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Abstract

The basic hypergeometric series started essentially by Euler back in (1748) that emphasis on
generating functions of partitions. Later, Gauss (1813) and Cauchy (1852) found several
transformations and summations formulas related to basic hypergeometric series.

In this paper, the main goal is to introduce some new representations for the g-analogue of the
multiple Hurwitz Zeta function are derived.
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Introduction, definitions and notations
The Hurwitz or generalized Zeta function at integer points [12]

- 1
,a)= , 0 <1, (1.1
¢(s,a) g(nw)s <a<l, (11)
has a g-analogue defined by
) (n+a)(sfl)
_\'4
% (S, a) HZ:;' [n + a]s

In [11], theq-Hurwitz Zeta function is defined as

,0<g<l, O0<a<l. (1.2)

0 (n+l )s

(s.239)=Y 2

n=0 [I’l +z ];
Also, he defined the multiple Zeta and g-Zeta functions by

> 1
g“(s,z;w)z Z , (1.4)

W T (kow +yowy .+ kow, +z)

, (1.3)

and
0 s(kyay+hyay +.. Ak,a,+b)

{(s,zwabg)= >

S
o T kow +hywy +. .+ kw, +2])

(1.5)

respectively.
Barnes [4] (see also 1,2,3]) introduced and studied the generalized multiple Hurwitz Zeta

function £, (s,a/w,,...,w, ) defined, for R(S) > n, by the following series:
= 1

Cn(S,a/wl,...,wn): Z

Kysoe ki, =0 (a + Q)Y

n

(R(s))>n ;neN | (1.6)

where N denotes the set of positive integers, Q =k,w, +...+k,w, .

Barnes-Changhee multiple g-Zeta functions are defined by (see [8] , [9]).

o0
é'q’,,(s,w/al,az,...,ar): Z

S
WS [wna +na, +...+na,

wtm+ny+..4n,

(1.7)

Re(w)>0, g € Cwith |g| <1, which, for a, =a, =...=a, =1, yields
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wn+ny+. A,

&, (sw/1,. 1) = i q

0 [w+ n +n, +...+nr]s '

Moreover, if w=rand S =1—n (n €Z+),Wehave

44,,<n—1,r/1,...,1)=<—1>r((L”;),Bg:z1<r;q>

n+r—

where B") (r; q)is called g-Bernoulli numbers.

n+r—1

We also note that

lim¢,,(n-Lr/L,...1)=¢, (n=1Lr/L,....1)=(~1) ﬂBﬁ:{_l (r)
g1 (n+r-1)

(see [8] , [9]).

The g-number [z] , 18 defined through
[z]q_ll_q zeC ,q#1. (1.8)

1 _ n .
A special case of (1.8) when z € Nis[n]q = ] 9 _ Zq’ ,neN ,
—4q  o<i<n-1
which is called the g-analogue of n € NV, since
lim|n| =lim "=n.
q—)l’[ ]q g1 03;—?
The Pochhammersymbol () . » also called the shifted factorial, is defined by
k-1

(z), =H(Z+j) k=1 ,(2), =1,(-2), =0.if z<k,

=0
which in terms of the Gamma function is given by

(z), = [z +k) , k=0123,...,2#0,-1,-2,...
I(z)
and , F denoted the ordinary hypergeometric series ( [4], [1 O]) with variable z is defined by

a,...,a, = (ay,....a,), z*
I =2 o (1.9)
[bl,...,b /j kz_;‘(bl,...,b ), K

N N

being (a1 beennd, )k = ﬁ(ai )k, with {ai }::l and {bj }j:l complex numbers subject to the condition

i=1
that b, #—n with n EN/{O} for j=123,...,s.
Here we will give some usual definitions and notations used in g-calculus, i.e. the g-analogues
of the usual calculus .
Let the g-analogues of Pochhammer symbol or g-shifted factorial be defined by [7,1 0]

1 ,n=0
(@a),=1 q (1—ag’) ,n=123,...

0<j<n-1

(1.10)

where (qf”;q): 0, whenever n<k (1.11)
(0:9), =1,
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also(a;q),., =(a;q), (aq”; ‘I)k (1.12) and lim M (z),.

o (1—qf

The formula (2.1) is known as the Watson notation [5,6] .
The g-binomial coefficient is defined by

" ZMJMGN (1.13)
k|, (g9)(g:4q), .

and for complex z is defined by

o] -z, zk—k
z :M(_l)’cq (2);keN (1.14)
k], (ga)

In addition, using the above definitions, we have that the binomial theorem

(x+y) = Zn‘,(;jxky” , n=0123,..., (1.15)
k=0

has a g-analogue of the form

(xv39), = i{n}y" (). (7:9),

ik

= Z{Z}C""‘ (q)(ng)y (1.16)
k=0

In particular, when y =0 we have that

"\ n
M| (ng), =(0,9)=1 . (1.17)
e s

Let {g, }::1 and {bj }j:l complex numbers subject to the condition that b, # g™" with ne€ N\ {0}
for j=1,23,...,s.

Then the basic hypergeometric or q-hypergeometric . @ series with variable z is defined by

k

a ,...,ar (a ""7ar;q) (1+s7r)k (1+x7r)(é) z
¢( ' /q;ZJ= Rk (-] q —, (1.18)
2 (1) )

b,....b k>0 (bl""’bs;q)k

s

where(al,...,ar;q)k = H(aj;q)k .

