
Different types of decomposition ……………….Khaled Alhamadi, Fahmi Qasem,Meqdad Ali 

Univ. Aden J. Nat. and Appl. Sc. Vol. 20 No.2 – August 2016                                        355 

 

Different types of decomposition for certain tensors in   -BR-  and 

  -BR- affinely connected space 
Khaled M. Alhamadi, Fahmi Yaseen Qasem and Meqdad Ahmed Ali 

Dept. of Maths., Faculty of Edu. -Aden, Univ. of Aden, Khormaksar, Aden-Yemen 

abusuliman88@yahoo.com, fahmi.yaseen@yahoo.com 

https://doi.org/10.47372/uajnas.2016.n2.a10: DOI 

Abstract 
 

    In this paper we defined   -birecurrent space which is characterized by the condition 

     | | 
         

             
   , also we introduced some decompositions of Cartan's 

fourth and third curvature tensor and Berwald curvature tensor and its torsion tensor. 

The aim of this paper is devoted to the discussion of decomposition for different tensors in 

  -birecurrent space and   -birecurrent affinely connected space and the decomposition of 

curvature tensor Cartan's fourth and third in   -birecurrent space, also the decomposition of 

curvature tensor of Berwald in   -birecurrent affinely connected space, various results, formulas, 

theorems and different identities have been obtained. 
 

Key words: Decomposition of curvature tensor,   -BR-affinely connected decomposition of 

Cartan's fourth curvature tensor and decomposition of Berwald curvature tensor. 
 

Introduction 
     The decomposition of curvature tensor of recurrent manifold was discussed first by K. 

Takano [14],  B. B. Sinha and S. P. Singh [12],  B. B. Sinha and G. Singh [13] and others.    R. Hit 

[9] introduced a recurrent Finsler space whose Berwald curvature tensor is decomposition in the 

form     
        and obtained several results. H. D. Pande and H. S. Shukla [3] discussed the 

decomposition of curvature tensor filed      
   and      

  in recurrent Finsler space and studies 

properties of such decomposition. H. D. Pande and T. A. Khan[2]consider a recurrent Finsler 

space whose Berwald curvature tensor is decomposition in the form     
    

     , while 

another decomposition of the form       
       

    was proposed by H. D. Pande and  H. S. 

Shukla [3].  P. N. Pandey [4] discussed the problem of decomposition of curvature tensor of a 

Finsler manifold restricting himself to Berwald curvature tensor     
  , P. N. Pandey [5] discussed 

the decomposition of curvature tensor of  É. Cartan. B. B. Sinha [11] studies birecurrent Finsler 

space whose Berwald curvature tensor is decomposition in the form      
         . 

     Let     be an n-dimensional Finsler space required with the metric function  (   ) satisfies the 

requisite condition [10]. 

    É. Cartan [10] deduced the h-covariant differentiation for an arbitrary vector field    with 

respect to    as follows: 

(1.1)         
            

   ( ̇   )  
    . 

The vector     vanish under h-covariant differentiation, i.e. 

(1.2)         
     . 

       Due to homogenous of     
    in      the connection parameter     

    satisfies [10] 

(1.3)       ( ̇     
  )         . 

       The commutation formula for h-covariant differentiation of an arbitrary vector field     is 

given by Rund[10] 
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(1.4)             
 ׀ ׀
   

 ׀ ׀
        

  ( ̇   )    
      . 

The tensor      
   is called Cartan's  fourth curvature tensor which is skew-symmetry in it's last 

two lower indicts  k  and  j, i.e. 

(1.5)            
       

     

and satisfy the following identities known as Bianchi identities. 

(1.6)       a)      
      

      
     

and 

(1.7)       b)   
 ׀   
   

 ׀   
   

 ׀   
  ( ̇     

  )     
    

                ( ̇    
  )    

    ( ̇    
  )     

           . 

The curvature tensor      
   satisfy the following relation too 

(1.8)               
         

  

and 

(1.9)             
      

       
       

    
          . 

The associate curvature tensor         of the curvature tensor      
  is given by  

(1.10)                    
   . 

 

The tensor       
    is called Cartan's third curvature tensor satisfied the relation 

(1.11)            
      

     
     

   . 

The curvature tensor      
  satisfies the following identity known as Bianchi identity. 

