: adealedxy:|— I“(f)l"(f])l"(g)
e fog fiogs T T(e)N(f )T (e)T(f,—e,)T(d)T (g —d) (2.10)
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',;xéf&yn}dédnd{,
Re(f ) >Re(c)>0,Re(f ), >Re(c,) >0, Re(g ) >Re(d ) >0,

1°
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F044|: sab,c,daLb,c.d, xy}— F(f)l"(fl)l"(g)l"(gl)

e figs o fugs 7] ()T —e)T(e)T(f,—e,)T(d)T (g —d)T(d,)T (g, ~d,)

1 R SR (B (RS Sl @.11)
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Re(f ) >Re(c)>0,Re(f ), >Re(c,) >0, Re(g ) >Re(d )>0,Re(g, ) >Re(d, ) >0,
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X F((lb ¢ d ef g x§77) (alablacladlaela lagla (1_5)(1_77))615(177’
Re(e) >0, Re(e,) >0, Re(f ) >0, Re(f ) >0
onﬁ{ —:a,b,c,a’.;al,bl,cl,dl%x’y}
9f9) 1g9 gl’ b d b d (214)
F e 1 e—a-1 5034 —b,C, ;ala ]JC]’ ];
= “(1- F> v (1— dé,
Fare ey €0 AL [f; o o ag e f)} ¢
Re(e)>Re(a)>0,
Ffﬁ’{ —a,b,c.d;a,.b,,c,.d 1ax’y:|
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)
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Rea >0,Re(a,)>0,Re(b) >0,Re(b,) >0, Re(c)>0,Re(c,) >0, Re(d ) > 0,Re(d, ) >0,
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Rea >0,Re(a,)>0,Re(b)>0,Re(b,) >0, Re(c)>0,Re(c,) >0, Re(d ) >0,Re(d, ) >0,
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e.f; g; g
_ [(g)C(s) 2.21)
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= e 1 v F ’ 1- d >
T(e)r( J-é o) Faal f.g; e; el,xéy( $)|ds
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[ e—1 @1 f1=1 1-0:4.,4 ab ¢ d al’b]’cl’ 15
L et =gy ) TR T T e eny (1-6) (1) d éd .
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F;00404|: _;aab,c:d;apbpcpdl;x’yi|
S8 = =
I'(e) Lo emat oas| i bscudsanbed;
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044|: —a,b,c,d;a,b,,c.d; }
Fios X,y
S8 - 5
)
C{@)(e-a)C (07 —b) (2.20)
11 : e,da b, e .d,;
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Re(a)>Re(e)>0,Re(f )>Re(b)>0,
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C(e)T (/)T (g)
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x,Fy(aby¢.d e —af —b,g —¢;y (1-&)(1-n)(1-¢))d &dnd g,
Re(e)>Re( )>0Re(f) ( )>0Re( )>Re(c)>0,

F0;4’4 _;aabacad;alablacladlax y
e f g -~ -’
F(a+a1 0o a—l F13a a+a;b,c,d;b,c.d;
= “ 1 ] dé&,(2.28
rar(ay] &R T ey (-9 jde a2

Re(a)>0,Re(a,)>0,

Fv300j104|:ef ;;'aab7cail.;a17bpclaci1.;x’y:|
F(a+a1 b+b e 9 bl a b1
= ST (1=-¢)" (1-n)"
F(a)F(al) -([! ( ) (2.29)

a+a,b+b,cd c.,d;;
3?0,202|: 1e,f,g1, . 1 - xén,y (l—f)(l—ﬂ)}dfdm

Re(a)>0,Re(q,)>0,Re(b)>0,Re(b,)>0,

044[ —a,b,c,d;a,b ,c,,d; }

Fioo X,y
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Re(a) > O,Re(al) > O,Re(b) > O,Re(bl) > O,Re(c) > O,Re(cl) >0,
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xj’j“”’ & 717]b 1; lpd-l ] 5) -1 (]_n)hrl(l_é,)c]—l (]_T)JH (231)

X, F, (a +a,,b+b,c+c,d+de.f,g:xEnlTt+y (1—f)(l—n)(l—é’)(l—r))déd?]dé’dr,
Re(a)>0,Re(a,)>0,Re(h)>0,Re(b,)>0,Re(c)>0,Re(c,) >0, Re(d ) > 0,Re(d, ) >0,

a;b,c.d;b,,c.d,;

