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Abstract  
  

     In this paper, a new generalization of Gamma and Beta functions have been deduced Also for 

the generalized Beta function, an integral representation, a functional relation and  a summation 

relation was given for the new generalized Gamma function established integral representation 

involving the product of two functions  has been established , also, give a new generalization for  

the generalized and confluent hypergeometric functions. 
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Introduction 
     In recent years, several extensions of the well known special functions have been considered by 

several authors ( see. e. g.,  [1], [5-9] and [11,12]). In 1994, Chaudhry and Zubair [5] have 

introduced the following extension of Gamma function: 
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           In 1997, Chaudhry et al. [6] presented the following extension of Euler's Beta function 
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 Re( ) 0,Re( ) 0,Re( ) 0 .p x y                                                                                                   

           Afterwards, Chaudhry  et. al. [7] used  ,pB x y  to  extend the hypergeometric and 

confluent  hypergeometric functions as follows; 
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 0; Re( ) Re( ) 0 .p c b                                                                                                              

   

   Very recently  Lee et al. [8] generalized the Beta, Gamma, hypergeometric and confluent 

hypergeometric function as 
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and            
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Respectively and Ozergin et al.  [11] generalized the Gamma, Beta, hypergeometric function and 

confluent hypergeometric function as 
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and  
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respectively.                                                                                     
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Parmar  [12] gave a new generalized gamma and Beta functions  
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Generalized Gamma and Beta functions 
             In this section generalized Gamma and Beta functions are defined as follow. 
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        It is obvious, putting 1,r    and 1m   in (2.1) and (2.2), we get the results given by  

(1.1) and (1.2). 

         Putting 1, 1r m   in (2.1) and (2.2), we get the results (3) and (4) given by  [11]. 

        Also ,in (2.1) and (2.2) if we put 1,r  ,we get the results (1.18) and (1.19) given [12].

 

  

Main results  

Theorem 1. For the generalized Gamma function
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             From the uniform convergence of the integrals, the order of integration can be interchanged 

to yield that  
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     which is the required result. 

  

Remark 1. In Theorem 1, choosing  0,p   we get  
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Also in Theorem 1, puting  m 1 r  ,  we get   
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which is the result Theorem 2.1 in [11]. 
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Also in Theorem 1, if  we choose 1, 0m r p    , we get (see [12,p.38], [11,p.4603]). 

   
 

   
   

1
1, ;1 1

0

0

1ss s d
   

  
  

  


   
     

     

   

s s

s

 

 

   


  
                                                                                                            

(3.2)           

  

Integral representation of generalized Beta function: 

Theorem 1. For the generalized Beta function, we have the following integral representations: 

     1 2 1 2

2

, ,... ; , ,..., ; 2 1 2 1 2 2

1 2 1 2

0

, 2 cos sin , ,... ; , ,..., ; sec csc ,r r m x y m m

p r r r rB x y F d



     
            

                                                                                                                                                                  

(4.1) 

   
 

1 2 1 2

1
, ,... ; , ,..., ;

1 2 1 2

0

1
, , ,..., ; , ,..., ; 2 ,

1

r r

mx
m

p r r r rx y

u
B x y F p u du

uu

     
     

 



  
         


 (4.2) 

 

Proof. letting  2cost   in (2.2), we get 

     
 

 

1 2 1 2

1
1, ,... ; , ,..., ; 1

1 2 1 2

0

2
2 1 2 1 2 2

1 2 1 2

0

, 1 , ,..., ; , ,..., ;
1

2 cos sin , ,..., ; , ,..., ; sec csc

r r
ym x

p r r r r mm

x y m m

r r r r

p
B x y t t F dt

t t

F p d

     



     

          



 

 
   

  

 




 

On the other hand, letting 
1

u
t

u



 in (2.2) , we get 

     
 

 

1 2 1 2

1
1, ,... ; , ,..., ; 1

1 2 1 2

0

1

1 2 1 2

0

, 1 , ,... ; , ,..., ;
1

1
, ,... ; , ,..., ; 2 ,

1

r r
ym x

p r r r r mm

mx

r r r rx y

p
B x y t t F dt

t t

u
F p u du

uu

     
     

     



 



 
   

  

  
         




 

           which ends the proof. 

 

 

Remark 1. When   1r   , in Theorem 1, we get the result Theorem 2.11 in [12].

