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Abstract 
 

     In this paper, certain new results concerning the maximum modulus of the polar derivative and 

the generalized polar derivative of a polynomial with restricted zeros are obtained. These estimates 

strengthen some well known inequalities for polynomial due to Tur�̀�n, Rather and Dar, Rather, Ali, 

Shafi and Dar  and others.    
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1. Introduction  

    There is always a desire to look for better and improved bounds than those available in this 

domain. It is this aspiration of obtaining more refined and revamped bounds that has inspired our 

work in this article .In this paper, we have generalized and refined some well known results 

concerning the polynomials due to Tur�̀�n [21], Rather and Dar [19] , Rather, Ali ,Shafi and Dar 

[18]  and others.  

      Let Ƥ𝑛 denote the class of all algebraic polynomials of the from 𝑃(𝑧) = ∑ 𝑎𝑣  𝑧𝑣 𝑛
𝑣=𝑜  of degree 

 𝑛 ≥ 1.    

  If 𝑃 ∈ Ƥ𝑛 ,then  

max
|𝑧|=1

|𝑃ʹ (𝑧)| ≤ 𝑛   max
|𝑧|=1

|𝑃(𝑧)| .                                                                  (1.1) 

    The above inequality is the well-known Bernstein inequality [6]. Inequality (1.1) is best possible 

and equality holding for a polynomial that has all zeros at the origin.  

 If  𝑃 ∈ Ƥ𝑛 has no zeros  in |𝑧| < 1, then Erd�̈�s [10] conjectured and Lax [15] proved  

max
|𝑧|=1

|𝑃ʹ(𝑧)|  ≤  
𝑛

2
 max
|𝑧|=1

|𝑃(𝑧)| .                                                                 (1.2) 

  If  𝑃 ∈ Ƥ𝑛 has all its zeros in |z| ≤ 1 ,  then it was proved by Turàn [21] , that  

max
|𝑧|=1

|𝑃ʹ(𝑧)|  ≥  
𝑛

2
 max
|𝑧|=1

|𝑃(𝑧)| .                                                                 (1.3) 

    The inequalities (1.2) and (1.3) are also best possible  and become equality for polynomials 

which have all its zeros on |𝑧| =1. 
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   As an extension of (1.3) , Govil [11] proved that if  P ∈ Ƥn  has all its zeros in |𝑧| ≤ 𝑘 , 𝑘 ≥ 1 , 

then 

max
|𝑧|=1

|𝑃ʹ(𝑧)|  ≥ (
𝑛

1 + 𝑘𝑛
) max

|𝑧|=1
|𝑃(𝑧)|  .                                                 (1.4) 

The result is sharp, as shown by the polynomial  𝑃(𝑧) = 𝑧𝑛 + 𝑘𝑛. 

Further Govil [12] proved that,  if  𝑃 ∈ Ƥ𝑛  has no zeros in |𝑧| < 𝑘 , 𝑘 ≤ 1 , then 

max
|𝑧|=1

|𝑃ʹ(𝑧)|  ≤ (
𝑛

1 + 𝑘𝑛
) max

|𝑧|=1
|𝑃(𝑧)|.                                                 (1.5) 

Provided |𝑃ʹ(𝑧)| and |𝑞ʹ(𝑧)| attain their maxima at the same point on the circle |𝑧| = 1,  where   

  𝑞(𝑧) =  𝑧𝑛 𝑃(1
𝑧̅⁄ ).

̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

    By involving the minimum modulus of 𝑃(𝑧) on |𝑧| = 1 , Aziz and Dawood [2], proved under the 

hypothesis of inequality (1.3) that  

max
|𝑧|=1

|𝑃ʹ(𝑧)|  ≥  
𝑛

2
 [ max

|𝑧|=1
|𝑃(𝑧)| + min

|𝑧|=1
|𝑃(𝑧)|  ] .                              (1.6) 

       Equality in (1.6) holds for  𝑃(𝑧) = 𝑎 𝑧𝑛 + 𝑏 , |𝑎| = |𝑏| = 1.    

     Dubinin [9] obtained a refinement of (1.3) by involving some of the coefficients of polynomial  

𝑃 ∈ Ƥ𝑛 in the bound of inequality (1.3). More precisely, proved. then if all the zeros of the 

polynomial 𝑃 ∈ Ƥ𝑛 lie in |𝑧| ≤ 1 , then 

max
|𝑧|=1

|𝑃ʹ(𝑧)| ≥
1

2
(𝑛 +

|𝑎𝑛| − | 𝑎0|

|𝑎𝑛| + | 𝑎0|
) max

|𝑧|=1
|𝑃(𝑧)| .                           (1.7) 

      Recently, Rather and Dar [19] generalized this inequality and proved that, if P ∈ Ƥn  has all its 

zeros in |𝑧| ≤ 𝑘 , 𝑘 ≥ 1 , then  

max
|𝑧|=1

|𝑃ʹ(𝑧)| ≥
1

1 + 𝑘𝑛 (𝑛 +
𝑘𝑛|𝑎𝑛| − | 𝑎0|

𝑘𝑛|𝑎𝑛| + | 𝑎0|
) max

|𝑧|=1
|𝑃(𝑧)| .           (1.8) 

     The result is sharp and equality holds for  𝑃(𝑧) = 𝑧𝑛 + 𝑘𝑛.  

      The polar derivative 𝐷𝛼𝑃(𝑧)  of  𝑃 ∈ Ƥ𝑛 with respect to a complex number α is defined by     

𝐷𝛼𝑃(𝑧) ∶=  𝑛 𝑃(𝑧) + (𝛼 − 𝑧)  𝑃ʹ(𝑧)  see [16].The polynomial 𝐷𝛼𝑃(𝑧) is of degree at most 

(𝑛 − 1),   

and it generalizes the ordinary derivative in the sense that  

lim
𝛼→∞

[
 𝐷𝛼𝑃(𝑧)

𝛼
] =  𝑃ʹ(𝑧) , 

uniformly for |𝑧| ≤ 𝑅 , 𝑅 > 0 .  

     Aziz [1] , Aziz and Rather ([3,5]) obtained several sharp estimates for maximum modulus of  

𝐷𝛼𝑃(𝑧) on  |𝑧| = 1 and among other things they extended inequality (1.4) to the polar derivative of 
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a polynomial by showing that, if 𝑃 ∈ Ƥ𝑛  has all its zeros in |𝑧| ≤ 𝑘 , 𝑘 ≥ 1 , then for every 𝛼 ∈

ℂ  with |𝛼| ≥ 𝑘  

max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)|  ≥ 𝑛 (
|𝛼| − 𝑘

1 + 𝑘𝑛 ) max
|𝑧|=1

|𝑃(𝑧)|.                                       (1.9) 

     Rather and Dar [19] extended inequality (1.8) to the polar derivative of a polynomial by 

showing that if 𝑃 ∈ Ƥ𝑛  has all its zeros in |𝑧| ≤ 𝑘 , 𝑘 ≥ 1 , then for every 𝛼 ∈ ℂ  with |𝛼| ≥ 𝑘 

max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)| ≥
|𝛼| − 𝑘

(1 + 𝑘𝑛)
(𝑛 +

𝑘𝑛|𝑎𝑛| − | 𝑎0|

𝑘𝑛|𝑎𝑛| + | 𝑎0|
) max

|𝑧|=1
|𝑃(𝑧)|.    (1.10) 

denote the collection of all monic polynomials in Ƥn  and  ℝ+
n  be the set For each positive integer 

n , ∂Ƥ𝑛    with  of all n − tuples  γ = ( γ1 , γ2 , … , γn)  of non –negative real numbers ( not all 

zeros ) 

γ1 + γ2 + ⋯ +  γn =  Λ . 

