Inequalities for the polar derivative ............. Adeeb T.H. Al-Saeedi and Dhekra M. M. Algawi

Inequalities for the polar derivative and the generalized polar derivative
of complex polynomials with restricted zeros

Adeeb Tawfik Hasson Al-Saeedi and Dhekra Mohammed Mohsen Algawi
Department of Mathematics, Faculty of Education Aden,
University of Aden, Aden, Yemen

DOI: https://doi.org/10.47372/uajnas.2023.n1.a08

Abstract
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strengthen some well known inequalities for polynomial due to Turan, Rather and Dar, Rather, Ali,
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1. Introduction
There is always a desire to look for better and improved bounds than those available in this
domain. It is this aspiration of obtaining more refined and revamped bounds that has inspired our
work in this article .In this paper, we have generalized and refined some well known results
concerning the polynomials due to Turan [21], Rather and Dar [19] , Rather, Ali ,Shafi and Dar
[18] and others.
Let P,, denote the class of all algebraic polynomials of the from P(z) = }._, a,, z¥ of degree
n =1
If P € P, ,then

max|P '(z)| <n max|P(2)|. (1.1)
[z]=1 |z|=1

The above inequality is the well-known Bernstein inequality [6]. Inequality (1.1) is best possible
and equality holding for a polynomial that has all zeros at the origin.
If P € P, hasno zeros in |z| < 1, then Erdds [10] conjectured and Lax [15] proved

- n
< —
lgllzgflP (2)| < 5 max|P(2)] . (1.2)
If P € P, hasallitszerosin |z| <1, then it was proved by Turan [21], that
. n
g}i’flp (z)| > 5 lr?lzi){IP(Z)l . (1.3)

The inequalities (1.2) and (1.3) are also best possible and become equality for polynomials

which have all its zeros on |z| =1.
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As an extension of (1.3) , Govil [11] proved that if P € P, hasallitszerosin|z| <k,k>1,
then

. n
max|P (2| = (75w

The result is sharp, as shown by the polynomial P(z) = z" + k™.

) maxlP()] - (14)

Further Govil [12] proved that, if P € P,, hasno zerosin |z| < k,k < 1, then

|r§1|:i>1<|P '(Z)l < ( ) |T;1|E:1>1<|P(Z)|- (1.5)

n
1+ k"
Provided |P ()| and |q (2)| attain their maxima at the same point on the circle |z| = 1, where

4@ = 2 P(1/y).
By involving the minimum modulus of P(z) on |z| = 1, Aziz and Dawood [2], proved under the

hypothesis of inequality (1.3) that

max|P ()] = 3 [ malP@)] + minlP@1 |. (16)

Equality in (1.6) holds for P(z) =az"+ b, |a| = |b| = 1.
Dubinin [9] obtained a refinement of (1.3) by involving some of the coefficients of polynomial
P € P, in the bound of inequality (1.3). More precisely, proved. then if all the zeros of the

polynomial P € P, liein |z| < 1, then

- 1 lan| — | aol
max|P (z)| =2 =-|n+ —— | max|P(2)] . 1.7
|z|=1| @ 2< la,| + | aol |z|=1| @I .7)

Recently, Rather and Dar [19] generalized this inequality and proved that, if P € P,, has all its

zerosin|z| <k,k =1,then

max|P (z)| = ! n+ K=l = | dol max|P(z)| (1.8)
=1 1+ kn kM a,| + | aol ) 1zI=1 ' '

The result is sharp and equality holds for P(z) = z™ + k™.

The polar derivative D,P(z) of P € P,, with respect to a complex number « is defined by
D,P(z) := nP(z) + (a« —z) P (z) see [16].The polynomial D,P(z) is of degree at most
(n—-1),
and it generalizes the ordinary derivative in the sense that

D,P(z)

1=P (2),

lim [
a—0

uniformly for |z| < R,R > 0.
Aziz [1] , Aziz and Rather ([3,5]) obtained several sharp estimates for maximum modulus of

D,P(z) on |z| = 1 and among other things they extended inequality (1.4) to the polar derivative of
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a polynomial by showing that, if P € P,, has all its zeros in |z] < k,k =1, then for every a €
C with |a| = k

la| — k
lr;1|g>1<lDaP(Z)I >n (1 T |rglzgldP(Z)l- (19

Rather and Dar [19] extended inequality (1.8) to the polar derivative of a polynomial by

showing that if P € P,, has all its zeros in |z| < k,k = 1,then for every « € C with |a]| = k

max|D,P(z)| = lal — k n+kn|a"|_|a°| max|P(z)|. (1.10)
lzl=1 ¢ CEY D) k™ a,| + | agl ) 1zI=1 I

denote the collection of all monic polynomials in P, and RZ be the set For each positive integer
n,dP,, with of all n—tuples y=(y;,Y2,..,Yn) Of non —negative real numbers ( not all
Zeros)
Yi+Yz++ yn= A

Recently, Rather el at. [18] consider the lower bound estimates for the generalized polar
derivative of  certain polynomials, which include various results due to Aziz and Rather , Turan
and Govil as special cases.
Let D} [P](z) denote the generalized polar derivative of the polynomial P(z) as

DyIP1(z) = AP(2) + (@ —2) P¥(2) ,

where A =Y7_,y; ,forally € R}, see [18].

