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Abstract

In this paper, a new generalization of Gamma and Beta functions have been deduced Also for
the generalized Beta function, an integral representation, a functional relation and a summation
relation was given for the new generalized Gamma function established integral representation
involving the product of two functions has been established , also, give a new generalization for
the generalized and confluent hypergeometric functions.

Key word: Gamma function, Beta function, Hypergeometric functions, Confluent hypergeometric
functions.

Introduction

In recent years, several extensions of the well known special functions have been considered by
several authors ( see. e. g., [1], [5-9] and [11,12]). In 1994, Chaudhry and Zubair [5] have
introduced the following extension of Gamma function:

Fp(x):jtx‘lexp(—t—tﬂjdt, (Re(p) >0,Re(x) >0).
0
(1.2)

In 1997, Chaudhry et al. [6] presented the following extension of Euler's Beta function

1
B (x,y)=[t*(1-t) “exp| ——P— |dt,
()= Jer o) ol -

(1.2)

(Re(p) >0,Re(x) >0,Re(y) >0).

Afterwards, Chaudhry et. al. [7] used Bp(x,y) to extend the hypergeometric and

confluent hypergeometric functions as follows;
> B,(b+n,c-b)z"

F,(abic;z)=>(a) pB (b,c-b) nt

e~ nt
(L3)
(p20'|Z|<1‘Re(c)>Re(b)>O),
=B, (b+n,c-b)z"
» (bie:z) Z; (bc-b) nt
(L4)

(p >0; Re(c) > Re(b) >0).

Very recently Lee et al. [8] generalized the Beta, Gamma, hypergeometric and confluent
hypergeometric function as

1
Bé”(va)=Bp(xly?m)ﬂtx_l(l‘t)y19XD[‘%}“1
0 t" (1-1)

(1.5)
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(Re(p) >0,Re(x) > 0,Re(y ) >0,Re(m) >0),
x)=TtX‘leXp(—t —tﬂmjdt, (Re(p) > 0,Re(x) > 0,Re(m) >0),

;“(b+n,c—b)z

Fpm(a,b;c;z) ab ;C;Z;m) i

B(bc—b) nl
(1.6)
(Re(p) >0,Re(x) > 0,Re(y) >0,Re(m) > 0);
and
m (e = B (b+n,c- b)
¢ (b;c;z)=4¢,(b;c;z;m) nZ; 3 (0.0 -b) T
(17)

(p = 0;Re(c) > Re(b) > 0,Re(m) > 0),

Respectively and Ozergin et al. [11] generalized the Gamma, Beta, hypergeometric function and
confluent hypergeometric function as

e (x) =th1lF1(a;ﬂ;—t —tﬂjdt,
0

(1.8)
(Re(a) > 0,Re(p) > 0,Re(p) >0,Re(x) >0),

(1.9)
(Re(p) >0,Re(x) >0,Re(y ) > 0,Re(c) > 0,Re() >0),
B («:4)
(@p 0 B, (b+n,c—b)z_'
5 abcz Zj B(b,c-b) n!
(p20:]z|<1LRe(c) > 0,Re(b) > 0,Re(a) > 0,Re() > 0),
(1.10)
and
c B b+n c-b)z"
a,B _
(bic:2) —HZ; B (b,c-b) '
(1.11)

(p >0;Re(c) > Re(b) > 0,Re(c) > 0,Re() >0),

respectively.
Parmar [12] gave a new generalized gamma and Beta functions
F(p“’ﬁ”“) (x)= jt“lF{a;ﬁ;—t —tﬂmjdt,
0

(1.12)
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(Re(m)>0,Re(p)>0,Re(x)>0,Re(xr) >0,Re(B) >0),

Br(f‘ﬁ”“)(x,y)=itx—l(1—t)y Laﬂ Ty jdt,

(113) (Re(m)>0,Re(p)>0,Re(x)>0,Re(y)>0,,Re(a)>0,Re(B)>0).
The following relations
F(a’ﬂ;l)(X):r(a'ﬁ)(X )’ F(a,a;l)(x ):Fp (X )1 Fg“’“)(x):F(X )

p p p
Béa'ﬁl (X y) (X y) Bga'a;m)(X,Y) B (X y) B a,zx;l)(x’y):B(X’y)_

o —~

Generalized Gamma and Beta functions
In this section generalized Gamma and Beta functions are defined as follow.

