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Abstract

In this paper, a new generalization of Gamma and Beta functions have been deduced Also for
the generalized Beta function, an integral representation, a functional relation and a summation
relation was given for the new generalized Gamma function established integral representation
involving the product of two functions has been established , also, give a new generalization for
the generalized and confluent hypergeometric functions.

Key word: Gamma function, Beta function, Hypergeometric functions, Confluent hypergeometric
functions.

Introduction

In recent years, several extensions of the well known special functions have been considered by
several authors ( see. e. g., [1], [5-9] and [11,12]). In 1994, Chaudhry and Zubair [5] have
introduced the following extension of Gamma function:

r, (x)=]ofH exp(—t —:ijdr, (Re(p) > 0,Re(x ) >0).

(1.1)
In 1997, Chaudhry et al. [6] presented the following extension of Euler's Beta function

1
B (x.v)=[t""(1=1) " exp| -——L— |,
N R ey
(1.2)
(Re(p)>0,Re(x)>O,Re(y)>0).
Afterwards, Chaudhry et. al. [7] used B » (x, y) to extend the hypergeometric and

confluent hypergeometric functions as follows;

© B (b+n,c—b)z"
F (abiciz)= 3 (a), 2200 0):

= B(bc-b) n!
(1.3)
(P 20;]z| <1;Re(c) > Re(b) > 0),
* B (b+n,c—b)z"
b;c;z )= z -,
¢p( ¢:z) = B(bc-b) n!
(1.4)

(p >0; Re(c) >Re(d) > 0).

Very recently Lee et al. [8] generalized the Beta, Gamma, hypergeometric and confluent
hypergeometric function as
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1
B! (x,y)=B,(x,y;m) J.t”_l(l—t)y*1 exp[—%}h,
0 t" (1-1)

(1.5)
(Re(p) > 0,Re(x ) > 0,Re(y ) > 0,Re(m) > 0),
I (x)= Tt“ exp(—t —tﬁmjdt, (Re(p) > 0,Re(x ) > 0,Re(m) > 0),

B (b+n,c—b)z"

F"(abc;z)=F,(a,b;c;zym)= Z(a)n

= B(b,c—b) n!’
(1.6)
(Re(p) > 0,Re(x ) >0,Re(y ) > 0,Re(m) > 0);
and
= B"(b+n,c—b)z"
m b . — b e — p = .
¢p( 7C:Z) ¢p( ,C,Z,WI) nzz(; B(b,c—b) n!a
(1.7)

(p = 0;Re(c) > Re(b) > 0,Re(m) > 0),

Respectively and Ozergin et al. [11] generalized the Gamma, Beta, hypergeometric function and

confluent hypergeometric function as
F;a’ﬂ) (x )= J.tx’l F (a;ﬂ;—t _Itzjdt’
0

(1.8)
(Re(@) > 0,Re() > 0,Re(p) > 0,Re(x ) >0),

1
a, x— V) — . . p
Bf) f’)(x,y):_([t "(1-t) llFl[a,,B,—t(l_t)Jdt,

(1.9)
(Re(p) >0,Re(x ) >0,Re(y ) > 0,Re(ax) > 0,Re(5) >0),
i B(“’ﬂ)(b+n c—b)z”
Fy*Na,bse;z )= : ’
pabesz) ;(a)" B(b.c-b) 7!
(p20;|z| <L;Re(c) > 0,Re(b) > 0,Re() > 0,Re(3) > 0),
(1.10)
and
wB(“’ﬂ)(b+n c—b) "
(.8) bec: — P > z .
47 (biesz) =2, B(b.c-b) nl’
(1.11)

(p 20;Re(c) > Re(b) > 0,Re(a) > 0,Re(S) > 0),

respectively.
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Parmar [12] gave a new generalized gamma and Beta functions
a ﬁ’ m) x 1 p
t a; f,—t —— |dt,
NS

(1.12)
(Re(m)>0,Re(p)>0,Re(x )>0,Re(a) > 0,Re(B) >0),

Bl It"l (1-t) [aﬂﬂjdt,

(1.13) (Re(m)>0,Re(p)>0,Re(x )>0,Re(y)>0,,Re(ar) > 0,Re(3) >0).
The following relations
PO () =00 (x), ()=

