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Abstract

In this paper we defined K " birecurrent space which is characterized by the condition
I(jlkh|m|{’ = apmKin » Kjin # 0, also we introduced some decompositions of Cartan's
fourth and third curvature tensor and Berwald curvature tensor and its torsion tensor.

The aim of this paper is devoted to the discussion of decomposition for different tensors in
K™ -birecurrent space and K " _birecurrent affinely connected space and the decomposition of
curvature tensor Cartan's fourth and third in K"-birecurrent space, also the decomposition of

curvature tensor of Berwald in K"-birecurrent affinely connected space, various results, formulas,
theorems and different identities have been obtained.

Key words: Decomposition of curvature tensor, K"-BR-affinely connected decomposition of
Cartan's fourth curvature tensor and decomposition of Berwald curvature tensor.

Introduction

The decomposition of curvature tensor of recurrent manifold was discussed first by K.
Takano [14], B. B. Sinha and S. P. Singh [12], B. B. Sinha and G. Singh [13] and others. R. Hit
[9] introduced a recurrent Finsler space whose Berwald curvature tensor is decomposition in the

form Hjy, = X'Yjypand obtained several results. H. D. Pande and H. S. Shukla [3] discussed the

decomposition of curvature tensor filed K]lkh and Hjlkh in recurrent Finsler space and studies
properties of such decomposition. H. D. Pande and T. A. Khan[2]consider a recurrent Finsler
space whose Berwald curvature tensor is decomposition in the form Hjy = XYy, , while

another decomposition of the form Hjikh = PjX;'lk was proposed by H. D. Pande and H. S.
Shukla [3]. P. N. Pandey [4] discussed the problem of decomposition of curvature tensor of a
Finsler manifold restricting himself to Berwald curvature tensor H ]-ikh , P. N. Pandey [5] discussed
the decomposition of curvature tensor of E. Cartan. B. B. Sinha [11] studies birecurrent Finsler
space whose Berwald curvature tensor is decomposition in the form Hjikh = Yinkh .
Let F,, be an n-dimensional Finsler space required with the metric function F (x, y) satisfies the
requisite condition [10].
E. Cartan [10] deduced the h-covariant differentiation for an arbitrary vector field X b with
respect to x* as follows:
(1) Xf =0, X'+ XTI — (8,X)G
The vector yi vanish under h-covariant differentiation, i.e.
12) ¥ =0. - |
Due to homogenous of T, in y* the connection parameter I'jy, satisfies [10]
(13) (0, Tj)y" =0
The commutation formula for h-covariant differentiation of an arbitrary vector field X Eis
given by Rund[10]
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; A . —
(1.4) Xy = Xijue = XK — (0, XK ;y°
The tensor ka n 1s called Cartan's fourth curvature tensor which is skew-symmetry in it's last
two lower indicts k£ and j, i.e.
(L.5) ikn = —Kink
and satisfy the following identities known as Bianchi identities.
and
(17) b + K + (0s T3 ) K y™

4 (05T ) K y™ + (OsTiR ) Koy y™ =0
The curvature tensor Kjlk n satisfy the following relation too
(1.8) Kjn ¥/ = Hip,
and
(1.9)  Hpgn = Knien = Prgein + P Prn — k/h
The associate curvature tensor Kjj, of the curvature tensor K]rkh is given by

(1.10)  Kijin = grj Kjin -

+ K,

r
Kijhlk ikjih

The tensor R}kh is called Cartan's third curvature tensor satisfied the relation
(L.11) ikn = Kigen + Cim Hichy -
The curvature tensor R }k n satisfies the following identity known as Bianchi identity.

i i i
(1.12) Rjkhls + stklh + thslk

. + (anhs jlkr + R:nkh P]lsr + R:nsk jlhr )ym =0,
where P]lk,. is called h-curvature tensor ( Cartan's second curvature tensor ) satisfies the relation
S s i . ;

(1.13) Pieny? = Tikny’ = Pen = Copy ¥
where

Pin = (0kTjn)y’ = (0kThj )y’ '
The associate curvature tensor R;jxp, of the curvature tensor R}kh is given by
(1.14) Rijkn = 9rj Rirlgh .
Berwald curvature tensor H;y;, and the h(v)-torsion tensor Hp,, are related by
(1.15) Hypn y'= Hyn
and
(1.16) rkh = OrHyp -
The associate curvature tensor Hjjyp of the curvature tensor Hjlkh is given by
(1.17)  Hijkn = grj Hin -
The deviation tensor Hj, ~satisfies the following:
(1.18)  gij Hy = gux Hj
Definition 1.1. A Finsler space whose connection parameter Gjlk is independent of the direction

argument yi is called an affinely connected space (Berwald space). Thus, an affinely connected
space characterized by any one of the following condition

(1.19)  a) G, =0 and b) Gijgp =0 .