Noting that for y = (1,1,1,...,1), D}[P](z) = D,P(z).

Recently, Rather el at. [18] extended inequality (1.9) to the generalized polar derivative of a
polynomial by showing that, if P € P,, has all its zeros in |z| < k,k =1, then for every a €
C with |a| = k

A
max|D} [PI2)| 2 ¢y (el ~ O maxlP@)l. (111)

2. Lemmas
We need the following Lemmas for the proof of our theorems. The first lemma is due to

Dubinin [9].
Lemma 2.1. If P € P,, and P(z) has all its zeros in |z| < 1, then

|lan| =1 aol

. 1
max|P (z)|=2=|n+ ———
max|P ) z( [an] + 1 o]

) lrglzgflP(Z)l (2.1)

The next lemma is a special case of a result due to Aziz and Rather [4 ,5].
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Lemma2.2. If P € P, and P(z) has all its zeros in |z| < 1, then for |z| = 1

0 @|<|P @I, 2.2)
where Q(z) = z" @
Lemma 2.3. If all the zeros of an nth degree polynomial P(z) lie in a circular region ¢ and w is
any zero of D,P(z) , then at most one of the points w and a may lie outside c .
The above Lemma is due to Laguerre (see [16]). The following Lemma is due to Dewan el at. [8]

Lemma 2.4. If P(z) is a polynomial of degree n, thenfor R > 1

P <R" P 287~ 1) P(0
E}i’él @) = Irgli)lil @) - Wl (0]

(R"—1) R"™Z-1] |
— - |P (0)|; provided n>2.

n
(2.3)
And

(R -

1 , _
> [(R+ DIP0)| + (R —1)|P (0)|]; provided n

max|P(z)| < R™ max|P(z)| —
|z|=R |z|=1

=2. (24)

The next lemma is the famous result of Lax [15].

Lemma 2.5. If P € P,, dose not vanish in |z| < 1, then

: n
lr;1|z=1>1<|P (2)| < > mi)l(lp(z)l : (2.5)

We also need the following Lemma.
Lemma 2.6. If P(z) = Yp—, a,z" is a polynomial of degree n > 3 having no zeros in |z| < 1,

thenfor R > 1

(R™ + 1) 2 |P (0)|[(R" - 1)
meP@) < —padr@ - = - @y
R =1 =n@®-1)
B |P (0)| nn-—1)
n-2 _ 1Y — (n — _
_ (R (nl)— 2)((1; _23))(R 1)] ; provided n > 3. (2.6)
And
(R™ + 1) 2 |P (0)|[(R™ - 1)
P @) <Pl ~ G [ - R -
R-D" - |
e |P (0)| ; provided n=3.(2.7)
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Proof of Lemma 2.6. Foreach 8,0 < 8 < 2w and for R > 1, we have
R
[P(Re®) = P(e)| < [ | P (te®) | de 28)
1

Since P(z) is a polynomial of degree n > 3 so that P '(z) is a polynomial of degree n = 2, so

applying inequality (2.3) for n > 2 of Lemma 2.4 to P (2) in (2.8) , we get

, , R , 2|P ()] pn-
|P(Re‘9)—P(e‘9)|Sf1 t"ldt lr?l:i>1<|P ()| - wTD f( 1—1)de
i R (tn—l_l) (tn—3_1)

- o [ - @

_ <Rn _ 1) maxlP (2] - 2 |P (0)] ((Rn -1 R 1))

lz|=1 n+1) n

n__ _ _ n-2 _ _ _ —
—IP"(O)l[(R 1)-n(R-1) (R D-(m-2)(R 1)]_

n(n—1) B (n—2)(n—3)
Using inequality (2.5) of Lemma 2.5 above, we get inequality (2.6). The inequality (2.7) follows on
the same lines as that of inequality (2.6) but instead of using inequality (2.3) of Lemma 2.4, we use

the inequality (2.4) of the same Lemma.