     Recently, Rather el at. [18] consider the lower bound estimates for the generalized polar 

derivative of    certain polynomials, which include various results due to Aziz and Rather , Turàn 

and Govil as special cases.  

Let 𝐷𝛼
𝛾

 [𝑃](𝑧)  denote the generalized polar derivative of the polynomial 𝑃(𝑧) as   

𝐷𝛼
𝛾[𝑃](𝑧) = Λ 𝑃(𝑧) + (𝛼 − 𝑧) 𝑃𝛾(𝑧)  , 

    where   Λ = ∑ 𝛾𝑗
𝑛
𝑗=1   , for all 𝛾 ∈ ℝ+

𝑛  , see [18]. 

     Noting that for   𝛾 = (1,1,1, … ,1) ,   𝐷𝛼
𝛾[𝑃](𝑧) = 𝐷𝛼𝑃(𝑧) .   

     Recently, Rather el at. [18] extended inequality (1.9) to the generalized polar derivative of a 

polynomial by showing that, if 𝑃 ∈ Ƥ𝑛  has all its zeros in |𝑧| ≤ 𝑘 , 𝑘 ≥ 1 , then for every 𝛼 ∈

ℂ  with |𝛼| ≥ 𝑘 

max
|𝑧|=1

|𝐷𝛼
𝛾

 [𝑃](𝑧)| ≥  
Λ 

(1 + 𝑘𝑛)
(|𝛼| − 𝑘) max

|𝑧|=1
|𝑃(𝑧)| .                      (1.11) 

 

2. Lemmas 
       We need the following Lemmas for the proof of our theorems. The first lemma is due to 

Dubinin [9]. 

Lemma 2.1. If 𝑃 ∈ Ƥ𝑛 and 𝑃(𝑧) has all its zeros in |𝑧| ≤ 1 , then     

max
|𝑧|=1

|𝑃ʹ(𝑧)| ≥
1

2
(𝑛 +

|𝑎𝑛| − | 𝑎0|

|𝑎𝑛| + | 𝑎0|
) max

|𝑧|=1
|𝑃(𝑧)|                               (2.1) 

   The next lemma is a special case of a result due to Aziz and Rather [4 ,5]. 
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Lemma 2.2. If 𝑃 ∈ Ƥ𝑛 and 𝑃(𝑧) has all its zeros in |𝑧| ≤ 1 , then for |𝑧| = 1         

|𝑄ʹ(𝑧)| ≤ |𝑃ʹ(𝑧)|  ,                                                                            (2.2)  

where    𝑄(𝑧) =  𝑧𝑛 𝑃(1
𝑧̅⁄ ).

̅̅ ̅̅ ̅̅ ̅̅ ̅̅
  

Lemma 2.3. If all the zeros of an 𝑛th degree polynomial 𝑃(𝑧) lie in a circular region 𝑐 and 𝑤 is 

any zero of 𝐷𝛼𝑃(𝑧) , then at most one of the points 𝑤 and 𝛼 may lie outside 𝑐 .           

The above Lemma is due to Laguerre (see [16]). The following Lemma is due to Dewan el at. [8]   

 Lemma 2.4. If 𝑃(𝑧) is a polynomial of degree  𝑛 , then for  𝑅 ≥ 1   

 max
|𝑧|=𝑅

|𝑃(𝑧)| ≤ 𝑅𝑛 max
|𝑧|=1

|𝑃(𝑧)| −  
2(𝑅𝑛 − 1)

𝑛 + 2
|𝑃(0)|

− [
(𝑅𝑛 − 1)

𝑛
−

𝑅𝑛−2 − 1

𝑛 − 2
] |𝑃ʹ(0)|;  provided   𝑛 > 2 .  

(2.3) 

And  

max
|𝑧|=𝑅

|𝑃(𝑧)| ≤ 𝑅𝑛  max
|𝑧|=1

|𝑃(𝑧)| −
(𝑅 − 1)

2
[(𝑅 + 1)|𝑃(0)| + (𝑅 − 1)|𝑃ʹ(0)|] ;    provided  𝑛

= 2 .      (2.4) 

 

  The next lemma is the famous result of Lax [15]. 

Lemma 2.5. If 𝑃 ∈ Ƥ𝑛 dose not vanish in |𝑧| < 1 , then   

max
|𝑧|=1

|𝑃ʹ(𝑧)|  ≤  
𝑛

2
 max
|𝑧|=1

|𝑃(𝑧)|   .                                                      (2.5)  

    We also need the following Lemma. 

Lemma 2.6. If 𝑃(𝑧) = ∑ 𝑎𝑣𝑧𝑣 𝑛
𝑣=𝑜  is a polynomial of degree 𝑛 ≥ 3  having no zeros in |𝑧| < 1, 

then for  𝑅 ≥ 1   

max
|𝑧|=𝑅

|𝑃(𝑧)| ≤
(𝑅𝑛 + 1)

2
max
|𝑧|=1

|𝑃(𝑧)| −
2  |𝑃ʹ(0)|

(𝑛 + 1)
[
(𝑅𝑛 − 1)

𝑛
− (𝑅 − 1)]

− |𝑃ʹʹ(0)| [
(𝑅𝑛 − 1) − 𝑛(𝑅 − 1)

𝑛(𝑛 − 1)

−
(𝑅𝑛−2 − 1) − (𝑛 − 2)(𝑅 − 1)

(𝑛 − 2)(𝑛 − 3)
] ;  provided    𝑛 > 3 .                                     (2.6) 

And  

max
|𝑧|=𝑅

|𝑃(𝑧)| ≤
(𝑅𝑛 + 1)

2
max
|𝑧|=1

|𝑃(𝑧)| −
2  |𝑃ʹ(0)|

(𝑛 + 1)
[
(𝑅𝑛 − 1)

𝑛
− (𝑅 − 1)]

−
(𝑅 − 1)𝑛

𝑛(𝑛 − 1)
 |𝑃ʹʹ(0)| ; provided                                                                   𝑛 = 3 .  (2.7) 
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Proof of Lemma 2.6. For each 𝜃 , 0 ≤ 𝜃 < 2𝜋  and for  𝑅 ≥ 1 , we have   

|𝑃(𝑅𝑒𝑖𝜃) − 𝑃(𝑒𝑖𝜃)| ≤ ∫ |  𝑃ʹ(𝑡𝑒𝑖𝜃)  |
𝑅

1

 𝑑𝑡                                       (2.8)  