(1.12)        
 ׀   
   

 ׀   
   

 ׀   
 

 

                                           (     
      

      
         

      
         

 )          , 

where      
   is called h-curvature tensor ( Cartan's second curvature tensor ) satisfies the relation 

(1.13)               
        

        
   

 ׀  
   , 

where  

                       
  ( ̇    

  )   ( ̇    
  )      . 

The associate curvature tensor        of the curvature tensor      
  is given by 

(1.14)                        
      . 

Berwald curvature tensor      
   and the h(v)-torsion tensor     

  are related by 

(1.15)               
   r      

  

and 

(1.16)             
   ̇    

  . 

The associate curvature tensor        of the curvature tensor       
   is given by 

(1.17)                      
  . 

The deviation tensor      
    satisfies the following: 

(1.18)              
        

    . 

Definition 1.1.  A Finsler space whose connection parameter      
  is independent of the direction 

argument     is called an affinely connected space  (Berwald space). Thus, an affinely connected 

space characterized by any one of the following condition 

(1.19)         a)       
        and     b)             . 

The connection parameter     
    of Cartan and      

  of Berwald coincide in affinely connected space 

and they are independent of the direction argument [10] 

(1.20)         a)          
   ̇    

       and    b)    ̇    
        . 
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A h-Birecurrent Tensor 

    A Finsler space for which Cartan's fourth curvature tensor      
  satisfies the birecurrent property 

with respect to Cartan's connection parameter    
    is called    -birecurrent space.  Thus,    -

birecurrent space is characterized by condition 

(2.1)        | | 
           

                    
           { (2.2), [1]; (2.1), [7]; (2.1), [8] }, 

where the non-zero covariant tensor field of second order      being recurrence tensor field. The 

tensor satisfies the condition (2.1) is called h-birecurrent tensor. Such space and tensor denoted 

briefly by   -BR-    and  h-BR , respectively. 

    Let us consider    -BR-    which is characterized by the condition (2.1). 

Transvecting the condition (2.1) by    , using (1.2) and (1.8), we get 

(2.2)      | | 
         

       

     If we interchange the indices    and    in the condition (2.1) and subtracting the equation 

obtained from the condition (2.1), we get 

(2.3)          | |  
      | | 

  (       )     
      

Definition 2.1. The    -birecurrent space which is affinely connected space [satisfy any one of the 

conditions (1.19a), (1.19b) or (1.20b)] will be called    -birecurrent affinely connected space. We 

shall donate it briefly by    -BR- affinety connected space. 

Decomposition of Some Tensors in    
-BR-   

    H. D. Pande and H. S. Shukla [3] discussed the decomposition of the curvature tensor filed  

    
  in    -recurrent space. Thus, the decomposition of Cartan's fourth curvature tensor     

   is 

characterized by 

(3.1)           
          , 

where     
  

is a non-zero homogenous tensor of degree -1 in its directional argument is called 

decomposition tensor filed and 

(3.2)                . 

In view of (3.1), the identities (1.5) and (1.6) can be written as 

(3.3)                    

and 

(3.4)                          , 

respectively. 

   Let us consider    -BR-    which is characterized by the condition (2.1). 

    Taking the  -covariant derivative for (3.1) with respect to    and using (1.2), we get  

(3.5)       
 ׀   
 .       ׀        

     Taking the  -covariant derivative for (3.5) with respect to    , using (1.2) and the condition 

(2.1), we get  

(3.6)               
 .    ׀ ׀        

Putting (3.1) in (3.6), we get  

 ,  ׀ ׀         ׀ ׀          (3.7)

since             . 
Thus, we conclude 

Theorem 3.1.  In   -BR-  , the decomposable tensor filed      
  
behaves as     . 

If we interchange the indices   and   in (3.7) and subtracting the equation obtained from (3.7), we 

get 

          (        )  ׀ ׀      ׀ ׀          (3.8)
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Using the commotion formula exhibited by (1.4) in (3.8), we get  

(3.9)       (        )       (        
          

          
   ̇         

   ). 

Using (3.1) and the homogeneity property of         in (3.9), we get 

(3.10)       (        )       (                                   )   . 