Lemma 2.7. If P(z) = XY}-, a,z" is a polynomial of degree n > 3 having all its zeros in |z| <

k,k>1,thenfor 0<I<1

2k n_
male( )| = a+rmm max |P(Z)| +l<kn+1> m1n|P(z)|
+ 4k an4| [(k"-1) — (k- 1)] +2kn_2|an—2|
(n+ 1)+ k™) 1+kn

k"-1D-nk-1) *"?2-1D)-mn-2)(k
nn—1) B n—=2)(n-13)

-1
)]; provied n > 3. (2.9)

And

P 2k” P (L P
Iglli%l (2)| = eV D x|P(z)| + 1 m1n| (2)]

4k Hap-a| (k" -1)

N 2 k"2 |an—p| [k — D"
m+ DA +kM

1+ k" nn—1)
n=3. (210)

— (k- 1)] + ; provided
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Proof of Lemma 2.7. Since P(z) is a polynomial of degree n has all its zeros in |z| < k,k >

1,therefore,

all the zeros of g(z) = P(kz) liein |z| < 1and hence all the f(z) = z" m = z" P(k/Z—)
liein
|z| = 1 .Moreover, m = Irzxrlli:r}(lP(z)l = Ir;rlnzr}lf(z)l, so that

m|z" < |f(2)] , for |z|=1.
We show that for A € Cwith |A| < 1,f(z) + Am z™ # 0in |z| < 1.This is trivially true if m = 0.
Henceforth, we suppose that m # 0, so that all the zeros of f(z) lie in |z| > 1. By the maximum
modulus theorem

m|z"| < |f(2)] , for |z| <1. (2.11)
Now, if there is point z = z, with |z5] < 1, suchthat f(z,) + Amz," = 0, then

£ (2)] = 1AlIzg"Im < |zo™|m
a contradiction to inequality (2.11). Hence, it follows that the polynomial T(z) = f(z) + Am z"
dose not vanish in |z| < 1. Applying inequality (2.6) of Lemma 2.6 to the polynomial T(z), with

R=k>=1and n>3,wegetfor |z] =1,

Lo (kD) L 2| Okr-1)
FOk2) + Am k™ 2" < =2 f (2) 4 Am 2" = [ X —(k—l)]
k" =D —nk-1) *k"2-1)—(n-2)(k—1)
_|f (0)|[ nn-—1) B n—2)(n-13) ]
Which implies, forn > 3
k™41 2 |f O™ -1
)+ amie 21 < E D g1 gy - ZLONED gy
k-1 -nk-1) *k"2-1)-mn-2)(k—1)
-l o [ -1 n—2)(n—3) (2.12)
Choosing argument of 4 suitably in the left hand side of inequality (2.12), we get for n > 3
a_ K"+ 1) 2k May_(| [(k™ = 1)
FG)] + 12lmie™ < == (@] + 2Im) — =5 - Ge= 1)
pn-z k" —-1)—-nk—-1) *k"2-1)—(n-2)k—1)
— kT lan| [ nn—1) B (n—2)(n—3) ]
Replacing f(z) by z" P(k/Z—) , we obtainforn > 3and |z| =1
K™ mg)l(lp(z)l + [Am k™
(k™ + 1) 2k ap_(| [(k" = 1)

—k"?|an-a|

k"—1)—nk—-1) *"2-1)-m-2)(k-1)
[ n(n—1) B (n—2)(n—3) ]
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Which on simplification yields inequality (2.9). In a similar manner, we can prove inequality
(2.10) by applying inequality (2.7) of Lemma 2.6 instead of inequality (2.6) to the polynomial
T(z). This proves Lemma 2.7.

Lemma 2.8. If P(z) is a polynomial of degree n and « is any real or complex number, then on
lz| =1,
maxlDaq(Z)l <n(al+1) male(z)l maxlD P(2)]. (2.13)

where q(z) = z" P(l/Z—).
The above Lemma due to Chanam el at. [7]. The following Lemma is due to Kumar [13].
Lemma 2.9. If P(z) is a polynomial of degree n having all its zeros in |z| < k,k > 1, then for

any complex a with 1+ k + k™ > |a| = k, satisfying lmaxl P(2)| = (|+|_k1) m|P(z)|

have

|| -
1+ k™

A+k+k™)—|a
1+ k™

f}ﬁ)l(lD“P(Z)l > n( > male(Z)I +n < > fﬁi‘i'P(z)L(Z'”)

The next lemma is due to [17].

Lemma 2.10. If P(z) is a polynomial of degree n, thenfor R > 1
max|P(z)| < R™ max|P(z)| . (2.15)
|z|=R |z|=1

Lemma 2.11. If P € P,, has all its zeros in |z| <k, k <1,thenforevery a € C with |a| = k

lr?lzi)ﬂDy (Z)| >

The above Lemma due Rather el at. [18].