Since 𝑃(𝑧)  is a polynomial of degree 𝑛 ≥ 3  so that  𝑃ʹ(𝑧) is a polynomial of degree 𝑛 ≥ 2 , so 

applying inequality (2.3) for  𝑛 > 2  of Lemma 2.4  to 𝑃ʹ(𝑧) in (2.8) , we get   

|𝑃(𝑅𝑒𝑖𝜃) − 𝑃(𝑒𝑖𝜃)| ≤ ∫  𝑡𝑛−1𝑑𝑡 max
|𝑧|=1

|𝑃ʹ(𝑧)| − 
2 |𝑃ʹ(0)|

(𝑛 + 1)
∫ (𝑡𝑛−1 − 1) 𝑑𝑡

𝑅

1 

𝑅

1

 

−|𝑃ʹʹ(0)| ∫ [
(𝑡𝑛−1 − 1)

(𝑛 − 1)
−

(𝑡𝑛−3 − 1)

(𝑛 − 3)
]

𝑅

1

 𝑑𝑡 

                                    

= (
𝑅𝑛 − 1

𝑛
) max

|𝑧|=1
|𝑃ʹ(𝑧)| −  

2 |𝑃ʹ(0)|

(𝑛 + 1)
 (

(𝑅𝑛 − 1)

𝑛
− (𝑅 − 1))

− |𝑃ʹʹ(0)| [
(𝑅𝑛 − 1) − 𝑛(𝑅 − 1)

𝑛(𝑛 − 1)
−

(𝑅𝑛−2 − 1) − (𝑛 − 2)(𝑅 − 1)

(𝑛 − 2)(𝑛 − 3)
]. 

Using inequality (2.5) of Lemma 2.5 above, we get inequality (2.6). The inequality (2.7) follows on 

the same lines as that of inequality (2.6) but instead of using inequality (2.3) of Lemma 2.4, we use 

the inequality (2.4) of the same Lemma.  

 
Lemma 2.7. If 𝑃(𝑧) = ∑ 𝑎𝑣𝑧𝑣 𝑛

𝑣=𝑜  is a polynomial of degree 𝑛 ≥ 3  having all its zeros in |𝑧| ≤

𝑘 , 𝑘 ≥ 1 , then for  0 ≤ 𝑙 < 1 

  max
|𝑧|=𝑘

|𝑃(𝑧)| ≥  
2𝑘𝑛

(1 + 𝑘𝑛)
max
|𝑧|=1

|𝑃(𝑧)|  + 𝑙 (
𝑘𝑛 − 1

𝑘𝑛 + 1
) min

|𝑧|=𝑘
|𝑃(𝑧)|     

+
4 𝑘𝑛−1|𝑎𝑛−1|

(𝑛 + 1)(1 + 𝑘𝑛)
[
(𝑘𝑛 − 1) 

𝑛
− (𝑘 − 1)] +

2 𝑘𝑛−2|𝑎𝑛−2|

1 + 𝑘𝑛
  

[
(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)
−

(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
] ;  provied  𝑛 > 3.     (2.9) 

And  

max
|𝑧|=𝑘

|𝑃(𝑧)| ≥  
2𝑘𝑛

(1 + 𝑘𝑛)
max
|𝑧|=1

|𝑃(𝑧)|  + 𝑙 (
𝑘𝑛 − 1

𝑘𝑛 + 1
) min

|𝑧|=𝑘
|𝑃(𝑧)|    

+
4 𝑘𝑛−1|𝑎𝑛−1|

(𝑛 + 1)(1 + 𝑘𝑛)
[
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)] +

2 𝑘𝑛−2|𝑎𝑛−2|

1 + 𝑘𝑛
[
(𝑘 − 1)𝑛

𝑛(𝑛 − 1)
] ;  provided   

 𝑛 = 3 .         (2.10) 
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Proof of Lemma 2.7. Since 𝑃(𝑧) is a polynomial of degree 𝑛 has all its zeros in |𝑧| ≤ 𝑘, 𝑘 ≥

1,therefore,  

all the zeros of 𝑔(𝑧) = 𝑃(𝑘𝑧)  lie in |𝑧| ≤ 1 and hence all the 𝑓(𝑧) =  𝑧𝑛 𝑔(1
𝑧̅⁄ )

̅̅ ̅̅ ̅̅ ̅̅ ̅
=  𝑧𝑛 𝑃(𝑘

𝑧̅⁄ )
̅̅ ̅̅ ̅̅ ̅̅ ̅̅

   

lie in   

|𝑧| ≥ 1 .Moreover,  𝑚 = min
|𝑧|=𝑘

|𝑃(𝑧)| = min
|𝑧|=1

|𝑓(𝑧)| ,  so that 

𝑚 |𝑧𝑛| ≤ |𝑓(𝑧)|   ,                   for       |𝑧| = 1.                                              

We show that for 𝜆 ∈ ℂ with |𝜆| < 1, 𝑓(𝑧) + 𝜆 𝑚 𝑧𝑛 ≠ 0 in |𝑧| < 1 .This is trivially true if 𝑚 = 0.      

Henceforth, we suppose that 𝑚 ≠ 0 , so that all the zeros of 𝑓(𝑧) lie in |𝑧| > 1. By the maximum 

modulus theorem  

𝑚 |𝑧𝑛| ≤ |𝑓(𝑧)|   ,                    for      |𝑧| < 1.                                (2.11) 

Now, if there is point  𝑧 = 𝑧0 with |𝑧0| < 1 , such that  𝑓(𝑧0) +  𝜆 𝑚 𝑧0
𝑛 = 0 , then    

|𝑓(𝑧0)| = |𝜆||𝑧0
𝑛|𝑚 < |𝑧0

𝑛|𝑚  ,                                                                 

a contradiction to inequality (2.11). Hence, it follows that the polynomial 𝑇(𝑧) = 𝑓(𝑧) + 𝜆 𝑚 𝑧𝑛 

dose not vanish in |𝑧| < 1. Applying inequality (2.6) of Lemma 2.6 to the polynomial  𝑇(𝑧), with 

𝑅 = 𝑘 ≥ 1 and   𝑛 > 3, we get for  |𝑧| = 1 ,   

|𝑓(𝑘𝑧) + 𝜆 𝑚 𝑘𝑛 𝑧𝑛|  ≤
(𝑘𝑛 + 1)

2
|𝑓(𝑧) + 𝜆 𝑚 𝑧𝑛| −

2  |𝑓ʹ(0)|

(𝑛 + 1)
[
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)] 

−|𝑓ʹʹ(0)| [
(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)
−

(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
] . 

Which implies, for 𝑛 > 3  

|𝑓(𝑘𝑧) + 𝜆 𝑚 𝑘𝑛 𝑧𝑛| ≤
(𝑘𝑛 + 1)

2
(|𝑓(𝑧)| + |𝜆|𝑚 ) −

2  |𝑓ʹ(0)|

(𝑛 + 1)
[
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)] 

   −|𝑓ʹʹ(0)| [
(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)
−

(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
] .      (2.12) 

Choosing argument of 𝜆  suitably in the left hand side of inequality (2.12), we get for 𝑛 > 3   

|𝑓(𝑘𝑧)| + |𝜆|𝑚𝑘𝑛 ≤
(𝑘𝑛 + 1)

2
(|𝑓(𝑧)| + |𝜆|𝑚) −

2𝑘𝑛−1|𝑎𝑛−1|

(𝑛 + 1)
[
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)] 

− 𝑘𝑛−2 |𝑎𝑛−2| [
(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)
−

(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
].      