l—w(pal,az,...ar ﬁlﬁz’m'ﬂr;m) (X ) = J‘tX71 r Fr (al’ az;-..yar ;ﬂl)ﬂz,-.qﬂr’ p ]dt

2.1)
(Re(e;)>0,Re(B,) >0, i=12,..,r,Re(p)>0,Re(x)>0,Re(m)>0),

1
B A (6, ) = [ (1), | v @ B B B [t
> t" (1-t)"

(Re(e;)>0,Re(f)>0, i=12,..,r,Re(p)>0,Re(x)>0,Re(y)>0,Re(m)>0).

| _ 4 T(B)
F (al,az,...,ar,ﬂl,ﬂz,...,ﬁr,—u —uﬂj——gr(ai e
f

exp| (0B ot 1) ) et
(2.3)

2.2)

O'—.H

(p>0;Re(8)>Re(e;)>0,i =1,2,...,r),
It is obvious, putting r =1, = fand m =1 in (2.1) and (2.2), we get the results given by
(1.1) and (1.2).
Putting r =1,m =1 in (2.1) and (2.2), we get the results (3) and (4) given by [11].
Also ,in (2.1) and (2.2) if we put r =1, ,we get the results (1.18) and (1.19) given [12].

Main results
Theorem 1. For the generalized Gamma function F(

1—‘(p‘7’1 10 1o Ol o By o e )(S)

r ﬂ)
“Urera-a)

1 1
Jorl o g (O @)™ g™ (1t ) M gy
0 o0

01,0 1oy By, By s By ) (s) ,we have

(3.1)
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Proof. Using the integral representation of  F, (al,az,...ar BBy B —U —%j in (2.3) ,we
u
have

1’*(051’0‘2 el B Bo e B M )
p

8)
s )

T s-1 P (tl"' tr ) -1 Bi-on-1 a, -1 B -1
x[ [ fusexp| | —ut..t, = et (1) (1) dt,...dt, du,
00 O

u

Now using a one —to-one transformation(except possibly at the boundaries and maps the region
onto itself) v =utt,..t,,u =t,,i =1,2,...,r , in the above equality and considering that the

Jacobian of the transformation is J :l, and
U

v=utt,..t,
W=t =dy =dt
M, =t, =>d g, =dt,

we get

l—w(pal,az,...ar B Ba v B im) (S )

v
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1 TB)
_Hr(ai )T(B —ai)

1
XJ' Vs—lﬂlal—s—l(l_yl)ﬂl—ar --,Ua s—l(l ,Ur)ﬂ 0!—1dlu:L dlLlr
0

0 m+1
><J‘Vs—1 exp![vw]:l dv,
0 v

From the uniform convergence of the integrals, the order of integration can be interchanged
to yield that

O ey

1ty By : I'(4
r(pl, 2ot Sy )(S)znr(ai)r((ﬂi)—ai)

1 1
-5 Bi-oq-1 =S — Br—ar-1
X-l."'«!)-rp(ﬂwz---ur)m“ (s) = (1-pa) w T (L= ) T d e d

which is the required result.

Remark 1. In Theorem 1, choosing p =0, we get

rgal,az,...a, By P v By M) (S ) _ IIL_! F(ZI()IBI—I%;I(S_’)QI ) B (ai _S’ﬂi -a, )

Also choosing r =1 ,we get
m r'(B) i —e- pa-1
r(a,ﬁ', ) — T . a=s=1(q_ du
;) F(a)F(,B—a)»([ s () #7 (Lmp)d

which is the result Theorem 2.1 in [12].
Also in Theorem 1, puting m= 1 r We get

1
(6 =g [ (6) 1
O

which is the result Theorem 2. 1 in [11]
Also in Theorem 1, if we choose m=r=1p=0,we get (see [12,p.38], [11,p.4603]).