(1+k) (laf = k) max|P(2)] . (2.16)

3. Main Results and Proofs
In this paper, we obtain certain refinements and generalizations of inequalities (1.3), (1.5),
(1.6), (1.10) and (1.11).

We first prove the following result which is a generalization of Rather el at.[20] to polar
derivative of
P(z).

Theorem 3.1. If P(2) = X7_, a,z" is a polynomial of degree n > 3 having all its zeros in |z| <

k,k =1, thenforevery a € C with |a| = k
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(el —K) (. kManl— | aol
DP(z)| =2
iD= e M ke, + T aol

2 |an—1| (k" —1) lan—o| ((k" = 1) —n(k—1)
[ma;f'”z)' Tkt 1){ = 1)} iz { n(n—1)
k" 2-1)—(n-2)k—1) 2(k™ 1 —1)
N (n—2)(n—3) }] ity 1) Mo Tl
1 (" '-1) *"°-1) , ded
+k"‘1 { =1 m=3) }l(n—l)a1 + 2a a,| ; provided n > 3. (3.1)
And
(la| — k) k™ an| — | aol
maxlDeP@N 2 = <” K] + 1 a0|>
2|lan-1] | 2lap—4| ((k" - 1) lan—| (k —1)"
[Eﬁi’flp(z)' T+ Tkt 1){ = 1)} TR n- D)

2 kn—l
Proof. Let f(z) = P(kz) . Since P(z) is a polynomial of degree n has all its zeros in |z| < k, k =

+

[ (k+ D|nayg + aa;| + (k—1)|(n—1)a, + 2a a,|]; provided n = 3.(3.2)

1, therefore, f(z) is a polynomial of degree n has all its zeros in |z]| < 1.If Q(2) =

z" f(1/;) thenfor  |z| =1

0 @|=nfx)-zf @ (3.3)
Combining (3.3) with Lemma 2.2 , we get for |z| = 1
If @|z|nf@)—-zf @) (3.4)

Now, every @ € C with || = k , we have for |z] = 1

Dy f D] =0 f) - G -2 f @2 [H]If @] =|nf@-2f @)
Which gives with the help of (3.4)

|Da/kf(z)| > lalk_k

If @] (3.5)

Consequently,

max| Do P (2)| = (la] — k) max|P (2)| (3.6)

Again, since all the zeros of f(z) = P(kz) lie in |z| < 1, therefore, using Lemma 2.1 , we have for
lz| =1

g 1 k™ an| — | aol

> (n+——

I @l=3 (" K@l + [ o]

Replacing f(z) by P(kz) , we obtain

)If(Z)I

lrgg;gIP(Z)I 3.7)

lzl=k ~ 2k k™an| + | aol

Combining inequality (3.6) and inequality (3.7), we have

(la| = k) o k™an| — | aol
2k k™ an| + | aol

max|P(z)| (3.8)

>
max |DaP(2)| = max
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Since D, P(z) is a polynomial of degree at most (n — 1), using inequality (2.3) of Lemma 2.4, we
have for n > 3

o 2(R™1 - 1)
lgllg;ngaP(z)l <R lr;1|§>1<|DaP(Z)| — Wln ap+aay -
(Rn—l _ 1) (Rn—3 _ 1)
- ~1Day +2
m—1) n—3) |(n —1ay aa,|

Using this inequality and inequality (2.9) of Lemma 2.7 with [ =0 and R=k > 1in (3.8) , we

have for

n>3

2(km1—-1)
(n+1)
{(kn—l _ 1) (kn—3 _ 1)

m=D (-3 }l(n—l)a1+2aa2|

(la| = k) k™ a,| — | aol 2k
Z "2k <” Tl + a0|) (G mIP@l
4 k" ap—4| (k" —1)
(n+1)(k”+1){ _(k_l)}
2k"2a,_,| (k"—1)—-nk—-1) (k" 2-1)—(n-2)(k-1)
(k™ +1) { nn—1 (n—2)(n—3) }]'

k=t lgllengaP(Z)l - Inag + a a4

Which is equivalent to

(lal =) ( K"lan] = | ao|
DP(z)| =
glﬁ)l(l a (Z)l = (1 + kn) nt k”lanl + | aOl

2|an_4| (K" =1) lan_2| ((k" = 1) —n(k—1)
[Ir;lli)l(lp(z)l + k(n+ 1){ — (k- 1)} * k? { nn—1)
k"2 —1) = =2k -1))] 20" —1)
- n—2)(n—3) }] e imy ) M Taal