The connection parameter Fﬁcl of Cartan and Gjik of Berwald coincide in affinely connected space
and they are independent of the direction argument [10]

(1200  a) Ghp=0;GL, =0 and b) 9,4, =0
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A h-Birecurrent Tensor
A Finsler space for which Cartan's fourth curvature tensor K} jkn satisfies the birecurrent property

with respect to Cartan's connection parameter [} jk is called K " _birecurrent space. Thus, K™"-
birecurrent space is characterized by condition
@1 Kignmie = @em Kl Kjen 0, {Q@2, 111 @1, [71: 1), [8] 3,
where the non-zero covariant tensor field of second order a,,, being recurrence tensor field. The
tensor satisfies the condition (2.1) is called A-birecurrent tensor. Such space and tensor denoted
briefly by K"-BR-E, and h-BR, respectively.

Let us consider K-BR-F, which is characterized by the condition (2.1).
Transvecting the condition (2.1) by yj , using (1.2) and (1.8), we get
(2.2) Hinpmie = @em Hin

If we interchange the indices m and € in the condition (2.1) and subtracting the equation
obtained from the condition (2.1), we get
23)  Kinimie = Kiknjoim = (@em—ame) Kji
Definition 2.1. The K"-birecurrent space which is afﬁnely connected space [satisfy any one of the
conditions (1.19a), (1.19b) or (1.20b)] will be called K h_birecurrent affinely connected space. We
shall donate it briefly by K"-BR- affinety connected space.
Decomposition of Some Tensors in Kh-BR-Fn

H. D. Pande and H. S. Shukla [3] discussed the decomposition of the curvature tensor filed
Kjikh in K™-recurrent space. Thus, the decomposition of Cartan's fourth curvature tensor K; ikn 1S
characterized by
(3.1 iien = ¥ Wikn
where Wiy, is a non-zero homogenous tensor of degree -1 in its directional argument is called
decomposition tensor filed and
(32) y'V,=o0 .
In view of (3.1), the identities (1.5) and (1.6) can be written as
(33) Wiknt+ Y =0

and
B4  Wint+ Whjx+ Yinj =0,
respectively.

Let us consider K"-BR-F, which is characterized by the condition (2.1).
Taking the h-covariant derivative for (3.1) with respect to x™ and using (1.2), we get

G5 Kiypm =¥ Pjinm

Taking the h-covariant derivative for (3.5) with respect to x! , using (1.2) and the condition
(2.1), we get
(3-6) “lm ]kh y jkhimil
Putting (3.1) in (3.6), we get
(3.7 lp'jkhlmll = amY i »
since y'#0
Thus, we conclude
Theorem 3.1. In K"-BR-E,, the decomposable tensor filed Wik behaves as h — BR.
If we interchange the indices m and [ in (3.7) and subtracting the equation obtained from (3.7), we
get
G Yinmu — Yiknium = (@im= ami) ¥jkn
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Using the commotion formula exhibited by (1.4) in (3.8), we get

(39  (am— am) Yjkn = —(quth im + YirnKim + YirKhim — 07 Wikn Kimy®).
Using (3.1) and the homogeneity property of W¥jip, in (3.9), we get

(3.10)  (aum— am) Yjxn = _(Lprkhlpjlm + YirnWiam + Wikr Prum — jkhlprlm) y'

Taking the h-covariant derivative for (3.10), twice with respect to x™ and xP, successively and
using (1.2), we get

G1D  (@m = @mD i irn + @im — @m) 0 Yjrnp T @im — am) p¥jrnm
+@m = ) ¥jnmp = = (Prannip Yim + YrennPjimp + Yrcnp Yjimn
FRVANS + Wi Pt + P Py + Pirnip Preimm + Brn?