E)l;33|: 1°~1 1 ’yi|
se.f . gsenf1,8

(b+b

b1 aaa| @b +by; e d; cnd;
=T, jf (1-¢) F{

—;e,f,g;el, 10815
Re(b)>0,Re(b,)>0,

x&E,y (1—5)}15, (2.32)

1‘33|:a;b>cad;b1,cl,dl; i|

0;,3:3 x,y

—e.f.g;:e.f 1,8
[(b+b,)T(c+c,)T(d +d,))

j)'j)':[ gb lnc lgd 1(1 ég)bl (1_ )rl (1 é,)dl

T(B)C(B)T ()T ()T (d)T(d)) (2.33)
b+b,c+c,d+d,; - -
Fro0| B TOLETCD : - ~&Y|deEdnd
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Re(b)>0,Re(b,)>0,Re(c)>0,Re(c,)>0, Re(d )>0,Re(d,) >0,
1;3,3{a;b>c’d;b1acvd1;x y:|
o —e.f.g:e..f 1,8 ’
) a;b,d;b.c,.d,;
& (1-¢ F‘“[ x&Ey |dé, (2.34)
CT(e)T(f —c I )R —e, g6,/ 1,8

Re(f )>Re(c)>0,

sl @ b.c.d;bc.d;
03,3 X,
—e.f .g:enf .8

L(U)T()
L(e)0(f —e)T(e))T (/1 ~¢) (2.35)

Ll . . a;b.d;b,.d,;
XJI §C lncl—l 1 § f 1( _ )f] F012222|:
00

cr fyn}dfdn,
Re(f )>Re(c)>0,Re(f,)>Re(c,)>0,
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13 {a; bied;biend;

o —e.f . ge.f 1,8 ’
C()T()T(g)
E(T( =e)(e)T(f,—e )T (d)T (g —d) (2.36)
fe —-1 —-1 g-d-1 5112 b bpdla
[[J e mie (1=¢) " (1=n)""" (1-¢) Fm{“_ g yn}dq’dndr;

Re(f )>Re(c)>0,Re(f,)>Re(c,)>0,Re(g)>Re(d ) >0,

45| asb.c.d;be,d;
F1,3,3|: 1°~1 lx’ :|

033 _;esf!g;el’fl’gl;
_ T ()T (g)r(e)
T(c)T(f =¢)T(c,)T(f,~¢,)T(d )T (g ~d )T (d,)T (g, ~d,)
[[[] e mrg e (=) ™ (1=n) ™ (1= (1= (2.37)
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Re(f ) >Re(c)>0,Re(f,)>Re(c,)>0,Re(g)>Re(d ) >0,Re(g,)>Re(d,)>0,
Rz {a;b,c,d;bl,cl,dl;x’y}: I'(e)
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1
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0

Re(e)>Re(a),
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Re(e)>0,Re(e,)>0,

s3] @sb.c,d;by,c.d,;
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_ L(b+b,)(c+c,)T d+d H-j- i (1 5)[7 1( 7y’ l(l_é,)d,—l

L(b)C (b)) (c)T(c,)T(d (2.43)
a,b+b,,c+c d+d .
F400 > 1 1> 5 1— _ dédnd .
] o sy (-80-n)1-0)rsnic
Re(b)>0,Re(b,)>0,Re(c)>0,Re(c,)>0,Re(d )>0,Re(d,)>0,
1;3,3|:a;b’c’d;b1’clad1;x :|
“le: f.g: S8
F(f) 1 -1 f—c-1 1,23|:a;b,d;bl,cl,dl; :|
=———— | & (1- F:> x&E,y |déE, (2.44)
L(e)r(f —C)lg (=) R, o oz o7
Re(f)>Re(c)>O,
1433[a;b,c,d;bl,cl,a’l; }
3, X,
’ e; fagﬁ fl’gl;
_ C(f)r()
L(c)T(f —¢)T(c,)T(f,—¢,) (2.45)