1 ((k™1=-1) (k™3-1) (i-D)as +2 |
kn—1 (n—1) (n—3) |(n—1a, aa;
The above inequality is equivalent to the inequality (3.1) for n > 3. For n = 3, the result follows
on similar lines by using inequality (2.4) of Lemma 2.4 and inequality (2.10) of Lemma 2.7 in the

inequality (3.8) . This completes the proof of Theorem 3.1.
If we divide both sides of inequalities (3.1) and (3.2) by || and let |a| — oo, we get

Corollary 3.1. If P(2) = Y-, a,z" is a polynomial of degree n > 3 having all its zeros in |z| <
k,k =1, then

male/(z)l > 1 n+kn|an|_|a0|
lz|=1 Atk k™ an| + | aol
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2|lan_1| (k" —1) Ian 2| (k" —1) —n(k —1)
k(n+ 1){ — k- )} { nn—1)
k"2 —-1)—(m-2)(k—1)] 2™ 1-1)
- n—2)(n—3) }] TRy
2 ((k"1-1) (k™3-1)
k { n—-1)  (n-3)

max|P(z)| +
|z|=1

las| +

}lazl ; provided n> 3. (3.9)

And

maxlp’(z)l > <n+kn|an|_|a0|>

|z|=1 - (A+Em k™an| + | aol

2|an_4| (k" —1) |an—z| (k — 1)
k(n+ 1){ — k- 1)} k? n(n-— 1)]

{(k +1D]a,| + 2(k —1)|a,|} ; provided n = 3. (3.10)

max|P(2)| +
|z|=1

(k-1

+ 2 kn—l

Remark 3.1. For k = 1 in inequalities (3.9) and (3.10), we get inequality (1.7).

Next , we prove the following result which is a generalization of Theorem 3.1.
Theorem 3.2. If P(z) = Y7_,a,z" is a polynomial of degree n > 3 having all its zeros in |z| <

k,k=1, thenforeverya € C with|a| =k, 0<l<landm = Irr|1irl1c|P(z)|
Z=

max |D, P(2)| = — k) max|P(2)| + (|a| + 1/kn_l) lm] +
|z|=1 1z|=1

" |dal

T+ [N

(lal —k) (k"lan| —Im—|agl

k(1 + k™M) \k™a,| —Im+|agl

(le| — k) o k™ ap| —1lm—|al 2|an-1|{(k"—1)
1+ k™) kMa,| —Ilm+|agl/)|k(n+1)

|lan—o| {(k” —D-nk-1) *&"?2-1D-mn-2)k- 1)}]

> [kn male(z)I —Ilm ]

- (-1}

k2 nn—1) B (n—2)(n-3)

(kn—l _ 1) (kn—3 _ 1)
{ -1 (-3

2(k™1 - 1)
K1(n+ 1)

Inay + a a4 + } |(n—=1)a, + 2aa,|; provided

n>3. (3.11)
And

max|D P(2)| =

[(lal = ) maxIP@)| + (lal + 1/ ns) L]
(lal — k)
A +km)

lan—»|(k — 1)
k2n(n—-1)

(1+ k™)
(lal = k) (knlanl —lm—{a,l

k(1 + k™M) \k™a,| —Im+ | aol

n+k"|an|—lm—|ao| 2|ay4| {(k"—l)
kMa,| —Ilm+|agl/)|k(n+1)

) [k™ male(z)l —lm] +

—(k—1)}+

k-1
D)

{(k+ 1D|nayg + a a;| + (k — 1)|(n—1)a, + 2a a,| }; provided n = 3. (3.12)
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Proof. Since P(z) is a polynomial of degree n has all its zeros in |z| < k,k > 1. If P(2) has a zero
on

|z| =k, then m = I1rr|111’1(|P(z)| = 0 and result follows Theorem 3.1. Henceforth, we suppose that
Z|=

P(z) has all its zeros in |z| < k,k > 1,s0 that m > 0. Now, if f(z) = P(kz),then f(z)is a

polynomial, of degree n has all its zeros in |z| <1 and m = mi%lp(z)l = mir{lﬂz)l'
Z|= Z|l=

This implies
m<|f(z), for |z|=1.
From Rouche s Theorem, we conclude that for every 2 € C with |1] < 1, the polynomial
g(2) =f(z) —Amz" has all its zeros in |z| < 1. Applying (3.5) to the polynomial g(z), it
follows for

[zl =1 and |a]| =k

lal =k -
|Da/kg(z)|2 - lg (@)].