Taking the  -covariant derivative for (3.10), twice with respect to     and   , successively and 

using (1.2), we get  

  ׀     ׀(        )  ׀     ׀(        )      ׀ ׀(        )       (3.11)

  ׀     ׀      ׀     ׀          ׀ ׀     )   ׀ ׀    (        ) 

 ׀ ׀          ׀     ׀      ׀     ׀          ׀ ׀      ׀ ׀                        
 

     ׀ ׀      ׀ ׀          ׀     ׀      ׀     ׀          ׀ ׀                           
 

 .   ( ׀ ׀          ׀     ׀      ׀     ׀                            

Using (3.1) and (3.10) in (3.11), we get  

      ׀     ׀(        )  ׀     ׀(        )      ׀ ׀(        )       (3.12)

                       (                                   )    

 ׀     ׀      ׀     ׀      ׀     ׀      ׀     ׀     )                   
 

 .      (  ׀     ׀      ׀     ׀      ׀     ׀      ׀     ׀                               

Again, using (3.10) in (3.12), we get  

  ׀     ׀(        )  ׀     ׀(        )      ׀ ׀(        )       (3.13)

  ׀     ׀      ׀     ׀      ׀     ׀     )      (        )                        
                        

   ( ׀     ׀      ׀     ׀      ׀     ׀      ׀     ׀      ׀     ׀     

which can be written as  

 (        )       ׀ ׀(        )       (3.14)

if and only if 

  ׀     ׀     )    ׀     ׀(        )  ׀     ׀(        )       (3.15)

  ׀     ׀      ׀     ׀      ׀     ׀      ׀     ׀                      
 ,    ( ׀     ׀      ׀     ׀      ׀     ׀                               

since         . 

Thus, we conclude 

Theorem 3.2. In   -BR-  ,the tensor (        ) behaves as      under the 

decomposition (3.1) if and only if (3.15) holds good. 

Using (3.1) in the identity (1.7), we get  

     ̇ ) *   ( ׀      ׀      ׀    )     (3.16)
  )     ( ̇     

  )     

                                               ( ̇     
  )     +           . 

Using (1.3) in (3.16), we get  

     ( ׀      ׀      ׀    )     (3.17)

Taking the  -covariant derivative for (3.17), with respect to   , using (1.2) and (3.7), we get  

 ,        ( ׀ ׀      ׀ ׀      ׀ ׀    )     (3.18)

which can be written as  

(3.19)               (                 )       . 

Using (3.3) in (3.19), we get  

(3.20)               (                )       . 

Using (3.1) in (3.20), we get  
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  (                )   

or  

(3.21)           
  

 

   
(                )       . 

Thus, we conclude 

Theorem 3.3. In   -BR-  , Cartan's fourth curvature tensor      
   is  defined by (3.21) under the 

decomposition (3.1). 

          Further considering the decomposition of the tensor filed        in the form 

(3.22)                      , 

where       is non-zero tensor filed [3]. 

Taking the  -covariant derivative for (3.22) with respect to   , we get 

 .       ׀          ׀    ׀            (3.23)

Taking the  -covariant derivative for (3.23) with respect to     and using (3.7), we get 

 . ׀ ׀       ׀    ׀    ׀    ׀       ׀ ׀                  (3.24)

Putting (3.22) in (3.24), we get  

 . ׀ ׀       ׀    ׀    ׀    ׀       ׀ ׀                   (3.25)

Transvecting (3.25) by     , using (3.2) and (1.2), we get 

 .    ׀ ׀       ׀    ׀   ׀    ׀      ׀ ׀                 (3.26)

If    is constant, (3.26) can be written as 

 ,          ׀ ׀           (3.27)

since     ׀     . 

Thus, we conclude 

Theorem 3.4.  In    -BR-  , the tensor filed     
  behaves as      under the decompositions 

(3.1) and  (3.22) provided that     is constant. 

Decomposition of Some Tensors in    
-BR- Affinely Connected Space 

           Let us consider  a     -BR- Affinely connected space.  

Transvecting the equation              
            

       ,   {(3.9), [8]} 

by the non-zero contravariant tensor       such that              (non-zero scalar, i.e. 

tensor of zero order ), we get 

(4.1)             
           

        . 

In view of quotient low, the equation (4.1) can be written as 

(4.2)           
        

    , 

where     
  

     
     

 
,   since       

          for        
          implies       

     .  