)
p p
B(a’ﬂ;l)(x,y):Bl(,a’ﬂ)(X,y), B(a,a;m)(x’ )=B;1 (x’y)’ Béa,a;l)(x’y)zB(x’y)_

P

Generalized Gamma and Beta functions
In this section generalized Gamma and Beta functions are defined as follow.

plaaa fibtin) () = [ (al,az,...,a,; B Buseos B3 —tﬁmjdz,
0

Q.1
(Re(e;,)>0,Re(B)>0, i=12,..,r,Re(p)>0,Re(x)>0,Re(m)>0),

1

Bl B b ()= [t (1= ) 7, [al,az,-.-,a,;ﬂ],ﬂz,...,ﬂ,;—tm L v Jdr,

0 (l—t
(2.2)
(Re(a.) >0,Re(B)>0, i=12,..,r,Re(p)>0,Re(x)>0,Re(y) >0,Re(m) > O).

P T r(5)

J' J' H—u——}z‘l...tr}tf‘ll(l—tl)ﬂ'a'l...tr“‘l(l—tr)ﬂ"a"ldtl...dtr,
0

(2.3)

(p >0;Re(f)>Re(;)>0,i = 1,2,...,r),
It is obvious, putting » =1, = fand m =1 in (2.1) and (2.2), we get the results given by
(1.1) and (1.2).
Putting » =1,m =1 in (2.1) and (2.2), we get the results (3) and (4) given by [11].
Also ,in (2.1) and (2.2) if we put » =1, ,we get the results (1.18) and (1.19) given [12].

Main results

Theorem 1. For the generalized Gamma function l"(w1 vy Sy e flrim) (s) ,wehave
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1"(”’1 0 sensly B e B i) (S )

E r(s)
i=l F(al.)l“(,Bi —al.)

1 1
-([.“Z').FP(M,/JZ,---WM)Z"' (s );u]al_s_l (1 — 1 )ﬁl*al—l mlurar—s—l (1 —u )ﬁﬁaﬁl d,ul...d,ur.

(3.1)

Proof. Using the integral representation of  F, (al, 0y O, B By B3 U _ui’"} in (2.3) ,we
have

r(pal,az ey oS3, 3

11 r'(8)

o 1 1
xjj.njus“exp[[—utr”tr-_fiﬁﬁi%filj}tf“J(1—¢1)ﬁ_“_{”tf“*(1—¢r)ﬂ*““40hynch,du,
00 0

u

Now using a one —to-one transformation(except possibly at the boundaries and maps the region
onto itself) v =utt,..1, 4, =t,,i =1,2,...,r , in the above equality and considering that the

Jacobian of the transformation is J = l , and
Y7,
v=utt,..t,

=t =dp =dr,
M, =t, =d p, =dt,

we get
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l—‘(al s seeslly 3 By e B i) (S )
P

. r(s)
ia T(e)0(B —a)

a1 Bi—a-1 a. -1 B.—a, -1 dv
w (1= o U-a dp...dpy, ’
(1) (1-4.) 1 vy
_T r(s)

i=l l—‘(al)l—‘(ﬂl _al)

) m+1
XJ‘ vs—l exp [{V _ Mj:l dv’
0 14

From the uniform convergence of the integrals, the order of integration can be interchanged
to yield that

| (g
F(al,az,...a,.,ﬁl,ﬁz,...,ﬁ,,m) §)= i
? (5) Hf(ai)r(ﬂi -a,)
1 1

X! { T e (A Q) = (1 ) d g
which is the required result.

Remark 1. In Theorem 1, choosing p =0, we get

. - T(B)T
(et )(S):E[F(a,()’; Z,B(i)a ] B(a,—s,p —a,)

Also choosing » =1 ,we get

(. f;m) _ F(ﬂ) 1 a—s—1 p-a-1
Y (S)_F(a)l“(,b’—a)-o[rp(u)'"“ ()= (A=pf " d

which is the result Theorem 2.1 in [12].
Also in Theorem 1, puting m=1=r, we get
r‘(d,ﬁ;l) (S): F(ﬂ) .][1—* , (S ) /Ja—s—l (l_u)ﬁ*“%d’u
’ L(a)T(B-a)y ™

which is the result Theorem 2.1 in [11].
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Also in Theorem 1, if we choose m=r=1,p=0,we get (see [12,p.38], [11,p.4603]).