jlminip jrhinip Jjrhip
+1ijr|n|plphlm + LIJjkrlnqjhlmlp + ijkrIpLIJ + l.pﬂﬂ‘qj - lIijhmlp

_lpjkhlnlprlmlp - qjjkhlqurlmln - ijkhlp

Using (3.1) and (3.10) in (3.11), we get
(3~12) (“lm - aml)mmqjjkh + (a'lm - aml)m jkhip + (a*lm a’ml)m jkhin
= —bpy (lprkhqjjlm + WirnWrim + Yjkr Prm — ijkhlprlm) y'
- (V¥ Y. + ¥ Y. +‘}’rhm‘}’ +¥. . ¥

rkhin * jilmip rkhip * jimin
+ lpjkrlnlIJ +¥ ¥ - LIJrlmlp - Lp]khlplprlmln) y"

hilmip jkrip jkhin
Again, using (3.10) in (3.12), we get

G13) (@ = am)ppPikn + (@im — am)d n¥Yixnp T @m — amd p¥ienm

kimip kimin klminip

lIJrlm

himin himinlp

T
rlmlnlp) Y.

klmip jrhip © klmin

hlmin

- _bpn (am — a’ml)Lpfkh - (Lprkhlnlpjlmlp + lIJrkhlplpjlmln + ¥, rhlnlpklmlp
+ijrh|plpklm|n + ¥, krlanhlmlp + ¥ krlquhlmln - lIJjkhlnlprlmlp - ijkhlpwrlmln)yr
which can be written as
(3.14) (a'lm - aml)mm = _bpn (a'lm - a’ml)
if and only if
G.15)  (m = amD) i ¥iknp + (@im = amD) i ¥iknn = = (Prknim¥jomip

+Lprkh|plpjlm|n + lpjrhlnlpklmlp + lpjrhlplpklmln + ijkrlnlphlmlp

+lpjkr|ptphlm|n - lpjkhlnqulmlp - llJjkhlqurlmln) v,

since W # 0.
Thus, we conclude
Theorem 3.2. In K"-BR-E,the tensor (@, — am;) behaves ash — BR under the
decomposition (3.1) if and only if (3.15) holds good.
Using (3.1) in the identity (1.7), we get
616 Vpum + P + Py )9 + L 0T P + (0T Ve
+ (as r]"‘ilt)lprmk } ysyr =0
Using (1.3) in (3. 16) we get
@17 (¥ iknm T Pimkin T lpjhmlk)yl =0
Taking the h-covariant derivative for (3.17), with respect to x*, using (1.2) and (3.7), we get
(3'18) ( ]khlmle mklhle + lpjhmlkle)yl =0 >
which can be written as
(319 apWikny' = (—anm Wimk — a’lklpjhm)yl
Using (3.3) in (3.19), we get
(320)  aWirny' = (an Yiiem + @ ¥mn)y"*
Using (3.1) in (3.20), we get
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Aim Kiien = (@in Wikm + ac¥jmn)y*

or

i1 i
(3.21) jih = o (am Wikem + a'lklpjmh)y
Thus, we conclude
Theorem 3.3. [n K"-BR-E,, Cartan's fourth curvature tensor Kjlkh is defined by (3.21) under the
decomposition (3.1).

Further considering the decomposition of the tensor filed Wjyp, in the form

(3.22)  Wikn = Vvj¥un
where Wy, is non-zero tensor filed [3].
Taking the h-covariant derivative for (3.22) with respect to x™, we get
(3.23) Yiknm = VimPen + ViPenm
Taking the h-covariant derivative for (3.23) with respect to x! and using (3.7), we get
324 amWikn = VimuYen + VimYene Vi Yemm + Vi¥Yenimi
Putting (3.22) in (3.24), we get
(3.25)  ayVjWn = _ Wien T Vi Yien T Vit Penm T Vi emimu-
Transvecting (3.25) by y/ , using (3.2) and (1.2), we get
(32600 amoWn = 0y Yien + 01 Vi + 6P inm + 0 P

If o is constant, (3.26) can be written as
(327) qjkhlmll = a/lm‘“pkh ,

since O, = 0.