Replacing 𝑓(𝑧) by 𝑧𝑛 𝑃(𝑘
𝑧̅⁄ )

̅̅ ̅̅ ̅̅ ̅̅ ̅̅
 , we obtain for 𝑛 > 3 and |𝑧| = 1   

𝑘𝑛 max
|𝑧|=1

|𝑃(𝑧)| + |𝜆|𝑚 𝑘𝑛

≤  
(𝑘𝑛 + 1)

2
(max

|𝑧|=𝑘
|𝑃(𝑧)| + |𝜆|𝑚 ) − 

2 𝑘𝑛−1|𝑎𝑛−1|

(𝑛 + 1)
[
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)] 

    −𝑘𝑛−2|𝑎𝑛−2| [
(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)
−

(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
] .        
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  Which on simplification yields inequality (2.9). In a similar manner, we can prove inequality 

(2.10) by applying inequality (2.7) of Lemma 2.6 instead of inequality (2.6) to the polynomial 

𝑇(𝑧).  This proves Lemma 2.7. 

Lemma 2.8. If 𝑃(𝑧) is a polynomial of degree 𝑛 and 𝛼 is any real or complex number, then on  

|𝑧| = 1,    

max
|𝑧|=1

|𝐷𝛼𝑞(𝑧)|  ≤ 𝑛 (|𝛼| + 1) max
|𝑧|=1

|𝑃(𝑧)| − max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)| .                       (2.13) 

 where   𝑞(𝑧) =  𝑧𝑛 𝑃(1
𝑧̅⁄ ).

̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

The above Lemma due to Chanam el at. [7]. The following Lemma is due to Kumar [13]. 

Lemma 2.9. If 𝑃(𝑧) is a polynomial of degree 𝑛   having all its zeros in |𝑧| ≤ 𝑘 , 𝑘 ≥ 1 , then for 

any complex 𝛼  with  1 + 𝑘 + 𝑘𝑛 ≥ |𝛼| ≥ 𝑘 , satisfying  max
|𝑧|=1

| 𝑃(𝑧)| ≥ (
1+𝑘𝑛

|𝛼|−𝑘
 ) min

|𝑧|=𝑘
|𝑃(𝑧)| , we 

have      

max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)| ≥ 𝑛 (
|𝛼| − 𝑘

1 + 𝑘𝑛 ) max
|𝑧|=1

|𝑃(𝑧)| + 𝑛 ( 
(1 + 𝑘 + 𝑘𝑛) − |𝛼|

1 + 𝑘𝑛
 ) min

|𝑧|=𝑘
|𝑃(𝑧)| . (2.14) 

 The next lemma is due to [17]. 

Lemma 2.10. If 𝑃(𝑧) is a polynomial of degree 𝑛 , then for  𝑅 ≥ 1    

 max
|𝑧|=𝑅

|𝑃(𝑧)| ≤ 𝑅𝑛   max
|𝑧|=1

|𝑃(𝑧)| .                                                                       (2.15) 

Lemma 2.11. If 𝑃 ∈ Ƥ𝑛 has all its zeros in |𝑧| ≤ 𝑘 , 𝑘 ≤ 1, then for every 𝛼 ∈ ℂ  with |𝛼| ≥ 𝑘  

max
|𝑧|=1

|𝐷𝛼
𝛾

 [𝑃](𝑧)|  ≥  
Λ 

(1 + 𝑘)
 (|𝛼| − 𝑘)  max

|𝑧|=1
|𝑃(𝑧)|  .                               (2.16) 

The above Lemma due Rather el at. [18].  

 

3. Main Results and Proofs 

      In this paper, we obtain certain refinements and generalizations of inequalities (1.3), (1.5), 

(1.6), (1.10)  and  (1.11).  

    

  We first prove the following result which is a generalization of Rather el at.[20] to polar 

derivative of  

𝑃(𝑧) . 

 

Theorem 3.1. If 𝑃(𝑧) = ∑ 𝑎𝑣𝑧𝑣 𝑛
𝑣=𝑜  is a polynomial of degree 𝑛 ≥ 3  having all its zeros in |𝑧| ≤

𝑘, 𝑘 ≥ 1 ,   then for every 𝛼 ∈ ℂ  with |𝛼| ≥ 𝑘   
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max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)| ≥  
(|𝛼| − 𝑘)

(1 + 𝑘𝑛)
(𝑛 +

𝑘𝑛|𝑎𝑛| − | 𝑎0|

𝑘𝑛|𝑎𝑛| + | 𝑎0|
)                                                

[max
|𝑧|=1

|𝑃(𝑧)| +
2 |𝑎𝑛−1|

𝑘(𝑛 + 1)
{
( 𝑘𝑛 − 1) 

𝑛
− (𝑘 − 1)} +

|𝑎𝑛−2|

𝑘2 {
(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)

−  
(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
}]  +

2(𝑘𝑛−1 − 1)

𝑘𝑛−1(𝑛 + 1)
 |𝑛𝑎0 + 𝛼 𝑎1| 

+
1

𝑘𝑛−1
 {

(𝑘𝑛−1 − 1)

(𝑛 − 1)
−

(𝑘𝑛−3 − 1)

(𝑛 − 3)
} |(𝑛−1)𝑎1 + 2𝛼 𝑎2| ;  provided   𝑛 > 3 .  (3.1) 

And  

    max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)| ≥
(|𝛼| − 𝑘)

1 + 𝑘𝑛
 (𝑛 +

𝑘𝑛|𝑎𝑛| − | 𝑎0|

𝑘𝑛|𝑎𝑛| + | 𝑎0|
)                                                        

[max
|𝑧|=1

|𝑃(𝑧)| +
2|𝑎𝑛−1|

𝑘(𝑛 + 1)
+

2|𝑎𝑛−1|

𝑘(𝑛 + 1)
{
(𝑘𝑛 − 1) 

𝑛
− (𝑘 − 1)} +

|𝑎𝑛−2|

𝑘2

(𝑘 − 1)𝑛

𝑛(𝑛 − 1)
]     

+
𝑘 − 1

2 𝑘𝑛−1
 [ (𝑘 + 1)|𝑛𝑎0 + 𝛼 𝑎1| + (𝑘 − 1)|(𝑛−1)𝑎1 + 2𝛼 𝑎2| ] ;   provided  𝑛 = 3. (3.2) 

Proof. Let 𝑓(𝑧) = 𝑃(𝑘𝑧) . Since 𝑃(𝑧)  is a polynomial of degree 𝑛 has all its zeros in |𝑧| ≤ 𝑘, 𝑘 ≥

1 ,  therefore, 𝑓(𝑧)  is a polynomial of degree 𝑛 has all its zeros in |𝑧| ≤ 1. If   𝑄(𝑧) =

 𝑧𝑛 𝑓(1
𝑧̅⁄ )

̅̅ ̅̅ ̅̅ ̅̅ ̅
 , then for        |𝑧| = 1  

|𝑄ʹ(𝑧)| = |𝑛 𝑓(𝑧) − 𝑧 𝑓ʹ(𝑧)|                                                                                (3.3) 

Combining (3.3) with Lemma 2.2 , we get for |𝑧| = 1     

|𝑓ʹ(𝑧)| ≥ |𝑛 𝑓(𝑧) − 𝑧 𝑓ʹ(𝑧)|                                                                                (3.4) 