(0 - e ;b.d;b.d,;
XII éc 17761 1 5)/ -1 1_ )/ 1= 111212|:a. . 1 1X§y77j|d§d77,
00

s s 12

Re(f )>Re(c)>0,Re(f,)>Re(c,)>0,
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Fm{a;b,c,d;bl,cl,dl;x }

e flgs fg
T(f)r()r(g)
TT(e)T(f —e) (e )T(f, )T (d )T (g ~d) (2.46)

a;bsb,.d;

] o Rl Al

9 gla

x&¢, yn}ds‘dnd{

Re(f)>Re(c)>0,Re(f,)>Re(c,)>0,Re(g)>Re(d)>0,

1353 {a;b,c,d;bl,cl,dl;x y}
e fogs fugs

_ T ()T ()
T(e)T(f —c)T(e,)T(f,—¢,)T(d)T(g —d )T (d,)I(g,~d,)

X”” A A AN () A (E E (E ) A (2.47)

xF,(a;b,bse;x &, ynr)d Ednd {d,
Re(f )>Re(c)>0,Re(f,)>Re(c,)>0,Re(g)>Re(d)>0,Re(d,)>Re(g,)>0,

21,1

. a;b,c,d;b,,c .d;
F1,3,3|: 1°~1 1 ,y:|

e.f; g
F(e) 0 1 e—a 1 033|: (l,b,c d; b17cl’d1’ :|
- ) gy xEyE|de, (2.48)
F(a)F(e—a)!). ( o g
Re( )>Re
a;b,c,d;b,,c.d; }
xay
e+e,,
F(e +e e—1 e— 133|:a5b5cad7blﬂcl9dl; :|
E(1-&)F, x&,y (1-8) |dé, (2.49)
T T(e)T( I JUR [ e.g eng: (1=¢)

Re(e)>0,Re(e,) >0,

1;3,3 a; b,C,d;bl,Cl,dl; j|

X,y

MleveS +f g g
_ F(e+el)F(f +f1)

T(e)T(e)T(F)T(f) (2.50)
11 : a;b,c,d;b,,c ,d,;
<[ & (1=8) (1-m F{ L Uxény (1-6)(1-n }dé‘dm

.(’)..([ ( )/ 03 ;e,f’g;ela 1ag1; ( )( )
Re(e)>0,Re(e;)>0,Re(f ) >0,Re(f,)>0,
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1;3,3 a;bﬁcﬁd;bl)clﬁdl;x
e g gl
r(e) I b1 e—b-1 5123 a;c,d;bl,cl,dl;
. N /A 1_ FAﬂ,
F(’?)F(e—b)l‘f (=8 Fu fi gie-b.g;
Re(e)>Re(b)>O,

&l afb’c’dfb“c“dlfx’y}
eafo ga gl’

C(e)T(f “' £ (1- é:)e—b—l(l_n)/ﬂ:—l

“T(b)(e—b)T(

d; b ,C
Frlis a 1»d 1— déd
| T oy (1-£)0-) .

Re(e)>Re(b)>0,Re(f )>Re(c)>0,

F”{ a;b,c.d; bl,cl,dl,x,y}
b\

cEy (1—@)}15,

211 .
g1
I'(b

) £ (1- b|1F222|:ab+b se,dse,d,;
Foreg § 079 /g
Re(b)>0,Re(b,)>0,

F;ff[ a;.b’c’dfb“c"dlfx’y}
e>f9 ga gl’

Sy (1—5)}1;:

I(

b+b ,C tc d d

Fa @ @@ - d&d

{ S (1-6)0- )}én
Re(b)>0,Re(b,)>0, Re(c)>0,Re(c,)>0,

A a;b,c,d:b,,c,d,;
F21;’13,1’3|: . . o l.x :y}
e’f’ g, gl’

L(b+b,)(c+c)) d+d

TR BT !M e =) () T - g)

I

F400{ab+b ,c +c, d+dl, ;=

1= ~&)|déEdnde,
e.f; g,gl,"f””( $)(1-n)(1 4)} &dnd¢

Re(b)> O,Re(bl) >0, Re(c) > O,Re(cl)> 0, Re(d)> O,Re(a’l) >0,

2.51)

(2.52)

(2.53)

(2.54)