Fga,ﬁ;l) (S) J‘r ue s—l _ )ﬁ ‘Hd,u

:r(ﬁ)r(s)r(a s)
[(a)r(f-s)

(3.2)

Integral representation of generalized Beta function:

Theorem 1. For the generalized Beta function, we have the following integral representations:
/2

B (e il fim) (¢ y ) =2 I cos” 0sin? 0 F, (@, 21, B, Byooen B3 —6C™" Bese™™ 0)d 0,
0

4.1)
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0 x -1 1 m
B (@12 -ar iy fp v F a,,. B B, (2 j du,
p (X y) '(’).(1+U)X+y r'r (al az ar ﬂl :Bz ﬁ +u +U u

(4.2)

Proof. letting t = cos® @ in (2.2), we get

1
Bl i (x y )= [ (1-1) ™ F, [al,az,...,ar;ﬂl,ﬂz,...,ﬂr;t—‘pt ; Jdt
0

p
7
_2Icoszx‘16?s|n2y‘16? F. (al,az, a5 B, By B —p SECT™ esc?” 6’)d9

. u .
On the other hand, letting t = 1— in (2.2) , we get
+U

1
B (e A ) () = [ (1-t)' T F, {al,az,...a,; Po P Brim P ]dt
0

t" (1-t)"
:I (1+u)

which ends the proof.

7x+yr r[al,az, &3 B oy B p(2+U+u1j Jdu,

Remark 1. When r =1, in Theorem 1, we get the result Theorem 2.11 in [12].

Theorem 2. For the generalized Beta function, we have the following functional relation:

B'(Jalvazv"'ar BBy s By M) (X Y +1) +B l()Uflvﬂfzw-f”r BB B im) (X _+_1, y ) -B l()“lvazv---ar By s B M) (X Y )
(4.3)

Proof. Direct calculations yieId
B(maz 0By (X,y+l)+B(a1a2 0 BB v B )(X+1,y)

i X y-1 . . p
— [t @t F | ap g, B By frim—— |d
!t (1-t) r[ala a.; B Boren B ™ @) Jt

et R [“ﬁﬁ]‘“

i x-1 y-1 p
= 1_ F s Ay r; 1y M2y I’;_— d
J.t ( t) r r[al o a ﬂ ﬁ ﬂ tm(l—t)mJ t

:B(alaz BB (X y)

p

which completes the proof.
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Remark 2. In Theorem 2, putting r =1, it will be reduced to the result Theorem 2.3 in [12].
Theorem 3. For Re(p)>0,Re(m)>0,Re(¢; )>0,Re(S)>0

B '()al,az,...ar B P Brim) (X , y ) _ Z B F()al,az,...ar B Bo e Brim) (X +n, y +1)
n=0
(4.4)

Proof. Replacing (1—t )y_1 in (2.2) by its series representation
(1-t) =ty Xt
n=0

we obtain

(a1, @100 1By B veves By M) _ 1 _ ' X+n-1 . . p
B! (x,y)=] (2-t) Z(;t rFr(al,az,...ar,,Bl,,BZ,...,ﬂr, t—m(l—t)m}jt

Interchanging the order of integration and summation, we have

n=0

B’(Jalyaz,-..a,;ﬂl,ﬁz,---,ﬁ,;m) (X Y ) — Zﬂtxm& (1—t )y r Fr Lallazﬂ“ar;ﬂl'ﬂZ""’ﬁr;_ P t)m Jdt

= i B\l Bim) (x 4,y +1)
n=0

which complete the proof.

Remark 3. In Theorem 3, putting r =1,we get the result Theorem 2.5 in [12].

Theorem 4. For the product of two generalized Gamma functions, we have the following integral

representation:

l—w(al,az,...ar BBy B M) (X )l—w(al,az,...a, B Bo v Brim) (y ) _ 4j Trlz(x -y )-1 COSZX -1 Hsinnyl 0
p
00

F [al,az,...a,;ﬂl,ﬁz,...,ﬁr;—rfm cos®" 9—%%9}

x F. [al,az,...ar s B By B 12" SINT 9—%}1@ 0

(4.5)
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Proof. Substituting t =7* in (2.1) ,we get

I—‘(pmvaz,...m BB Brs m) ZIUZX -1 F (Oll, a,,..a, 1ﬂ1,ﬂ21 ﬂr’ ngm jd 7.