(6 T (1
=F(ﬁ)F( )F(a—S)
I(a)r(B-s)
(3.2)

Integral representation of generalized Beta function:

Theorem 1. For the generalized Beta function, we have the following integral representations:
7/2

Blgal’az""a’;ﬁl’ﬂz""’ﬂ" m) (x,y)=2 j cos™ '@sin” " 9 F. (al,az,...ar;ﬂ],ﬂz,...,ﬂr ¢™" Ocsc™ H)dH,
0

(@.1)

o - B © x -1 l m
Bt )(x,y)zg(li‘ujrlfr(al,a2,...,a,;ﬂl,ﬂz,...,ﬂr;—p(2+u +;j }a’u,
4.2)

Proof. letting ¢ = cos® @ in (2.2), we get

1
BI()”’"“Z""“";ﬁ"ﬁz’“"ﬂ";'")(x,y):J-tH(l—t)yflrFr al,az,...,ar;ﬂl,ﬂz,...,ﬂr;—p — |dt
7 t" (1-t)
A

—2J.coszx 'Osin” ' 0 F. (al,a2, .0, B PBosenns B —p sec™ Oesc” 6’)d6’

u
On the other hand, letting ¢ = 1 in (2.2) , we get
+u

1

B}()O{lsaz,...ar;ﬂhﬁZ,-..,ﬂr;m) (x’y ) :Itkl (l—t)y_l rFr [alaaz’---ar;ﬂlﬂﬁz’“"ﬂr;_ﬁJdt

o

which ends the proof.

1 m
e r[al,az,..ar;ﬂl,ﬁz,...,ﬂr;—p(2+u +;) ]du,

1+u

Remark 1. When 7 =1, in Theorem 1, we get the result Theorem 2.11 in [12].

Theorem 2. For the generalized Beta function, we have the following functional relation:
B (1,00 3B By s B30 (x LV + 1) +B}(7a1 0y sy 3 3 By s B 5 (x + l’y ) — Bl()alﬂaZ""az' 3B Ba s By (X ,V )

p

(4.3)
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Proof. Direct calculations yield

B (a] Gy Q)3 B, By s B s (x .y +1)+B£al 0y Q)3 B B s By i) (x +1’y )

P
1

=[x (1=t)Y" Fla,a,..c.B,B,.. ;—L dt
.('; ( ) r r{ 1 2 7 ﬂ] ﬁZ ﬁr tm(l—t)mJ

1
(-t Fla,a,.a:B.,B,.. ;—L dt
.([ ( ) r r[ 1 2 r ﬁl ﬂ2 ﬂr tm(l—t)m}

1
=(t*"(1-¢tY " Fla,a,.a:B8,B,.., ;—L dt
_([ ( ) r r[ 1 2 r ﬁl ﬁZ ﬂr tm(l—t)m]

_ B[()a, Oy 1enn 0,3 B By s B i) (X ,y )

which completes the proof.

Remark 2. In Theorem 2, putting 7 =1, it will be reduced to the result Theorem 2.3 in [12].
Theorem 3. For Re(p) > O,Re(m) > O,Re(a[ ) > O,Re(ﬂi ) >0

B}(}al,az,...a, B S s Brim) (X .y ) _ ZBIEal,az,...a,. BBy s B (x +n .y + 1)
n=0
(4.4)

Proof. Replacing (1 —t )y “in (2.2) by its series representation
(1-1) " = (=) 2o
n=0

we obtain

1

B (001,63 -0, 3By B s By 311 ()C ) ) = .[

P 0

y o0
1—¢ N Flao,. B By ,;—L dt
(1-1) Z::; ] ,(al Qs By Bysenes B t’”(l—z)’"}

Interchanging the order of integration and summation, we have

U CR OB M KA (B [“l,az,...a,;ﬂl,ﬂz,...,/z;;‘m (1p 0 ]dt
n=0 —

_ iBéal Q5O B »ﬂz’-"’ﬂ";m) (x +n ay + 1)
n=0

which complete the proof.
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Remark 3. In Theorem 3, putting » =1,we get the result Theorem 2.5 in [12].