Im

Vj|m|l

Thus, we conclude
Theorem 3.4. In K"-BR-E,, the tensor filed Wj,, behaves as h — BR under the decompositions
(3.1) and (3.22) provided that o is constant.

Decomposition of Some Tensors in K"-BR- Affinely Connected Space
Let us consider a KP-BR- Affinely connected space.

Transvecting the equation  dp K}hm — Anm K}lk =0 , {(3.9),[8]}

by the non-zero contravariant tensor z"™ hm

tensor of zero order ), we get

@) ¢ Kjy = ay Kjpm 2™
In view of quotient low, the equation (4.1) can be written as

(4.2) Kjllk = Ak X]l' s

such that ap, z" = ¢ # 0 (non-zero scalar, i.e.

. K" th . . .
where X; = %, since K, zM £ 0 for Kjiy z" =0 implies K =0 .
Thus, we conclude
Theorem 4.1. In K h—BR-aﬁ’mely connected space, Cartan's fourth curvature tensor K ;kh is

decomposable in form (4.2) provided the recurrent covariant tensor filed of second order is skew-
symmetric.

Transvecting (4.2) by g;,- and using (1.10), we get

(43) Ky = auXjr, where X = gir Xj

Thus, we conclude

Theorem 4.2. In K"-BR-affinely connected space, the associate tensor Ky of Cartan's fourth
curvature tensor Kjikh is decomposable in the form (4.3) provided that the recurrent covariant
tensor filed of second order is skew-symmetric.

Transvecting the equation a; H}hm — Apm H]l:lk =0 , {@3.16),[8]}
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hm - such that @y, z"

by the non-zero contravariant tensor Z ™ = ¢ # 0 (non-zero scalar, i.e.

tensor of zero order ), we get

(44) ¢ Hjy = ay Hipz"™

In view of quotient low, (4.4) can be written as

(45)  Hjy = a'lkY} )
Ht hm

Where in = %, since jihm z"M £ 0 for jihm zM™ =0 implies Hjihm =0 .
Thus, we conclude

Theorem 4.3. In K™ BR-affinely connected space, Berward curvature tensor Hjilk is
decomposable in the form (4.5) provides the recurrent covariant tensor filed of second order is
skew-symmetric.

Transvecting (4.5) by g;;- and using (1.17), we get

(4.6)  Hjpy = ay Yy, where Y = gi,Yj

Thus, we conclude

Theorem 4.4. In K h—BR-afﬁnely connected space, the associate curvature tensor Hjpy of Berward

curvature tensor Hjllk is decomposable in the form (4.6) provides the recurrent covariant tensor
filed of second order is skew-symmetric.
Transvecting the equation a Hyp — apm Hpe =0, {(3.23), [8]}

by the non-zero contravariant tensor z™ such that dp,, z"™

tensor of zero order ), we get

47) ¢ Hpj = ay Hppz"™

In view of quotient low, (4.7) can be written as
48)  Hp =ay X',

_ Hiilm Zhm

here X! =
wnere ¢

Thus, we conclude

= ¢ # 0 (non-zero scalar, i.e.

, since H},, zZ"™ # 0 for H}, z" =0 implies H., =0 .

Theorem 4.5. In K™-BR-affinely connected space, the torsion tensor H lik is decomposable in the
form(4.8) provides the recurrent covariant tensor filed of second order is skew-symmetric.
Transvecting the equation dpi Ry — Anm R]l-lk =0 , {(3.30),[8]}

]
by the non-zero contravariant tensor z™ h

tensor of zero order ), we get
D ; 0
(49) @Ry = aw Rjpn 2™
In view of quotient low, (4.9) can be written as

4.10)  Rjy = ayX’,

such that ap, 2" = ¢ # 0 (non-zero scalar, i.e.

hm

, since R}hm zMM £ 0 for }hm z"™ =0 implies R}hm =0

RE

jhm z

where lej =
Thus, we conclude

Theorem 4.6. In K™-BR-affinely connected space, Cartan's third curvature tensor R;kh is
decomposable in the form (4.10) provided that the recurrent covariant tensor filed of second order
is skew-symmetric.

Transvecting (4.10) by g;,- and using (1.14), we get

(4.11) Rjrlk = a’lkRjT' , Where X]T’ = Jir X]l

Thus, we conclude

Theorem 4.7. In K h—BR-aﬁ’mely connected space, the associate tensor Ry of Cartan's third
curvature tensor Rj i is decomposable in the form (4.11) provided that the recurrent covariant
tensor filed of second order is skew-symmetric.