Since all the zeros of g(z) liein|z| < 1, using Lemma 2.1, we obtain for |z| = 1 and |a| = k

1/|a| —k | k"a, —Am|—|aol
|D“/k9(2)|25<ak ><n+ e a°>lg(2)|-

| k™ an, —Am| + aol

x—|a|
x+|a|
k" a, —Am| = k™ |a,| — |Am|,we get forevery A € Cwith [A] <1 and |z]| =1,
|Da g(z)| > 1('“' _ k) <n L U el UL la"l) 19(2)]. (3.13)

/i =2\ «k k™| ay| — |[Alm + |aol

Replacing g(z) by f(z) —Am z™in (3.13), we get for |z| = 1and |a| = k

nmal 1/|la|—k k™ a,| — |Alm — |agl
Da, f(2) - > —< ><n+ ) (If(z) —aml) (3.14)

Using the fact that the function t(x) = ,x > 0 is non-decreasing function of x and

n-1

V4

k 2 k k™ a,| — |Alm + |agl
Since all the zeros of f(z) —Amz™ = g(2)liein|z| < 1and |“/k| > 1, it follows from Lemma

2.3 that all the zeros of
nmal

_ _ -1
Da/k(f(z) —mAz") = Da/kf(z) . z" ,
liein |z| < 1. This implies that
nmlal|A] -
|Day, f(2)| = — |z|"™t ,  for |z]| =1 (3.15)

In view of this inequality, choosing argument of A in the left hand side of inequality (3.14) such
that

nmal nm|a||A|

-1| _ _ _
Da/kf(z)— T z"H = |Da/kf(z)| . , for |z| =1
we get for |z| = 1and |a| = k
1Day, £y — DAL Ll 2 () K] 2 AR = Mol ) )
i kK T2\ k k™an| — [Alm + laol

Which on simplification yields
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Da, ()] = 1flal -k n4 k™| an| — |Alm — |a,| D)
/i k k™| ap| = [2lm + |a|
—~ k" — |A|m — +k
_1/(]al nlanl |A|m — |a,| Alm n(lal Alm
2 k k™ ay| — |Alm + |a,| 2 k
This implies for |z| = 1 and |a| >k

maxlD P(2)| > lal ~ k n+ k7] an| = 121m = |a| ax|P(2)|
k k™| a,| — |Alm + |ay| &

1 Ial—k k™| ay| —|Alm — |ay| Alm | | + Iklm (3.16)
2 k k™ a,| — |Alm + |a,] 2 k '
Since D,P(z) is a polynomial of degree at most (n — 1), applying inequality (2.3) of Lemma 2.4
and inequality (2.9) of Lemma 2.7 with R = k > 1, we obtain for || > k,0 <l < 1land|z| =1

n 2(k™ 1 —1) (km1—-1) (Kk"3-1)
k 1|r;1|2)1<|DaP(z)| —WW% taa| - { -1 (-3 } |(n—1)a,

+ 2a a,|

_1flal =k ( KMyl = im - lagl
> (———|(n+
2 k k™ a,| — |Alm + |ay|
2kn Pl + k1), 4k [(k"—l) “ 1)]
tarm pP@I+ g ) v Da v m

2k"?|an | [(k” —D-nk-1) *"?-D-mn-2)k- 1)] )

(1+ k™) n(n—1) B (n—2)(n—23)
1/la| —k\ [ k"™ ap| — |A|m — |ag] Im + n(lal+k ] ¢ S 3
2\ k& Klay — Am+laol) 2\ k)T
Equivalently, we have for |a| = k 0<li<1land |z] =1
max | DeP (2)| = m [(lal = k) max|P(2)] + (el + 1/pn-s) L] +

(lal —k) (k™ an|l —1m—|aol
K1+ M\ k™ a,| —Im+|agl

n (la] = k)
)[k lrglzglP(Z)l —1lm] +—(1+kn)
k™an| —lm—1aol\ | 2lan-4| (K™ — 1)
<n+k”|an|—lm+|a0|>[k(n+1){ _(k_l)}
4 lan—2] {(k”—l)—n(k— k" -1)-— (n—2)(k—1)}]

k2 nn—1) (n—2)(n-3)
2kt -1 1 k-1 k3 -1
kflTn-l-lilnao-i_aalH— {( (n—l))_((n—3) )}|(n—1)a1+2aa2|

That proves the inequality (3.11) for n > 3. For the case n = 3, the result follows on similar

lines by using inequality (2.4) of Lemma 2.4 and inequality (2.10) of Lemma 2.7 in the inequality
(3.16). This complete the proof of Theorem 3.2.