Now, every 𝛼 ∈ ℂ  with |𝛼| ≥ 𝑘 , we have for |𝑧| = 1  

|𝐷𝛼
𝑘⁄ 𝑓(𝑧)| = |𝑛 𝑓(𝑧) − (

𝛼

𝑘
− 𝑧) 𝑓ʹ(𝑧)| ≥ |

𝛼

𝑘
| |𝑓ʹ(𝑧)| − |𝑛 𝑓(𝑧) − 𝑧 𝑓ʹ(𝑧)|               

Which gives with the help of (3.4) 

|𝐷𝛼
𝑘⁄ 𝑓(𝑧)| ≥

|𝛼| − 𝑘

𝑘
|𝑓ʹ(𝑧)|                                                                                      (3.5) 

Consequently, 

max
|𝑧|=𝑘

|𝐷𝛼𝑃(𝑧)| ≥ (|𝛼| − 𝑘) max
|𝑧|=𝑘

|𝑃ʹ(𝑧)|                                                                         (3.6)  

Again, since all the zeros of 𝑓(𝑧) = 𝑃(𝑘𝑧) lie in  |𝑧| ≤ 1, therefore, using Lemma 2.1 , we have for 

|𝑧| = 1    

|𝑓ʹ(𝑧)| ≥
1

2
(𝑛 +

𝑘𝑛|𝑎𝑛| − | 𝑎0|

𝑘𝑛|𝑎𝑛| + | 𝑎0|
) |𝑓(𝑧)|              

Replacing 𝑓(𝑧) by  𝑃(𝑘𝑧) , we obtain 

max
|𝑧|=𝑘

|𝑃ʹ(𝑧)| ≥
1

2𝑘
(𝑛 +

𝑘𝑛|𝑎𝑛| − | 𝑎0|

𝑘𝑛|𝑎𝑛| + | 𝑎0|
)   max

|𝑧|=𝑘
|𝑃(𝑧)|                                              (3.7) 

Combining inequality (3.6) and inequality (3.7), we have  

max
|𝑧|=𝑘

|𝐷𝛼𝑃(𝑧)| ≥
(|𝛼| − 𝑘)

2𝑘
(𝑛 +

𝑘𝑛|𝑎𝑛| − | 𝑎0|

𝑘𝑛|𝑎𝑛| + | 𝑎0|
) max

|𝑧|=𝑘
|𝑃(𝑧)|                                  (3.8) 
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Since 𝐷𝛼𝑃(𝑧) is a polynomial of degree at most (𝑛 − 1), using inequality (2.3) of Lemma 2.4, we 

have for  𝑛 > 3 

max
|𝑧|=𝑅

|𝐷𝛼𝑃(𝑧)| ≤ 𝑅𝑛−1max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)| −  
2(𝑅𝑛−1 − 1)

(𝑛 + 1)
|𝑛 𝑎0 + 𝛼 𝑎1| −                               

                    [
(𝑅𝑛−1 − 1)

(𝑛 − 1)
−

(𝑅𝑛−3 − 1)

(𝑛 − 3)
] |(𝑛 − 1)𝑎1 + 2𝛼𝑎2|   

Using this inequality and inequality (2.9) of Lemma 2.7 with  𝑙 = 0  and  𝑅 = 𝑘 ≥ 1 in (3.8) , we 

have for  

𝑛 > 3   

𝑘𝑛−1  max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)| −
2(𝑘𝑛−1 − 1)

(𝑛 + 1)
 |𝑛𝑎0 + 𝛼 𝑎1|

− {
(𝑘𝑛−1 − 1)

(𝑛 − 1)
−   

(𝑘𝑛−3 − 1)

(𝑛 − 3)
} |(𝑛−1)𝑎1 + 2𝛼 𝑎2|  

≥
(|𝛼| − 𝑘)

2 𝑘
(𝑛 +

𝑘𝑛|𝑎𝑛| − | 𝑎0|

𝑘𝑛|𝑎𝑛| + | 𝑎0|
) [ 

2𝑘𝑛

(𝑘𝑛 + 1)
 max
|𝑧|=1

|𝑃(𝑧)|

+  
4 𝑘𝑛−1 |𝑎𝑛−1|

(𝑛 + 1)(𝑘𝑛 + 1)
{
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)}

+  
2 𝑘𝑛−2 |𝑎𝑛−2|

(𝑘𝑛 + 1)
  {

(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)
−  

(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
} ] ,      

Which is equivalent to  

 max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)| ≥
(|𝛼| − 𝑘)

(1 + 𝑘𝑛)
(𝑛 +

𝑘𝑛|𝑎𝑛| − | 𝑎0|

𝑘𝑛|𝑎𝑛| + | 𝑎0|
)                                      

[max
|𝑧|=1

|𝑃(𝑧)| +
2|𝑎𝑛−1|

𝑘(𝑛 + 1)
{
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)} +

|𝑎𝑛−2|

𝑘2 {
(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)

−  
(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
}]  +

2(𝑘𝑛−1 − 1)

𝑘𝑛−1(𝑛 + 1)
 |𝑛𝑎0 + 𝛼 𝑎1| 

+
1

𝑘𝑛−1
 {

(𝑘𝑛−1 − 1)

(𝑛 − 1)
−   

(𝑘𝑛−3 − 1)

(𝑛 − 3)
} |(𝑛−1)𝑎1 + 2𝛼 𝑎2| 

The above inequality is equivalent to the inequality (3.1) for 𝑛 > 3. For  𝑛 = 3 , the result follows 

on similar lines by using inequality (2.4) of Lemma 2.4 and inequality (2.10) of Lemma 2.7 in the 

inequality (3.8) . This completes the proof of Theorem 3.1. 

 

If we divide both sides of inequalities (3.1) and (3.2) by |𝛼| and let |𝛼| → ∞, we get  

 

Corollary 3.1. If 𝑃(𝑧) = ∑ 𝑎𝑣𝑧𝑣  𝑛
𝑣=𝑜  is a polynomial of degree 𝑛 ≥ 3  having all its zeros in |𝑧| ≤

𝑘, 𝑘 ≥ 1 ,   then  

max
|𝑧|=1

| 𝑃ʹ(𝑧)| ≥
1

(1 + 𝑘𝑛)
(𝑛 +

𝑘𝑛|𝑎𝑛| − | 𝑎0|

𝑘𝑛|𝑎𝑛| + | 𝑎0|
)                                    



Inequalities for the polar derivative ………….Adeeb T.H. Al-Saeedi and  Dhekra M. M. Algawi 

121 Univ. Aden J. Nat. and Appl. Sc. Vol. 27 No.1 – April 2023                                           

[max
|𝑧|=1

|𝑃(𝑧)| +
2|𝑎𝑛−1|

𝑘(𝑛 + 1)
{
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)} +

|𝑎𝑛−2|

𝑘2 {
(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)

−  
(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
}] +

2(𝑘𝑛−1 − 1)

𝑘𝑛−1(𝑛 + 1)
 |𝑎1| +    

2

𝑘𝑛−1
 {

(𝑘𝑛−1 − 1)

(𝑛 − 1)
−

(𝑘𝑛−3 − 1)

(𝑛 − 3)
} |𝑎2| ;   provided   𝑛 > 3.      (3.9) 

And  

   max
|𝑧|=1

| 𝑃ʹ(𝑧)| ≥  
1

(1 + 𝑘𝑛)
(𝑛 +

𝑘𝑛|𝑎𝑛| − | 𝑎0|

𝑘𝑛|𝑎𝑛| + | 𝑎0|
)                                    

[max
|𝑧|=1

|𝑃(𝑧)| +
2|𝑎𝑛−1|

𝑘(𝑛 + 1)
{
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)} +

|𝑎𝑛−2|

𝑘2

(𝑘 − 1)2

𝑛(𝑛 − 1)
]         

+
(𝑘 − 1)

2 𝑘𝑛−1
 {(𝑘 + 1)|𝑎1| + 2(𝑘 − 1)|𝑎2|}  ;   provided   𝑛 = 3.                  (3.10) 

 
Remark 3.1. For 𝑘 = 1  in inequalities (3.9) and (3.10), we get inequality (1.7). 
 