(2.55)
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33| ab,e,d;bc.d,;
2;1,; . . .x’y
eaf: ga gl’

I'(g) Lo e 13{ a;b,c,d;b,,c; }
= (- S , dé&, (2.56)
F(dl)r(gl_dl)-([ e1-¢) ef s g - ye|de
Re(g,)>Re(d,)>0,
1,33{ a;b,c,d;b,,c,.d; }
2’11’ x’y
TleSs g g
_ T(g)r(s)
I(d)T(g-d)r(d,)l(g,—d,) (2.57)
( d-1_d, - g-d-1 -4 -1 1522 a;b,c; blvcv
XII ¢ 771 1 5) (_ ) ono[ef’ B 5y77:|d§d77,
Re(g)>Re(d)>0, Re(g,)>Re(d,)>0,

sl ab,e,dibc.d,;
2;1,{ . . ‘xty
eaf& g: gl’

— F(g)r(gl)r(e) [ d-1,.d\-1 ~a-1 g—d-1
“ @) (e ~d)T ()T (e, —d) Ty & 719 2:58)
<(1=n)" " (1=¢) ™ F(b.byc.oif sx EC,yn¢ )d dnd

Re(e)>Re(a)>0, Re(g)>Re(d)>0,Re(g,)>Re(d,)>0,

F;l(f({ a;b,c,d;bl,cl,dl;x,y}
eS8 -
F(e) b 1 e—a-1 15033 -, b’c’d;bl’cl’dl;
“Tar(e—a)) & U=¢) Fu YEdE, 2.59
r(a)r(e—a)£§ U8 o | g FEYEf (259
Re(e)>Re(a)>0,
a;b,c,d;b,,c,.d;;

R, Sredtediy,]

_ Ce)r()

M@ e ~a) (6)F G ) 60

¥ ) cdb,c, ;
x[[ e 1=y 1- Y”‘F&%{ Soeaar fn,yrf(l—n)}dfdm
00

; —

Re(e)>Re(a)>0,Re(f ) >Re(b )
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. a;b,c,d;b,,c.d;
F3;0,o X,y

e.f.g -
F(b +b ; 5 1 Jaxn a,b+b;c,d;c.d,;
e v |dé, 2.61
I_‘(b)l—‘( ‘([ ‘f 5) 300 eaf ,ga - _;x 4 é‘g ( )
Re(b)>0,Re(b,) >0,
:b,e,d;b,c..d.;
a3 a,0,¢,a,0,,¢,d,; ’
0 Lf g - — y}
(b +b c+c . e 1 onl
= l_
(b)) ” - ) (2.62)
A ab+b ,c +c, d d ;
3?;:,{ iy (1-2)(1- )}zgdn,
€,f, g,
Re(h)>0,Re(b,)>0,Re(c)>0,Re(c,)>0,
i :b,e.d;b,,c,.d,;
L(b+b,)(c+c)) d+d FEE ot o si - » i
= & (1-¢ - 1-& 2.63
At =g ey

x,Fy(a,b +bc+c.d +d1,e,f,g,x &ng+y (1-&)(1-n)(1-¢))d édnd &
Re(b)>0,Re(b,)>0,Re(c)>0,Re(c,)>0,Re(d ) > 0,Re(d,)>0,

JoEes ab; c,d; cl,dl;x )
o _ef 8:€1.) 1,815 ’

F(C +C -1 ci— 31,1 a,bac+cl; d; dl;

— c 1 1 F s dé, 2.64

T(c)r( jg & Fss Sef gienfngl : .
Re(c)>0,Re(c,)>0,

F?;z,z{a,bQ c,d; c17d1;x’yi|
e .ge./ 1,8

3 F(c +cl) d+d ety o -1
_F(c)l“(cl)l“(d)l“ ” -8y (1)

{a,b,c +c,,d +d; - x(f?] y (1 5)( )}d(,‘d?],
= e.f.g5e./1.8

Re(c) > O,Re( 1) >O,Re(d)>O,Re(dl) >0,

(2.65)

4;0,0
E)33
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F?;Z,Z |:aab; C7d; cl’dl;x ’y:|
—e.f.ge.f 1,8

F( d g—d;-1 2~21{a byocd; ¢ :|
= &(1-¢ Foss 'x &,y |dE, (2.66)
F(dl)F(gl '[ ) o se.f gsenf s

Re(g,)>Re(d,)>0,

saal@bs e d;  c.d;
P X,y
_;esfag;ela 1,g1;

_ F(g) r(gl)
C(d)(g —d)T(d) (g, ) 2.67)
11 . . .