Theorem 4. For the product of two generalized Gamma functions, we have the following integral

representation:
e
F;al’az’ma" 3B sees B ) ()C )Fi)al’az’ma” BBy e Brsm) (y ) _ 4J' J'rlz(x -y )-1 COSZX -1 Gsinzy -1 0
00
F (al,az,...ar;ﬁl,ﬂz,...,ﬂr;—rlz’” cos™” H—ﬁJ
r" cos™ @

. . 2m = 2m p
X’_E al,az,...ar,ﬁl,ﬂz,...,ﬂr,—rl Sin H—W dl"ldg
™" sin™ 6

(4.5)

Proof. Substituting ¢ = 772 in (2.1) ,we get

0y ey 3 B P e B M K X — . . P
FEJ Piobonh )(x)zzj‘i]2 1,F,(al,az,...ar,ﬂl,ﬂz,...,ﬂ,,—nz—772m jdi].
0

Therefore

(01,2250, 38 B s, 1) (@0t st 3 By s B3
L ()T, (

y)
[ 220 . _ p _ . p
24”772 14;2, lrFr [anaz’“'arﬂﬂlvﬁzﬁ""ﬂw—nz _W] rE' [0{1,0!2,...0[r,ﬂl,ﬂz,...,ﬂr,—fz —?jdﬂdéﬁ
00
Letting77 =7,cos@ and & =7, sin@ in the above equality,
Q1,0 5.0 P P e B3 ay,0 5.0, P P e B3
ry ()T '(»)

P

=4

oY

T e 2x-1 s 2y -1 ) . 2m 2m p
J.rl cos” " Osin” " O F | a,a,,.c; B, B,,.... B~ cos H_W
1

s 2m

0
x F | e, ot ;B Bosens Bt sin 0——2L — |drdo
rtr 1925y Lo oo sl 2m 1
1" sin™ @

which complete the proof of the Theorem.

Remark 4. Putting » =1, in Theorem 4, we get Theorem 2.9 in [12] and putting » =m =1, we
get the result theorem 2.6 in [11].

Remark 5. Putting p =0 and » =m =1 in ( 3.6), we get the classical relation between the
Gamma and Beta functions :

F(x)F(y):F(x +y)B (x,y)
Fe)r(y).

B(x,y): F(x +y)
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Theorem 5. For the new generalized beta function, we have the following summation relation:

0

B[()al,az,...ar 3B B ) (X ’ 1 —y ) — Zﬂ (1,000,331, B s By 3m) (x + I’l,l)

p
n=0 '

(4.5)
Re(p)>0,Re(m)>0

Proof. From the definition of the generalized Beta function , we get

1

B (1B Py esfprim) (x,1-y)= Itx_l (1-¢)" F, al,az,...ar;ﬂl,[)’z,...,ﬂ,;——p dt

! q ' t" (1-2)"
Using the following binomial series expansion
(1-0)" =30, 55 b=t
we obtain
Bl (1 ):I;ZO(Z )' ¢ F, {al,az,...ar;ﬂp P Brim (1p_ i

_ ZGO: (y )n B (al,azﬂ...a,. BB By ;m) (X +n , 1)

P
which is the proof.

Remark 6. In Theorem 5, the case » =1 ,we get the result Theorem2.4 [12], and choosing
r=m =1, we get the result Theorem 2.7 in [11].

1. Generalized Gauss and confluent hypergeometric function
In this section the result (2.2) is used in order to introduce the following generalized

hypergeometric and confluent hypergeometric functions

w B (1,002,313 sﬂz""’ﬁr;m) (b +n.c _b) z n
F(al,az,...a,;ﬂl,ﬁz,-..,ﬁ’r;m) b:c: — p ’ )
P (aa ,C,Z) ;(a)n B(b,C _b) n!
(5.1)
and
v R (i im) (b+n,c-b)z"
(1,050, 3 1, o s B 5 b . — P . Z_
% (bsesz)=2, B(b.c—b) n
(5.2)

We call the Fp(a"az""a’ Aobliim) (a,b;c;z ) by the generalized Gauss hypergeometric

function and ¢l(,a‘ iRy fim) (b;C;Z ) by the generalized confluent hypergeometric function
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Observeifweput r =1;r =l,a=£; and r =1,m =1,p =0in (5.1) ,we get the

generalized hypergeometric functions Fp(a’ﬂ im) (a,b;c;z ),F p’" (a,b;c;z ) and ,F| (a,b;c;z ),

respectively (see. [6 ]).
Also by the same procedure above we get the generalized confluent hypergeometric functions

4

#°"") (biesz ). (bicsz ) and g(biesiz ).