Next , we prove the following result which is a generalization of Theorem 3.1. 

Theorem 3.2. If 𝑃(𝑧) = ∑ 𝑎𝑣𝑧𝑣 𝑛
𝑣=𝑜  is a polynomial of degree 𝑛 ≥ 3  having all its zeros in |𝑧| ≤

𝑘, 𝑘 ≥ 1 ,   then for every 𝛼 ∈ ℂ  with |𝛼| ≥ 𝑘 , 0 ≤ 𝑙 < 1 and 𝑚 = min
|𝑧|=𝑘

|𝑃(𝑧)|     

max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)| ≥
𝑛

(1 + 𝑘𝑛)
 [(|𝛼| − 𝑘) max

|𝑧|=1
|𝑃(𝑧)| + (|𝛼| + 1

𝑘𝑛−1⁄ ) 𝑙 𝑚]  +       

                            
(|𝛼| − 𝑘)

𝑘𝑛(1 + 𝑘𝑛)
(

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 − | 𝑎0|

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 + | 𝑎0|
) [𝑘𝑛 max

|𝑧|=1
|𝑃(𝑧)| − 𝑙 𝑚  ]     

     +
(|𝛼| − 𝑘)

(1 + 𝑘𝑛)
(𝑛 +

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 − | 𝑎0|

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 + | 𝑎0|
) [

2 |𝑎𝑛−1|

𝑘(𝑛 + 1)
{
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)}

+  
|𝑎𝑛−2|

𝑘2
 {

(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)
−  

(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
}]  

+
2(𝑘𝑛−1 − 1)

𝑘𝑛−1(𝑛 + 1)
|𝑛𝑎0 + 𝛼 𝑎1| +

1

𝑘𝑛−1 {
(𝑘𝑛−1 − 1)

(𝑛 − 1)
−

(𝑘𝑛−3 − 1)

(𝑛 − 3)
} |(𝑛−1)𝑎1 + 2𝛼𝑎2|;   provided 

  𝑛 > 3 .           (3.11) 

And  

max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)| ≥
𝑛

(1 + 𝑘𝑛)
  [(|𝛼| − 𝑘) max

|𝑧|=1
|𝑃(𝑧)| + (|𝛼| + 1

𝑘𝑛−1⁄ ) 𝑙 𝑚]           

+
(|𝛼| − 𝑘)

𝑘𝑛(1 + 𝑘𝑛)
(

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 − | 𝑎0|

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 + | 𝑎0|
) [𝑘𝑛 max

|𝑧|=1
|𝑃(𝑧)| − 𝑙 𝑚] +

(|𝛼| − 𝑘)

(1 + 𝑘𝑛)
 

(𝑛 +
𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 − | 𝑎0|

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 + | 𝑎0|
) [

2|𝑎𝑛−1|

𝑘(𝑛 + 1)
{
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)} + 

|𝑎𝑛−2|(𝑘 − 1)𝑛

𝑘2 𝑛(𝑛 − 1)
 ] 

+
(𝑘 − 1)

(2 𝑘𝑛−1)
{(k + 1)|𝑛𝑎0 + 𝛼 𝑎1| + (𝑘 − 1)|(𝑛−1)𝑎1 + 2𝛼 𝑎2| } ;  provided  𝑛 = 3.  (3.12)   
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 Proof. Since 𝑃(𝑧) is a polynomial of degree 𝑛 has all its zeros in |𝑧| ≤ 𝑘, 𝑘 ≥ 1. If 𝑃(𝑧) has a zero 

on  

|𝑧| = 𝑘 , then  𝑚 = min
|𝑧|=𝑘

|𝑃(𝑧)| = 0  and result follows Theorem 3.1. Henceforth, we suppose that 

𝑃(𝑧) has all its zeros in |𝑧| ≤ 𝑘 , 𝑘 ≥ 1 , so that 𝑚 > 0.  Now, if 𝑓(𝑧) = 𝑃(𝑘𝑧), then 𝑓(𝑧) is a 

polynomial, of degree 𝑛  has all its zeros in |𝑧| ≤ 1  and  𝑚 = min
|𝑧|=𝑘

|𝑃(𝑧)| = min
|𝑧|=1

|𝑓(𝑧)|.       

This implies  

𝑚 ≤ |𝑓 (𝑧)|  ,      for    |𝑧| = 1.              

From  Roucheʹs Theorem , we conclude that for every 𝜆 ∈ ℂ with |𝜆| < 1, the polynomial     

𝑔(𝑧) = 𝑓(𝑧) − 𝜆 𝑚 𝑧𝑛  has all its zeros in |𝑧| ≤ 1.  Applying (3.5) to the polynomial 𝑔(𝑧), it 

follows for  

|𝑧| = 1  and  |𝛼| ≥ 𝑘 

|𝐷𝛼
𝑘⁄ 𝑔(𝑧)| ≥

|𝛼| − 𝑘

𝑘
|𝑔ʹ(𝑧)| .                                        

Since all the zeros of  𝑔(𝑧) lie in |𝑧| < 1,  using Lemma 2.1, we obtain for |𝑧| = 1 and |𝛼| ≥ 𝑘   

  |𝐷𝛼
𝑘⁄ 𝑔(𝑧)| ≥

1

2
(

|𝛼| − 𝑘

𝑘
) (𝑛 +

| 𝑘𝑛𝑎𝑛  − 𝜆 𝑚| − |𝑎0|

| 𝑘𝑛 𝑎𝑛  − 𝜆 𝑚| + |𝑎0|
) |𝑔(𝑧)| .                            