[ e -y ey R TS gy \aan,
00 —e,] €]

Re(g)>Re(d)>0,Re(g,)>Re(d,)>0,

a|@bs e d; cnd;
Fii; . . RN
_,eafagaela 1ag17

_ F(g) F(gl) r(f1 (0 d-1 dl -
[(d)T(g~d)T(d\)F (g ~d,) T(e)T(f, - M! ST
g-d-1 g1-d,-1 o=l 22410 b 57T
x(1=&) " (1) (1= ) R F _‘e;‘el,xf yén}dédndé“
Re(g)>Re(d)>0,Re(g,)>Re(d,)>0,Re(c,)>Re(f,)>0

(2.68)

2aa| @b d; cd;
03,3 X,y
_;eafsg;ep 1815

(¢)C(g)0()C

- ()
T(d)T(g ~d)T(d)T (g, ~d\)T(e)T(f -
o)

TE, olfemenee)

—c | l

(1 )g - l( )glid1 ( o 1(1 a be,e;;x &, yng“)dé‘dndgdz—
Re(g)>Re(d)>0, Re(gl)>Re(d1)>O,Re( )>Re(f )>0,Re(c,)>Re(f,)>0,
222 a,bsc,d;c,.d;
“2’2[ esf, g'fl,gl;x’y}
I'(g) y o zzl{a,b;c,d;cl; }
- é:l 1 é: F 1 :yf dfa (270)
[(d\)T (g —d j AR f.8
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b;c,d;c.d;
F222 a,n,c.a,; cy, l’x,y}
> [ esf g8
I(g) I(g)
[(d)r(g—-d)T(d,)l(g,—d) (2.71)
11 L N b.c.c .
% §d 1774'] gdl 1 g1-d\~ F211|:a’ >Y 1’x§,y77:|d§d77,
M (=) A esf
Re(g)>Re(d)>0,Re(g,)>Re(d,)>0,
22 {a,b;c,d;c],dl; }

22 et gifngs
_ T(g) I'(g,) r(f)
I(d)T(g-d)T(d)T (g —d,)T(c,))T(f,~c)) (2.72)

Al

Y S

o b:c:—:
d 1 d] ng 1 CJg)g —d- l( )gl d, l(l_é,)h%l E211(10|:a’e.’c,._ixf,y?]g:|d§d7]d§,

s

Re(g)>Re(d)>0,Re(g,)>R(ed,)>0,Re(f,)>Re(c,)>0,

aal|@bse,d; e d,;
F55 X,y
e;f.g:/1,8:

__ Te) (g) L) ri)
T(d)T(g—d)T(d\)T (g —d,) T(e))T(fi=¢,) T(e)T(f ~c)

Xj’j‘j’j éd -1 d,-1 oz -1_c 1(1 é)g —d- 1( _ )Qlfdrl(l_é,)fl—c,—l (I_T)/ﬁfl (273)

xF (a,bse;x Er+ynd)d Ednd {dr,
Re(g)>Re(d )>0,Re(g,)>Re(d,)>0,Re(f,)>Re(c,)>0,Re(f )>Re(c)>0,

Proof. 1t is noted that each of the integral representations (2.2) to (2.83) can be proved directly by
expressing the series definition of the involved special functionin each integrand and changing the
order of the integral sign and the summation, and finally using the Beta function B (a,b) defined
by(2.1).

We conclude this paper by remarking that by assigning suitable special values to the coefficients
in (2.2) to (2.83),we can derive integral representations for Appellfunctions of two variables
F,F,,F, and F, (see [10]). The detailsinvolved in these derivations are fairly straightforward

and are being left as an exercisefor theinterested reader. Also, theEuler integral of the first kind
(2.1) can be applied in order to establish other integral representations for more functions related to
Kampe' de Fe'riet function of the fourth order.
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