If we divide both sides of inequalities (3.11) and (3.12) by |a| and let |a| — oo, we get
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Corollary 3.2. If P(z) = X}_,a,z" is a polynomial of degree n > 3 having all its zeros in |z| <
k,k =1, then

P (2)] > —= IP(2)| + 1 ]+ KZlan| = Lm — | aol
max|P D 2 Gy [mP@I+Im |+ ey e, | = T + | ]

k™lan| —Lm —| aol
k™an| —Lm+ | aql

[k™ mi)flp(z)l —Ilm] + (1+—1k")<n +

2]lan_1| (k" —1)
[k(n+1){ _(k_l)}
lan ol (k" —=1)—nk—-1) *'"?-1D-mn-2)(k-1)
ke { -1 n-2)(n-3) }]+
201 — 1) 2 (U D) SoDY
m|a1|+kn_1{ CEDEENCED) }Iazl,prowe n > 3.(3.17)
And
@)= [male(z)|+lm]
maxIP ) = 7357y [0
1 k™a,| —Im—|agl o p 1
@ kD Ko lan] —Im + Tao]) ¥ BIP@I = Lm]
1 k™an| —1lm—1aol\[ 2lap_1] (k" —1) lan—»|(k —1)"
+(1+k”)<n+k”|an|—lm+|a0|> k(n+1){ _(k_l)}+ k?n(n—-1) ]
+%{(k+1)|all+2(k—1)|a2|}; provided n=3. (3.18)

Where m = min|P(2)].
lz|=k

Theorem 3.3. If P(2) = Y p-, a,z" is a polynomial of degree n having no zeros in |z| < k, k <

. 1,1 1 e (k™"+1)m
1, then for every @ € C with1 + Pl || = p ;satisfying glli)fl P(2)| = Tk lal-D) we

have

lal + k™ + k™1 +1
|m|a)1(|D"‘P(Z)| <n
Z|=

k™ + k™1 4+ 1) — kM a
m§>1<IP(Z)I—n<( il ') ,

(k™" +1) |z| k™ (k™ + 1)
where m = |n|1ir11<|P(Z)|' (3.19)
Z|l=

Provided |D,P(z)| and |D,q(z)| attain their maxima at the same point on the circle |z| = 1, where

q(z) = z" P(l/z—).
Proof. Since P(z) is a polynomial of degree n having no zeros in |z| < k,k < 1 and hence all the

zeros of q(z) = z" P(l/Z—) liein |z| < 1/k '1/k > 1. Applying (2.14) of Lemma 2.9 on q(z) , for

1

1+ .
, satisfying Im|a>1<| q(2)| = | Ikl min|q(z)|, we have
z|= a|—=

k Z=E

11 1
- > > -
1+k+k" _Ial_k
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1
ldl - (1gtg)—lal)
max|Deq(@)| = n| — | maxlq@)| +n ;i min|q(2)|
|Z|_1 1 + |Z|_1 1 _l_ |Z|:l
kn kn k

Which is equivalent

kla|—1 K"+ k™1 4+1) — k"a
max|Dyq(z)| =2 n k™! <L> Inrl'al)ldq(Z)I +n<( ) | l) min |q(2)|
Z|l=

|z|=1 k™ +1 k™ +1 lzl=r
Since on |z| = 1,|P(2)| = |q(2)| and rlmn lq(2)| = —mmIP(Z)I
B | — (k" + k™1 + 1) — k" a|
max|Dq(2)| = n k™ ! <W max|P(2)| +n K+ 1) m

where m = Irr|1ir’1€|P(z)| (3.20)
Z|=

From Lemma 2.8, we haveon |z| = 1

1DeP(2)] +1Daq(2)] =7 (la] +1) max|P(2)| (3.21)
where q(z) = z" P(l/Z—)
Let z, be a point on the unit circle such that lrnla)leaq(z)l = |D,q(z,)|. Since |D,P(z)| and

Z|=
|Deq(2)]
attain their maxima at the same point on |z| = 1 with || zi,we have Irnl.anl(lDaP(z)l =
Z|=

|DaP(20)l-

Thus, in particular (3.21) gives
maxlDaq(z)l <n(al+1) male(z)l maxlD P(2)| (3.22)

Combining (3.22) with (3.20), we have

-1
n (lal + 1) maxlP(2)] - maxiDP@)| = nk"- 1( o] >|m|a)1<|P(z)|+
Z=

km+1

(k" + k™1 + 1) — k"
" Kk (k" + 1) m

Which on simplification gives

la| + k™ + k" + 1
k™ +1

k™ + k" 1) — kT
Imla)1<|DaP(z)| <n < ( ) |0-’|)
Z|l=

max|P(2)| _"< e+ 1)

|z|=

Which is equivalent to Theorem 3.3.