Using the fact that the function  𝑡(𝑥) =
𝑥−|𝑎|

𝑥+|𝑎|
 , 𝑥 > 0  is non-decreasing function of 𝑥 and    

|𝑘𝑛 𝑎𝑛 − 𝜆 𝑚 | ≥  𝑘𝑛 |𝑎𝑛| − |𝜆 𝑚| , we get for every 𝜆 ∈ ℂ with |𝜆| < 1  and  |𝑧| = 1,    

|𝐷𝛼
𝑘⁄ 𝑔(𝑧)| ≥

1

2
(

|𝛼| − 𝑘

𝑘
) (𝑛 +

 𝑘𝑛| 𝑎𝑛| − |𝜆|𝑚 − |𝑎0|

 𝑘𝑛| 𝑎𝑛| − |𝜆|𝑚 + |𝑎0|
) |𝑔(𝑧)| .                (3.13) 

Replacing 𝑔(𝑧) by 𝑓(𝑧) − 𝜆 𝑚 𝑧𝑛 in (3.13), we get for |𝑧| = 1 and |𝛼| ≥ 𝑘     

|𝐷𝛼
𝑘⁄ 𝑓(𝑧) −

𝑛𝑚𝛼𝜆 

𝑘
𝑧𝑛−1| ≥

1

2
(

|𝛼| − 𝑘

𝑘
) (𝑛 +

𝑘𝑛|𝑎𝑛| − |𝜆|𝑚 − |𝑎0|

𝑘𝑛|𝑎𝑛| − |𝜆|𝑚 + |𝑎0|
)  (|𝑓(𝑧) − 𝜆 𝑚| )   (3.14) 

Since all the zeros of  𝑓(𝑧) − 𝜆 𝑚 𝑧𝑛 = 𝑔(𝑧) lie in |𝑧| < 1 and |𝛼 𝑘⁄ | ≥ 1, it follows from Lemma 

2.3 that  all the zeros of 

𝐷𝛼
𝑘⁄ (𝑓(𝑧) − 𝑚 𝜆 𝑧𝑛) = 𝐷𝛼

𝑘⁄ 𝑓(𝑧) −
𝑛𝑚𝛼𝜆 

𝑘
 𝑧𝑛−1     ,                                                                        

lie in |𝑧| < 1. This implies that    

|𝐷𝛼
𝑘⁄ 𝑓(𝑧)| ≥  

𝑛𝑚|𝛼||𝜆|

𝑘
 |𝑧|𝑛−1      ,         for    |𝑧| ≥ 1                                      (3.15) 

In view of this inequality, choosing argument of 𝜆 in the left hand side of inequality (3.14) such 

that   

|𝐷𝛼
𝑘⁄ 𝑓(𝑧) −

𝑛𝑚𝛼𝜆 

𝑘
 𝑧𝑛−1| =  |𝐷𝛼

𝑘⁄ 𝑓(𝑧)| −  
𝑛𝑚|𝛼||𝜆| 

𝑘
     ,                   for  |𝑧| = 1 

we get for |𝑧| = 1 and |𝛼| ≥ 𝑘   

|𝐷𝛼
𝑘⁄ 𝑓(𝑧)| − 

𝑛𝑚|𝛼||𝜆| 

𝑘
≥

1

2
(

|𝛼| − 𝑘

𝑘
) (𝑛 +

 𝑘𝑛|𝑎𝑛| − |𝜆|𝑚 − |𝑎0|

 𝑘𝑛|𝑎𝑛| − |𝜆|𝑚 + |𝑎0|
) (|𝑓(𝑧)| − |𝜆|𝑚)          

Which on simplification yields 
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|𝐷𝛼
𝑘⁄ 𝑓(𝑧)| ≥

1

2
(

|𝛼| − 𝑘

𝑘
) (𝑛 +

 𝑘𝑛| 𝑎𝑛| − |𝜆|𝑚 − |𝑎0|

 𝑘𝑛| 𝑎𝑛| − |𝜆|𝑚 + |𝑎0|
) |𝑓(𝑧)|       

−
1

2
(

|𝛼| − 𝑘

𝑘
) (

 𝑘𝑛| 𝑎𝑛| − |𝜆|𝑚 − |𝑎0|

 𝑘𝑛| 𝑎𝑛| − |𝜆|𝑚 + |𝑎0|
) |λ|𝑚 +  

𝑛

2
(

|𝛼| + 𝑘

𝑘
) |λ|𝑚 

This implies for |𝑧| = 1 and |𝛼| ≥ 𝑘  

max
|𝑧|=𝑘

|𝐷𝛼𝑃(𝑧)| ≥
1

2
(

|𝛼| − 𝑘

𝑘
) (𝑛 +

 𝑘𝑛| 𝑎𝑛| − |𝜆|𝑚 − |𝑎0|

 𝑘𝑛| 𝑎𝑛| − |𝜆|𝑚 + |𝑎0|
) max

|𝑧|=𝑘
|𝑃(𝑧)|    

−
1

2
(

|𝛼| − 𝑘

𝑘
) (

 𝑘𝑛| 𝑎𝑛| − |𝜆|𝑚 − |𝑎0|

 𝑘𝑛| 𝑎𝑛| − |𝜆|𝑚 + |𝑎0|
) |λ|𝑚 +  

𝑛

2
(

|𝛼| + 𝑘

𝑘
) |λ|𝑚     (3.16) 

Since 𝐷𝛼𝑃(𝑧) is a polynomial of degree at most (𝑛 − 1), applying inequality (2.3) of Lemma 2.4 

and inequality (2.9) of Lemma 2.7 with 𝑅 = 𝑘 ≥ 1 , we obtain for |𝛼| ≥ 𝑘 , 0 ≤ 𝑙 < 1 and |𝑧| = 1   

𝑘𝑛−1 max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)| −
2(𝑘𝑛−1 − 1)

(𝑛 + 1)
|𝑛𝑎0 + 𝛼 𝑎1| − {

(𝑘𝑛−1 − 1)

(𝑛 − 1)
−  

(𝑘𝑛−3 − 1)

(𝑛 − 3)
} |(𝑛−1)𝑎1

+ 2𝛼 𝑎2| 

≥
1

2
(

|𝛼| − 𝑘

𝑘
) (𝑛 +

 𝑘𝑛| 𝑎𝑛| − |𝜆|𝑚 − |𝑎0|

 𝑘𝑛| 𝑎𝑛| − |𝜆|𝑚 + |𝑎0|
) 

{ 
2𝑘𝑛

(1 + 𝑘𝑛)
 max
|𝑧|=1

|𝑃(𝑧)| + (
𝑘𝑛 − 1

𝑘𝑛 + 1
) 𝑙 𝑚 +

4 𝑘𝑛−1|𝑎𝑛−1|

(𝑛 + 1)(1 + 𝑘𝑛)
[
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)] 

+
2𝑘𝑛−2|𝑎𝑛−2|

(1 + 𝑘𝑛)
[
(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)
−

(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
] }  

−
1

2
(

|𝛼| − 𝑘

𝑘
) (

 𝑘𝑛| 𝑎𝑛| − |𝜆|𝑚 − |𝑎0|

 𝑘𝑛| 𝑎𝑛| − |𝜆|𝑚 + |𝑎0|
) 𝑙 𝑚 +  

𝑛

2
(

|𝛼| + 𝑘

𝑘
) 𝑙 𝑚  ,         for      𝑛 > 3 

Equivalently, we have for |𝛼| ≥ 𝑘 , 0 ≤ 𝑙 < 1 and  |𝑧| = 1     

max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)| ≥   
𝑛

(1 + 𝑘𝑛)
  [(|𝛼| − 𝑘) max

|𝑧|=1
|𝑃(𝑧)| + (|𝛼| + 1

𝑘𝑛−1⁄ ) 𝑙 𝑚] +    

(|𝛼| − 𝑘)