Reference

1.

2.

3.

10.

11.

12.

13.

Agarwal, P., 2014. Certain properties of the generalized Gauss hypergeometric function,
Appl.Math.Inf.sci.8.n0.5.2315-2320.

Agarwal, P., choi, J., and paris, R. B., 2015. Extended Riemann- Liouville fractional
derivative operator and its applications , J. Nonlinear Sci. Appl. 8, 451-466.

Andrews, G.E., Askey, R., Roy, R., 1999. Special Functions, Cambridge university press,
Cambridge.

Chand, M., Agarwal, P., Choi, J., 2016. Note on generating relations associated with the
generalized Gauss hypergeometric function, Appl.Math.Sci.10.n0.35.1747-1754.

Chaudhry, M. A., Zubair, S. M., 1994. Generalized incomplete gamma functions with
applications, J. comput, Appl. 55, 99-124.

Chaudhry, M. A., Qadir, A., Rafique, M., Zubair, S. M., 1997. Extension of Euler's beta
function, J. comput, Appl, Math, 78,19-32.

Chaudhry, M. A., Qadir, A., Srivastava, H. M., Paris, R. B., 2004. Extended hypergeometric
and confluent hypergeometric functions, Appl. Math. Comput. 159, 589-602.

Lee, D. M., Rathic, A. K., Parmar, R. K., and Kim, Y. S., 2011. Generalization of extended
Beta function, hypergeometric and confluent hypergeometric functions, Honam Math.J.33.no.
2. 187-206.

Luo, M. J., Milovanovic, G. V., and Agawal, P., 2014. Some results on the extended beta
and extended hypergeometric functions, Appl. Math. Comput. 248, 631-651.

Ozergin, E., 2011. Some properties of hypergeometric functions.Ph. D. thesis, Eastern
Mediterranean University, North Cyprus. February

Ozergin, E., Ozarslan, M. A., and Altin, A., 2011. Extension of gamma, beta and
hypergeometric functions, J. comput. Appl. Math. 235, no. 16, 4601-4610.

Parmar, R. K., 2013. Anew generalization of Gamma, Beta, Hypergeometric and Confluent
hypergeometric functions, Le Matematiche, Vol. LXVIII-Fasc. I, pp. 33-52.

Srivastava, H.M., Monocha, 1984. H.L., A Treaties on Generating functions, Halsted press (
Ellis Horwood Limited, Chichester), John wiley and Sons, New York, Chichester, Brisbane
and Toronto..

Univ. Aden J. Nat. and Appl. Sc. Vol. 20 No.2 — August 2016 374



Some properties of the generalized Gamma ....... Fadhle B.F. Mohsen and Maisoon A. H. Kulib

Gt g bold a1 Lomeiiid ot gid! jand
GulS daal ¢ gausa g Judd o Juab
Ot daaly A Al A ccilbualy ) and
DOI: https://doi.org/10.47372/uajnas.2016.n2.all

il
L sf ansall Uiay alal Aanaills Lol Uy 31 5 Labas A1) St mpen Chlanian) 3 il 285 50 038 3
LS il Gm of Zanal) Ll 0130 Fanlly Lmanl) 80kl 5 ddiitl) Araeall g L) LalSEI Jiiad
Aovasial) Lntigl (358 U5 Aunnsiel) 35 A0 i st Jaos Ui L
nanial) Aarigh 568 Al Auarigh 368 AN (L A Lol Al sdpalidal) culalsl)

Univ. Aden J. Nat. and Appl. Sc. Vol. 20 No.2 — August 2016 375


https://doi.org/10.47372/uajnas.2016.n2.a11