Dividing both sides of Theorem 3.3 by || and taking |a| — oo, we get
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Corollary 3.3. If P(2) = Y2, a,z" is a polynomial of degree n having no zeros in |z| < k, k <

(k™"+1)m
(k2™)

1, then satisfying max |P(2)| = , we have

|z|
n
k™ +1

Provided |P (2)|and |q (2)| attain their maxima at the same point on|z| =1, where

q(2) = z" P(1/,).

mi)flp (Z)| < ( ) [mi)flp(z)l — m|,where m= lr;iuzrllclP(z)l. (3.23)

Now, we improve a result recently proved by Rather el at.[17].
Theorem 3.4. If P(z) = X7_,a,z" is a polynomial of degree n > 3 having all its zeros in |z| <
k,k > 1, thenforeverya € C with |a| =k

lae| — k 2 |ap_q| [(K" — 1)
gll?leZ[P](Z)l > A<1 n kn>{|rglg>l<lP(Z)l Tt D [ — (k- 1)]
lan ol [(K" =) —nk—-1) *("?-1D)-m-2)(k-1], .
+ 2 [ Y — — =2 =3) ]}, provided n > 3. (3.24)
And

max| Dy [P](2)]

la| —k 2|an_q| " -1)
> () e + it (S5 - -0
ol [(k = D"
kz2 |In(n—-1D|’
provided n=3. (3.25)

Proof. Since the polynomial P(z) has all its zeros in |z| < k,wherek > 1. Hence, the
polynomial

F(z) = P(kz) has all its zeros in |z] < 1.We take k = 1, in inequality (2.16) of Lemma 2.11 ,
we get

If P(z) is a polynomial of degree n having all its zeros in |z] < 1,then for every @ € C with

la] = 1
A
max|D} [P1(2)] 2 5 (lal = 1) max|P()] (3:26)
Applying inequality (3.26) to the polynomial F(z) and noting that |%| > 1, we get

max
lzl=1

Dy [F1(2)
k

> 2 (% 1) mavirca)
=2\ ) EETY

Replacing F(z) by P(kz), we get
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Da [P] — (m— 1) male(k z)|

BE k
_A(lal =k IP(2)] 3.27
_? ) maxlP(2)l. (3:27)
With the help inequality (2.9) of Lemma 2.7 where [ = 0, this implies
max Da 1(k z) lal - max|P( z)|
|z]= k |z|=k

(k"—=1) k- 1)]

>_<|a| >{ an male(z)I + K an |
=2\ «k (1+ k™) Iz (n+ D+ kM)
2 k" 2|ay | [(k" = 1) —n(k—1) *k"2-1)—(@n—-2)(k—1)
1+ kn n(n —1) B (n—2)(n—13) ]

|| — k
n-1
B =0k <1+kn

D§ [P1(k z)
k

2 |ap_4| [(k" = 1)
e+ ~G-0]
lan—| (k" — 1) —n(k — 1)
k2 nn—1)
k"2-1)—-(-2)k—1)
— =2 =3) ]} . (3.28)
Also, we have
|r?lax Dz [P](k2)| = |r?|‘3’1( |A P(kz)+ (E — z) PY(k 2) |
_ Y
= max AP(kz)+( )P(k ),le—z—’
=|r;1|zi>1< AP(kZ)+( )kP(kz)Zk P
= max|AP(k2) + (@~ k2) P(k2) Zk =

= max|G(kz)|
|z|=1
= |gllggglG(Z)I )

where G(z)=AP(2)+ (a— z) P(2) Z7=1 Z’:’Z is a polynomial of degree at most (n —
]

1). On using
inequality (2.15), this gives

& [P1(kz)| = max|G (2)]

k

lmlax

< k™! max|G(2)|
|z|=1
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n
= k" max |AP(2) + (a — 2) P(2) ZV—’
|Z|=1 = Z — Zj

= k™' max|D}, [P1(2)] .
|z|=1

Hence,
max D [P](k2)| < k™1 |rr|1ai<|D2{/ [P1(2)| (3.29)
z|= % z|=
k™! max|D} [P](2)| = A k™! lal — k
lzl=1'" ¢ - 1+ kn
2lan | k" —1
{E}i’flp(z)l HPICEEY) [ — k= 1)]
lan_o| [(k" = 1) —n(k—1) *k"?-1)—mn—-2)(k-1)
T [ n(n—1) - (n—2)(n-3) ]}
This implies,
la| — k 2|lan_q| K™ -1
max|D;; [P1(2)] = A(1 m kn>{|rglg>1<lP(z)| ot D — (k- 1)]
lan_o| [(k" —=1) —n(k—1) (K" ?-1)—n-2)(k—-1)
k2 n(n —1) - (n—2)(n—3) ]}'

That proves the inequality (3.24) for n > 3. For the case n = 3, the result follows on similar lines
by using inequality (2.10) of Lemma 2.7 in the inequality (3.27). This complete the proof of
Theorem 3.4.

Remark 3.2. For k = 1 in inequalities (3.24) and (3.25), we get inequality (3.26).
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