B. B. Sinha considered the decomposition
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(4.12)  Hip = A'Qrp, .
where @y is non-zero homogenous tensor filed of the first degree in yi and A’ is a non-zero
vector filed independent of yi.
Differentiating (4.12) partially with respect to yi and using (1.16), we get
(4.13)  Hjyp = (0,4")Din + A (0;Bper) -
Since A! is independent of y', i.ec. 3in = 0. Therefore (4.13) can be written as
(414) jlkh = Al®jkh , where aj(Z)kh = Q)jkh
In K" BR-affinely connected space and in view of the equation

Apm Hent ain Hypet @ Hp = 0, {(1.26), [7]; (3.17), [8]}
and using the decomposition (4.12), we get
(4.15)  apmA' D + apnA Dy + A A Dy = 0
which can be written as
(4.16)  am®@rn + apnPmk + ApkPpm =0 .
Differentiating (4.16) partially with respect to y/ and if the covariant tensor filed ag is
independent of yj ,we get
417 apmDjkn + aenDjmi + Aok Djpm = 0
Thus, we conclude
Theorem 4.8. In K h—BR—aﬁineZy connected space, the identities (4.16) and (4.17) hold good under
the decomposition (4.14), provided that the covariant tensor filed ay, is independent of a yj .
By using the decomposition (4.14), Bianchi identity (1.17) for Berward curvature tensor H jilk can
be written as
(418) AiQ)jkh + AiQ)hjk + AiQ)khj =0
which can be written as
(419 Djrn + Dpjr + Dyenj = 0
Thus, we conclude
Theorem 4.9. In K"-BR-affinely connected space, Bianchi identity for Berward curvature tensor
H jilk can be written as (4.19)under the decomposition(4.14).
By using (4.14) in the equation

Hienmie = @em Higr —» {Q28),[71}

we get

420)  (A'Qjin), ., = Fem(A'Djicn) -

If A* is covariant constant with respectto x™ , (4.20) can be written as

@20 @uny,, = A pm D jkn.sinceAr # 0

Thus, we conclude

Theorem 4.10. In K h—BR-aﬁ’mely connected space, the decomposable tensor filed @ jkn behaves
as h-BR provided that At is covariant constant.

Transvecting (4.21) by ¥/ and using (1.2), we get

(4.22) Qkhlmlt’ = chm(Z)kh,since(Djkhyj = Qrn

Thus, we conclude

Theorem 4.11. In K"-BR-affinely connected space, the decomposable tensor filed @ jkn behaves

as h-BR provided that At is covariant constant.
Also, B.B. Sinha and G. Singh [11] considered the decomposition of Berward curvature

tensor Hjikh in another form
(423)  Hfgp = T/ %n
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where Wy, is a decomposable tensor filed and Tji is a non-zero tensor filed.
In K"*-BR-affinely connected space, in view of the equation
Apm Hjgn+ ain Hipuet @i Hjpm = 0, {(2.25), [7]; (3.10), [81}
and by using the decomposition (4.23), we get
424) AT Wen + ap, T W + A Tf Whan = 0
which can be written as
(425) a,gm‘ljkh + ap qjmk + (/L,k‘th =0 , since Tji #0
Thus, we conclude

Theorem 4.12. In K™-BR-affinely connected space, the identity (4.25) holds good under the
decomposition (4.24).

By using the decomposition (4.24), Bianchi identity (1.18) for Berward curvature tensor H]-llk can
be written as

4.26)  T{Win + TaiWi + TiWy; =0

Transvecting (4.26) by y; , we get

(4.27) lepkh + ,Bhl'pjk + Bkl'phj =0 ,where leyi = ﬁ] .

Thus, we conclude

Theorem 4.13. In K h—BR—q}ﬁneZy connected space, Bianchi identity for Berwald curvature tensor

Hjilk can be written as(4.27)under the decomposition (4.24).

References

1. Alqufail, M.A.H., Qasem, F.Y.A. and Ali, M.A.A (2014).: On study K " birecurrent Finsler
space, The Scientific Journal of The Faculty of Education, Thamar University, to be Published.