Therefore
r(alﬂz,---ar By Brim) (X )F(al,az,...a, BBy Brim) (y )
p

=4[ [ e F [alyaz,---ar:ﬁl,ﬁz,...,ﬂr:— 2 ni’m]rﬁ [al,az.--.ar;ﬁl,ﬂz,...,ﬂr:—f;z—f%jdndé.
00
Letting77 =1, cos@ and £ =r,sin @ in the above equality,
l_‘(palvazv“ar ;ﬁl!ﬂZ!--'Vﬂr ;m) (X )r‘(pal!azr-"ar ;ﬂlrﬁzv"!ﬂr :m) (y )
g& (x-y)- 2x -1 2y 1 2 2 p
_ X — H y = . - m m .
_4J'J'r 0s” ~@sin” "0 F, (al,az,...a,,ﬂl,ﬂz,...,ﬁr, r™" cos™ @ 7 o™ 9]

. . m 3 m p
X, Fr (al,az,...ar,ﬂl,ﬂz,...,ﬂr,—l’lz S|n2 e—mjdrld 0

which complete the proof of the Theorem.

Remark 4. Putting r =1, in Theorem 4, we get Theorem 2.9 in [12] and putting r =m =1, we
get the result theorem 2.6 in [11].

Remark 5. Putting p =0 and r =m =1 in ( 3.6), we get the classical relation between the
Gamma and Beta functions :

I(x)C(y)=C(x+y)B(x,y)
r'(x)r
B(x,y):—r( ) (y)
(x+Yy)
Theorem 5. For the new generalized beta function, we have the following summation relation:

0

0,0 1Oy 3 P13 P2 e y n 0,0 10 O 21 P
B[() BB (xl y) nz;(n? B( B Bo By )(x+n,1)

(4.5)
Re(p)>0,Re(m)>0
Proof. From the definition of the generalized Beta function , we get

1
B A (0 1y ) [ (1) |ttt B B i P
0 t (l—t)

Using the following binomial series expansion

o0

-0 =3 (v), 5 fl<t

n=0

we obtain
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p

1 »
B(al,az,-..a,;ﬂlﬁz]---v X 1- y :J'Z(y)n tx+n—lr|:Ir alvazv"'ar;ﬂl’ﬂzv"’ﬂr;_ p )m Jdt
0

~ n! t" (1t

:i T]?n B’()a1’a2""a';ﬂl’ﬁz""’ﬂ';m)(X +n’1)
n=0 -

which is the proof.

Remark 6. In Theorem 5, the case r =1 ,we get the result Theorem2.4 [12], and choosing
r=m=1, we get the result Theorem 2.7 in [11].

1. Generalized Gauss and confluent hypergeometric function
In this section the result (2.2) is used in order to introduce the following generalized

hypergeometric and confluent hypergeometric functions

(5.1)
and

(5.2)

function and ¢,

| | . B (el (b4 ¢ —b) 77
E (@ daifulyfim) (5 poc7 ) = P : —
p @be) =3 gy

. - © B (1,0 ety 3 B, By vevns By i) (b +n.c _b) Z n
(1.0t B fenBiM) (o7 ) = 5 20 ’ .
e

We call the Fp("‘l"”z‘""Zr Pobortiim) (a,b;c;z) by the generalized Gauss hypergeometric

(01,0 v oo By i) (b;c;z) by the generalized confluent hypergeometric function

Observeifweput r =L;r =L a=/4; and r =1,m =1,p =0in (5.1) ,we get the

generalized hypergeometric functions Fp(“’ﬁ;m) (a,b;c;z),F" (ab;c;z) and ,F, (a,b;c;z),

respectively (see. [6 ]).
Also by the same procedure above we get the generalized confluent hypergeometric functions

%aﬁm (b;c;z).45 (b;c;z ) and g(bsc;z).
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