Thus, we conclude 

Theorem 4.1.  In   -BR-affinely connected space, Cartan's fourth curvature tensor      
   is 

decomposable in form (4.2) provided the recurrent covariant tensor filed of second order is skew-

symmetric. 

Transvecting (4.2) by     and using (1.10), we get 

(4.3)                    ,  where            
     . 

Thus, we conclude 

Theorem 4.2.  In   -BR-affinely connected space, the associate tensor      
  of Cartan's fourth 

curvature tensor     
  is decomposable in the form (4.3) provided that the recurrent covariant 

tensor filed of second order is skew-symmetric. 

Transvecting the equation          
            

       ,   {(3.16), [8]} 
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by the non-zero contravariant tensor       such that              (non-zero scalar, i.e. 

tensor of zero order ), we get 

(4.4)             
          

       . 

In view of quotient low, (4.4) can be written as 

(4.5)           
       

    , 

Where     
  

     
     

 
,   since      

         for       
         implies       

     . 

Thus, we conclude 

Theorem 4.3. In   -BR-affinely connected space, Berward curvature tensor     
  is  

decomposable in the form (4.5) provides the recurrent covariant tensor filed of second order is 

skew-symmetric. 

Transvecting (4.5) by     and using (1.17), we get 

(4.6)                    ,   where             
    . 

Thus, we conclude 

Theorem 4.4. In   -BR-affinely connected space, the associate curvature tensor       of Berward 

curvature tensor     
  is decomposable in the form (4.6) provides the recurrent covariant tensor 

filed of second order is skew-symmetric. 

Transvecting the equation          
           

       ,   {(3.23), [8]} 

by the non-zero contravariant tensor       such that              (non-zero scalar, i.e. 

tensor of zero order ), we get 

(4.7)            
         

       . 

In view of quotient low, (4.7) can be written as 

(4.8)          
         , 

where      
    

     

 
,  since     

         for      
         implies      

     . 

Thus, we conclude 

Theorem 4.5.  In   -BR-affinely connected space, the torsion tensor    
  is decomposable in the 

form(4.8) provides the recurrent covariant tensor filed of second order is skew-symmetric. 

Transvecting the equation           
            

       ,   {(3.30), [8]} 

by the non-zero contravariant tensor       such that              (non-zero scalar, i.e. 

tensor of zero order ), we get 

(4.9)             
          

        . 

In view of quotient low, (4.9) can be written as 

(4.10)          
       

  , 

where    
  

     
     

 
,   since      

         for      
          implies      

      . 

Thus, we conclude 

Theorem 4.6.  In   -BR-affinely connected space, Cartan's third curvature tensor     
  is  

decomposable in the form (4.10) provided that  the recurrent covariant tensor filed of second order 

is skew-symmetric. 

Transvecting (4.10) by     and using (1.14), we get 

(4.11)                   ,  where            
     . 

Thus, we conclude 

Theorem 4.7.  In   -BR-affinely connected space, the associate  tensor       of Cartan's third 

curvature tensor       is decomposable in the form (4.11) provided that the recurrent covariant 

tensor filed of second order is skew-symmetric. 

B. B. Sinha considered the decomposition  
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(4.12)         
           , 

where       is non-zero homogenous tensor filed of the first degree in     and    is a non-zero 

vector filed independent of    .  

Differentiating (4.12) partially with respect to    and using (1.16), we get  

(4.13)         
  ( ̇   )      ( ̇    )   . 

Since      is independent of    ,  i.e.    ̇      . Therefore (4.13) can be written as 

(4.14)          
         ,  where    ̇             . 

In    -BR-affinely connected space and in view of the equation  

                
          

          
       ,   {(1.26), [7]; (3.17), [8]} 

and using the decomposition (4.12), we get 

(4.15)                                      
which can be written as  

(4.16)                                    . 

Differentiating (4.16) partially with respect to    and if the covariant tensor filed     is 

independent of     ,we get 

(4.17)                                    . 
Thus, we conclude 

Theorem 4.8. In   -BR-affinely connected space, the identities (4.16) and (4.17) hold good under 

the decomposition (4.14), provided that the covariant tensor filed      is independent of a    .  