  

Theorem 2. For the generalized Beta function, we have the following functional relation:

      
           1 2 1 2 1 2 1 2 1 2 1 2, ,... ; , ,..., ; , ,... ; , ,..., ; , ,... ; , ,..., ;

, 1 1, ,r r r r r rm m m

p p pB x y B x y B x y
                 

   
          

(4.3)
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Proof. Direct calculations yield 

                     

       

 
 

 
 

 

1 2 1 2 1 2 1 2, ,... ; , ,..., ; , ,... ; , ,..., ;

1
1

1 2 1 2

0

1

1

1 2 1 2

0

1
11

0

, 1 1,

1 , ,... ; , ,..., ;
1

1 , ,... ; , ,..., ;
1

1

r r r rm m

p p

yx

r r r r mm

yx

r r r r mm

yx

r r

B x y B x y

p
t t F dt

t t

p
t t F dt

t t

t t F

           

     

     







  

 
   

  

 
   

  

 






 

   1 2 1 2

1 2 1 2

, ,... ; , ,..., ;

, ,... ; , ,..., ;
1

, .r r

r r mm

m

p

p
dt

t t

B x y
     

     
 

 
  



 

which completes the proof. 
 

 

 

Remark 2. In Theorem 2, putting  1r  , it will be  reduced to  the result Theorem 2.3 in [12].

  

Theorem 3. For         Re 0,Re 0,Re 0,Re 0i ip m     

 

                

       1 2 1 2 1 2 1 2, ,... ; , ,..., ; , ,... ; , ,..., ;

0

, , 1r r r rm m

p p

n

B x y B x n y
           





  
                                        

(4.4) 

 

Proof. Replacing  
1

1
y

t


 in (2.2) by its series representation

 

                
   

1

0

1 1
y y n

n

t t t






   
 

          we obtain  

           

     
 

1 2 1 2
1, ,... ; , ,..., ; 1

1 2 1 2
0

0

, 1 , ,... ; , ,..., ;
1

r r

y
m x n

p r r r r mm
n

p
B x y t t F dt

t t

     
     


 



 
   

  


 

Interchanging the order of integration and summation, we have  

            

     
 

   

1 2 1 2

1 2 1 2

1, ,... ; , ,..., ; 1

1 2 1 2
0

0

, ,... ; , ,..., ;

0

, 1 , ,... ; , ,..., ;
1

, 1

r r

r r

ym x n

p r r r r mm
n

m

p

n

p
B x y t t F dt

t t

B x n y

     

     

     


 







 
   

  

  



  

which complete the proof. 
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Remark 3.  In Theorem 3,  putting 1r  ,we get the result Theorem 2.5 in [12]. 

 

Theorem 4. For the product of two generalized Gamma functions, we have the following integral 

representation: 

      

         1 2 1 2 1 2 1 2

2
, ,... ; , ,..., ; , ,... ; , ,..., ; 2 1 2 1 2 1

1

0 0

2 2

1 2 1 2 1 2 2

1

2 2

1 2 1 2 1 2 2

1

4 cos sin

, ,... ; , ,..., ; cos
cos

, ,... ; , ,..., ; sin
sin

r r r rm m x y x y

p p

m m

r r r r m m

m m

r r r r m m

x y r

p
F r

r

p
F r

r



           
 

      


      



     

 
  

 

  

 

1drd
 
 
 

                                                                                                                                                                                                    

(4.5) 

 

Proof. Substituting  
2t   in (2.1) ,we get 

   1 2 1 2, ,... ; , ,..., ; 2 1 2

1 2 1 2 2

0

2 , ,... ; , ,..., ; .r r m x

p r r r r m

p
x F d

     
        





  
    

 


 

     Therefore  
       1 2 1 2 1 2 1 2, ,... ; , ,..., ; , ,... ; , ,..., ;

2 1 2 1 2 2

1 2 1 2 1 2 1 22 2

0 0

4 , ,... ; , ,..., ; , ,... ; , ,..., ; .

r r r rm m

p p

x y

r r r r r r r rm m

x y

p p
F F d d

           

                 
 

 

 

 

   
       

   
   

     Letting 1 cosr   and 1 sinr   in the above equality,  
 

       

 

1 2 1 2 1 2 1 2

2 1

, ,... ; , ,..., ; , ,... ; , ,..., ;

2
2 1 2 1 2 2

1 1 2 1 2 1 2 2

10 0

2 2

1 2 1 2 1 2 2

1

4 cos sin , ,... ; , ,..., ; cos
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, ,... ; , ,..., ; sin
sin

r r r r

x y

m m

p p

x y m m

r r r r m m

m m

r r r r m m

x y

p
r F r

r

p
F r

r

           



        


      


 


 

 

 
   

 

  

 

1drd
 
 
 

 

      which complete the proof of the Theorem. 