1<j<r

In addition, for brevity, let us denote by

y a,...,a, ! b a,...,a, 123 e
iz || =, 4, iz |, n=123,.... )
o /1 byoob, |

Analogously to the ordinary hypergeometric , F, series, the q-hypergemoetric @, series is

s+l s
called k-balanced if bb,...b, =q*aa,...a_,, .

The g-hypergeomwtric ¢, series is a g-analogue of the ordinary hypergeometric  F, series
defined by[7]

ala"'a @ +s—r a,...,a,
tim, ¢ 9 / :2(g-1) =,Fs[ 1 /zJ (1.20)
91 q",...q" b,....b,

The g-analogue of the Chu-Vandermonde convolution is given by[10]
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—n n —17..
2¢{q ’a/q;bq j=(a(b_bq’)q)",n=0,1,2,3,... : (1.21)

b a

M(g”,a/ j (a( b’;]) a", n=0123,.... (1.22)

Soria-Lorente et.al.[12] gave the following relation

2¢o( o (MZ] z" ,n=0123,.... (1.23)

Main Results
In this section, some representations for the g-analogue of the multiple Hurwitz Zeta function are

establish:

© (Vl +7, +...+r,,+w)(s—1)

C(sowsig)= > @.1)

H =0 [w+r1 +7, +...+rn];

<land 0 < w<1. Then, the g-analogue of

the multiple Hurwitz zeta function(2.1) admits the following representations

w(s— 1- ' qﬁqwﬁ"'aqw
1. {n(S,W;Q):q ( 1) —qw s+ Ts +1 9q
l_q qw+ .

s ..,q
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seenn( eenq "
. wis —r+r T, . (B4t H
ii. é’n(s’w’q):q (s-1 ( ] Z ¢0( et ,6]/(],6](]+2+ + )—)
(). (). ().
s| 4 -9 s| 4 -4 s| 4 "4
%2 ¢1 ( /’qj ¢ [ whl+n /q’qu ¢1 [ w+l+V1+r2+~~~+rn1/ ’qj
q" q q (2.3)
e 1= Y :q9",....9" .
111. é'n(s,w;q)zq( n(ﬁ] S¢sl( il WH/q;CI lj
- qg ,....q

o WA, WA+ 41,
4;q seeesd o
Xs ¢s—l . qa q
W+, W+,
q q

secey

Wl) *kl’ n-w .
Xz ( ) a 2¢1{qw+1 q /q’q2w l]
q
S )

-k h-w k,
X, ¢{H(qw“f / q;q] -y (1) q(2
q

(w4, K,

k,=0
q—k,, q—(wwﬁ"'wfl—nl) q—kn qrrw
2¢1( W+1:"i+"'+’;1—l /;q2(W+'1+~~+rn1)+lj2¢ls 1[ Wﬂ;ﬁmﬂnil /(];Q} (2.4)
q q
Proof .
(1) From
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1) (r1+r2 +..4r, (s—1)
¢, (s, w;q)=¢g Z T

By using (1.8), we get
£, (s,w3q)

_ qw(s_l)[l——qjs i (l_qw)v(l_qWH )Y .__(1_qW+”1+’2+---+rn_1)Sq(’1+’2+--~+”n)(s—1)
1-¢" ), q

ool =0 (1 —g"" .. (] - qW+l+’1+’z+---+’n—2 )r (1 _ qW+1+r1+rz+...+rn—1)f

. w. (rl +r+.. 4, )(sfl)
1 — 50 > Jn+ry+.. A,
— qw(sl)[ qw j (q q 1+7y . q

w+l
sty =0 (q ’q A

(1= 0.q",....q a.9"",....q"" -
:q ( 1)(1 w] 9+1¢( w+l/ ’ j”1¢( wHl+r w+l+r/ ’q IJ
-q Yng beend

q,qw+r1+-~-+r”,1’.”’qW‘H&‘*""‘”’n—l -
...... s+l s WHlR 44 W+, q’q
q e g "

(ri+ry+--+1,)

WHR+F .. +rf

Now, let's prove (ii):

— w+l
1-¢" ), 7 (q ,q)r]+r2+ r
Putting n=17r,+r, +---+r, in(1.23), we obtain

é/n(S’W;Q)=q ( j Z ¢0( (r+ry e, ’q/q;q(rl+r2+-~-+rn)_1)

(R+ry+eery) ;

(679" e
(Rt -

1- ) +ry ety ARy et )
qu(S_l)Kl_quj Z ¢0( (ri+ry ’q/q’q(] 2 »,)1)

( ) (rZ)' _(rn).
s q 7q q S q ’q
2¢1 ( / j ¢1 [ wH+l+n /q QJ ¢ [ WALR 41y 44, /qqu
q q q 1 n-1

which is the required result.
(iii) According to the g-Chu-Vandermonde formula (1.21), we have that

¢ (s, wiq)= qw(‘sl)( 1— qwj iq_(rﬁ,ﬁ“.m)

1-q" ) ;. Z
(qw;q)fj;lz)+n+r,, q(mrﬁ--.m, )(s-1) (qw;q)’l+r2+ o q(mrﬁmﬂ”)
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(1= s (qw;q)(:—l)q(r])(s—l) " (quﬁ 7, 1’q)(rls l)q(,,,)(H)
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Then, the result obtainedis
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