2. Pande, H.D. and Khan, T.A. ,(1973): General decomposition of Berwald's curvature tensor
filed in recurrent finsler space, Atti. Accad. Nag. Lincei Rend. Cl. Sci. Mat. Mator., 55680-685.

3. Pande, H.D. and Shukla, H.S,(1977) : On the decomposition of curvature tensor fileds Kjilk

and Hjllk in recurrent Finsler space. Indian J.Pure Appl. Math.,§, 418-424.

4. Pandey, P.N. , (1981) : On decomposability of curvature tensor of a Finsler manifold[,Acta.
Math. Accad. Sci. Hunger, 38, 109-116.

5. Pandey, P.N. , (1988) : On decomposability of curvature tensor of a Finsler monifold II, Acta.
Math. Accad. Sci. Hunger, 58, 85-88.

6. Pandey, P.N. (1993) : Some problems in Finsler space, D. Sc. Thesis, Univ. of Allahabad,
Allahabad, India.

7. Qasem, F.Y.A. and Ali, M.A.A. (2015 ): Certain Types of K"™-birecurrent Finsler spaces (I),
Abhat Journal, Faculty of Education, University of Hodiedh, Volume (2), Issue (3), 21-
37.

8. Qasem, F.Y.A., Alhamadi, K.M.A. and Ali, M.A(2016 ).A. : On study recurrent curvature
tensor field of second order, International Journal of Mathematics and Physical Sciences
Research, Vol. 4, Issuel, , 121-125.

9. Ram, H. (1975) : Decomposition of Berwalds curvature tensor fields, Ann. Fac. Sci. Kinshasa,
1, 220-226.

10.Rund, H. (1959) : The differential geometry of Finsler space, Springer-Verlag, Berlin Gotting -
Heidelberg; 2" Edit. (in Russian), Nauka, Moscow, (1981).

11.Sinha, B.B(1972) : Decomposition of recurrent curvature tensor fields of second order. Prog.
Math., Allahabad, 6, 7-17.

12.Sinha, B.B. and Singh, S.P. , (1970): On decomposition of recurrent curvature tensor fields in
Finsler spaces, Bull. Call. Math. Soc.,62, 91-96.

Univ. Aden J. Nat. and Appl. Sc. Vol. 20 No.2 — August 2016 362



Different types of decomposition ................... Khaled Alhamadi, Fahmi Qasem,Meqdad Ali

13.Sinha, B.B. and Singh, G. (1983),: Decomposition of recurrent curvature tensor fields ofR th
order in Finsler manifolds, Publications De L' institute mathe' matique, Nouvelle Se'rie,tone,
33(47)217-220.

14.Takano, K. (1967) : Decomposition of curvature tensor in recurrent space, Tensor N. S.,18, ,
343-347.

K"-BR- affinely Jutid! chishitg K"-BR-F, g cutagiad! jand Julaid! oo dhliihe 1 gu
& daa] Jaka g andd Gauly agd galaad) Jaaa AlA
e Amala i ) IS il ) and
DOI: https://doi.org/10.47372/uajnas.2016.n2.a10

omhll

G Ky SIS il sl isal) 4 (5 g Sl olind U e 5l o2
A5V A8 83 glaall L LIS o s

Kixnimie = @emKign » Kjgn # 0
NP Gu}sﬂ\ igall e JSI Hlia slad G 58ill )y gall Aaldd) Nl iany Liaad SIS
L) L) A sl ) i gall daliaal) cBlall Al 2 S K BR- affinely connected space 32 saall
K h—BR—Afﬁnely Connected Space u—°' all 5l e S8l yisadl 5 K h—BR—Fn ‘_A ool ZE)
Caleliadl) sda LA aL\Lmjﬁﬂ\ 0dg] Aalid Ll Q\&w\j QL'\A):\.AJ\ ‘e...aj\ cG_"\:\.ﬂ\ %) L) L,,Jc L'\La;‘j

&l 8l sl Jalas <K BR-affinely Juaiall eliadll ¢ o sl i gall (s :dsalidal) cilalsl)
gl g 55 gl Qi 5 S

Univ. Aden J. Nat. and Appl. Sc. Vol. 20 No.2 — August 2016 363


https://doi.org/10.47372/uajnas.2016.n2.a10