 

Remark 4. Putting  1r  ,  in  Theorem 4, we get Theorem 2.9 in [12] and putting 1r m  , we 

get the result theorem 2.6 in [11]. 

 

Remark 5. Putting 0p   and 1r m    in ( 3.6), we get the classical relation between the 

Gamma and Beta functions : 

                             

       

 
   

 

,

.,

x y x y B x y

x y
B x y

x y

    

 


 
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Theorem 5. For the new generalized beta function, we have the following summation relation: 

                   

   
     1 2 1 2 1 2 1 2, ,... ; , ,..., ; , ,... ; , ,..., ;

0

,1 ,1
!

r r r rm mn
p p

n

y
B x y B x n

n

           




                                 

(4.5) 

                                            
   Re 0, Re 0p m   

Proof. From the definition of the generalized Beta function , we get 

                

     
 

1 2 1 2

1
, ,... ; , ,..., ; 1

1 2 1 2

0

,1 1 , ,... ; , ,..., ;
1

r r
ym x

p r r r r mm

p
B x y t t F dt

t t

     
     


 

    
  


 

           Using the following binomial series expansion 

                           

   
0

,1 1.
!

n
y

n
n

t
t y t

n






  
 

we obtain 

   
 

 

     

1 2 1 2

1 2 1 2

1
, ,... ; , ,..., ; 1

1 2 1 2
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, ,... ; , ,..., ;

0

,1 , ,... ; , ,..., ;
! 1

,1
!

r r

r r

m x nn
p r r r r mm

n

mn
p

n

y p
B x y t F dt

n t t

y
B x n

n

     

     

     


 







 
   

  

 




 

which is the proof. 

 

Remark 6. In Theorem 5,  the case 1r   ,we get the result Theorem2.4 [12], and choosing 

1r m  ,  we  get the result Theorem 2.7 in [11].

  

1. Generalized Gauss and confluent hypergeometric function 

           In this section the result (2.2) is used  in order to introduce the following  generalized 

hypergeometric and confluent hypergeometric functions  

                 

     
   

 

1 2 1 2

1 2 1 2

, ,... ; , ,..., ;

, ,... ; , ,..., ;

0

,
,, ; ;

, !

r r

r r

m n
m p

p n
n

B b n c b z
F a b c z a

B b c b n

     

     




 





                                                                                                                                                                                           

(5.1) 

and                   

                     

   
   

 

1 2 1 2

1 2 1 2

, ,... ; , ,..., ;

, ,... ; , ,..., ;

0

,
.; ;

, !

r r

r r

m n
m p

p

n

B b n c b z
b c z

B b c b n

     

     






 





                                                                                                                                                           

(5.2) 

           We call the 
   1 2 1 2, ,... ; , ,..., ;

, ; ;r r m

pF a b c z
     

 by the generalized Gauss hypergeometric 

function and
 

   1 2 1 2, ,... ; , ,..., ;
; ;r r m

p b c z
     

  by the generalized confluent hypergeometric function 
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           Observe if we put 1; 1, ;r r     and 1, 1, 0r m p   in (5.1) ,we  get the 

generalized hypergeometric functions 
     , ;

, ; ; , , ; ;
m m

p pF a b c z F a b c z
 

 and  2 1 , ; ; ,F a b c z

respectively (see. [6  ]). 

Also by the same procedure above we get the generalized confluent hypergeometric functions 
     , ;

; ; , ; ;
m m

p pb c z b c z
 

   and  ; ;b c z . 
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 لتعميم دالة جاما وبيتا واا الخ  بعض
 ميسون أحمد كليبو  فضل به فضل
 جامعة عدن ،كلية التربية ،قسم الرياضيات

11org/10.47372/uajnas.2016.n2.ahttps://doi.: DOI 

 الملخص
 

بالنسبة لدالة بيتا المعممة أوجدنا  أيضافي هذه الىرقة البحثية تم استحداث تعميم جديد لدالة جاما و دالة بيتا      

جاما المعممة أوجدنا التمثيل التكاملي  لتمثيل التكاملي لها والصيغة التنفيذية والعلاقة الجمعية بالنسبة لدالة

 .كحاصل ضزب دالتي

 جديد للدالة فىق الهندسية والدالة فىق الهندسية المندمجة. تعميمقمنا بعمل   أيضا    
 

 .الدالة فىق الهندسية والدالة فىق الهندسية المندمجة ،دالة بيتا ،دالة جاما ية:الكلمات المفتاح
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