By using the decomposition (4.14), Bianchi identity (1.17) for Berward curvature tensor     
  can 

be written as 

(4.18)                                
which can be written as 

(4.19)                            . 
Thus, we conclude 

Theorem 4.9. In   -BR-affinely connected space, Bianchi identity for Berward curvature tensor 

    
  can be written as (4.19)under the decomposition(4.14). 

By using (4.14) in the equation 

                     | | 
           

               { (2.8), [7] }  , 

we get 

(4.20)      (      )
| | 

     (      )   . 

If      is covariant constant with respect to     , (4.20) can be written as   

(4.21)           | | 
         ,since       . 

Thus, we conclude 

Theorem 4.10. In   -BR-affinely connected space, the decomposable tensor filed       behaves 

as h-BR provided that     is covariant constant. 

Transvecting (4.21) by     and using (1.2), we get 

(4.22)            | | 
        ,since             . 

Thus, we conclude 

Theorem 4.11. In   -BR-affinely connected space, the decomposable tensor filed      behaves 

as h-BR provided that      is covariant constant. 

         Also, B.B. Sinha and G. Singh [11] considered the decomposition of Berward curvature 

tensor      
   in another form 

(4.23)            
    

      , 
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where       is a decomposable tensor filed and    
   is a non-zero tensor filed. 

In   -BR-affinely connected space, in view of the equation 

                  
           

           
       ,   {(2.25), [7]; (3.10), [8]} 

and by using the decomposition (4.23), we get 

(4.24)             
           

          
          

which can be written as 

(4.25)                                   ,    since   
      . 

Thus, we conclude 

Theorem 4.12. In   -BR-affinely connected space, the identity (4.25) holds good under the 

decomposition (4.24).  

By using the decomposition (4.24), Bianchi identity (1.18) for Berward curvature tensor     
  can 

be written as 

(4.26)          
       

        
           . 

Transvecting (4.26) by    , we get 

(4.27)                                 , where    
        . 

Thus, we conclude 

Theorem 4.13. In   -BR-affinely connected space, Bianchi identity for Berwald curvature tensor 

    
  can be written as(4.27)under the decomposition (4.24). 
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  -BR- affinely   أنواع مختلفة من التحليل لبعض المعاودات في   -BR-   والفضاء المتصل 

 مقداد أحمد عليمحمد الحمادي، فهمي ياسين قاسم وخالد 
 جاهعت عذى ،كلٍت التزبٍت ،قسن الزٌاضٍاث

https://doi.org/10.47372/uajnas.2016.n2.a10: DOI 

 الملخص
 

    زابع لكارتاى الالتقٌسً  الوٌتزالذي ٌكٌى فٍو      عزفنا فضاء فنسلز ،فً ىذه الٌرقت     
ٌحقق فً     

 :ى ثنائً الوعاًدة العلاقت الاتٍتهفيٌم كارتا

     | | 
         

        
    

تقٌسً لبزًالذ فً فضاء فنسلز لكل هي الوٌتز ال لوٌتزاث التقٌسٍتلكذلك قذهنا بعض التحلٍلاث الخاصت 

    
    ثالث الالتقٌسً  الوٌتزً   

    ًالزابع   
هناقشت  ثوثلاليذف هي ىذه الٌرقت  الوعاًدةثنائٍت  لكارتاى  

      التقٌسً لوٌتزلثنائً الوعاًدة هي فضاء فنسلز  الوختلفت لكل  التحلٍلاث للوؤثزات
ثنائً فنسلز فضاءً   

للوٌتزاث التقٌسٍت الزابعت  كذلك دراست التحلٍلاث الوختلفت  BR- affinely connected space-    الوعاًدة

 BR-Affinely Connected Space-  ً الوٌتز التقٌسً لبزًالذ فً    -BR-   فً  لكارتاى ًالثالثت

 اث.لفضاءليذه التقٌساث فً ىذه اوختلفت ًالوتطابقاث ال، الوبزىناث صٍغًحصلنا على العذٌذ هي النتائج، ال
 

الوٌتز التقٌسً الزابع تحلٍل ، BR-affinely-  الفضاء الوتصل  ،الوٌتز التقٌسًتحلٍل : الكلمات المفتاحية

 .تقٌسً لبزًالذالوٌتز التحلٍل  لكارتاى ً
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