𝑘𝑛(1 + 𝑘𝑛)
(

 𝑘𝑛| 𝑎𝑛| − 𝑙 𝑚 − |𝑎0|

 𝑘𝑛| 𝑎𝑛| − 𝑙 𝑚 + |𝑎0|
) [𝑘𝑛 max

|𝑧|=1
|𝑃(𝑧)| − 𝑙 𝑚] +

(|𝛼| − 𝑘)

(1 + 𝑘𝑛)
 

(𝑛 +
𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 − | 𝑎0|

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 + | 𝑎0|
) [

2|𝑎𝑛−1|

𝑘(𝑛 + 1)
{
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)}

+  
|𝑎𝑛−2|

𝑘2
 {

(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)
−  

(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
}] 

  +
2(𝑘𝑛−1 − 1)

𝑘𝑛−1(𝑛 + 1)
|𝑛𝑎0 + 𝛼𝑎1| +

1

𝑘𝑛−1 {
(𝑘𝑛−1 − 1)

(𝑛 − 1)
−

(𝑘𝑛−3 − 1)

(𝑛 − 3)
} |(𝑛−1)𝑎1 + 2𝛼𝑎2| 

     That proves the inequality (3.11) for 𝑛 > 3.  For the case 𝑛 = 3 , the result follows on similar 

lines by using  inequality (2.4) of Lemma 2.4 and inequality (2.10) of Lemma 2.7 in the inequality 

(3.16). This complete the proof of Theorem 3.2.    

 

If we divide both sides of inequalities (3.11) and (3.12) by |𝛼| and let |𝛼| → ∞, we get  
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Corollary 3.2. If 𝑃(𝑧) = ∑ 𝑎𝑣𝑧𝑣  𝑛
𝑣=𝑜  is a polynomial of degree 𝑛 ≥ 3  having all its zeros in |𝑧| ≤

𝑘, 𝑘 ≥ 1 ,   then  

max
|𝑧|=1

|𝑃ʹ(𝑧)| ≥
𝑛

(1 + 𝑘𝑛)
  [max

|𝑧|=1
|𝑃(𝑧)| + 𝑙 𝑚 ] +

1

𝑘𝑛(1 + 𝑘𝑛)
(

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 − | 𝑎0|

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 + | 𝑎0|
)             

[𝑘𝑛 max
|𝑧|=1

|𝑃(𝑧)| − 𝑙 𝑚] +
1

(1 + 𝑘𝑛)
(𝑛 +

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 − | 𝑎0|

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 + | 𝑎0|
)                               

[ 
2|𝑎𝑛−1|

𝑘(𝑛 + 1)
{
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)}  

+
|𝑎𝑛−2|

𝑘2
 {

(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)
−

(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
}] + 

2(𝑘𝑛−1 − 1)

𝑘𝑛−1(𝑛 + 1)
 |𝑎1| +

2

𝑘𝑛−1
 {

(𝑘𝑛−1 − 1) 

(𝑛 − 1)
−

(𝑘𝑛−3 − 1)

(𝑛 − 3)
} |𝑎2|; provided  𝑛 > 3. (3.17) 

And  

max
|𝑧|=1

|𝑃ʹ(𝑧)| ≥
𝑛

(1 + 𝑘𝑛)
  [max

|𝑧|=1
|𝑃(𝑧)| + 𝑙 m ]

+
1

𝑘𝑛(1 + 𝑘𝑛)
(

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 − | 𝑎0|

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 + | 𝑎0|
) [𝑘𝑛 max

|𝑧|=1
|𝑃(𝑧)| − 𝑙 𝑚]  

+
1

(1 + 𝑘𝑛)
(𝑛 +

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 − | 𝑎0|

𝑘𝑛|𝑎𝑛| − 𝑙 𝑚 + | 𝑎0|
) [

2|𝑎𝑛−1|

𝑘(𝑛 + 1)
{
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)} +  

|𝑎𝑛−2|(𝑘 − 1)𝑛

𝑘2 𝑛(𝑛 − 1)
 ] 

+
(𝑘 − 1)

(2 𝑘𝑛−1)
{(k + 1)|𝑎1| + 2 (𝑘 − 1)|𝑎2| } ;    provided    𝑛 = 3.     (3.18) 

Where     𝑚 = min
|𝑧|=𝑘

|𝑃(𝑧)| .  

 
Theorem 3.3. If 𝑃(𝑧) = ∑ 𝑎𝑣𝑧𝑣 𝑛

𝑣=𝑜  is a polynomial of degree 𝑛   having no zeros in |𝑧| < 𝑘, 𝑘 ≤

1, then for every 𝛼 ∈ ℂ  with 1 +
1

𝑘
+

1

𝑘𝑛 ≥ |𝛼| ≥
1

𝑘 
 ;satisfying  max

|𝑧|=1
| 𝑃(𝑧)| ≥  

(𝑘𝑛+1) 𝑚

𝑘2𝑛−1 (𝑘 |𝛼|−1)
  , we 

have     

max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)| ≤ 𝑛 (
 |𝛼| + 𝑘𝑛 + 𝑘𝑛−1 + 1

(𝑘𝑛 + 1)
) max

|𝑧|=1
|𝑃(𝑧)| − 𝑛 (

(𝑘𝑛 + 𝑘𝑛−1 + 1) − 𝑘𝑛|𝛼|

𝑘𝑛 (𝑘𝑛 + 1) 
) 𝑚  , 

                                  where   𝑚 =  min
|𝑧|=𝑘

|𝑃(𝑧)|.                                                                  (3.19) 

Provided |𝐷𝛼𝑃(𝑧)| and |𝐷𝛼𝑞(𝑧)| attain their maxima at the same point on the circle |𝑧| = 1,  where   

  𝑞(𝑧) =  𝑧𝑛 𝑃(1
𝑧̅⁄ ).

̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

  Proof. Since 𝑃(𝑧) is a polynomial of degree 𝑛 having no zeros in |𝑧| < 𝑘 , 𝑘 ≤ 1 and hence all the 

zeros of 𝑞(𝑧) = 𝑧𝑛 𝑃(1
𝑧̅⁄̅̅ ̅̅ ̅̅ ̅̅

)  lie in |𝑧| ≤ 1
𝑘⁄   , 1

𝑘⁄ ≥ 1. Applying (2.14) of Lemma 2.9 on 𝑞(𝑧) , for      

  1 +
1

𝑘
+

1

𝑘𝑛  ≥ |𝛼| ≥
1

𝑘
   , satisfying  max

|𝑧|=1
| 𝑞(𝑧)| ≥  

1+
1

𝑘𝑛

|𝛼|−
1

𝑘

  min
|𝑧|=

1

𝑘

|𝑞(𝑧)| , we have 
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max
|𝑧|=1

|𝐷𝛼𝑞(𝑧)| ≥ 𝑛 (
|𝛼| −

1
𝑘

1 +
1

𝑘𝑛

) max
|𝑧|=1

|𝑞(𝑧)| + 𝑛 ( 
(1 +

1
𝑘

+
1

𝑘𝑛) − |𝛼|

1 +
1

𝑘𝑛

 ) min
|𝑧|=

1
𝑘

|𝑞(𝑧)| 

Which is equivalent    

max
|𝑧|=1

|𝐷𝛼𝑞(𝑧)| ≥ 𝑛 𝑘𝑛−1 (
𝑘 |𝛼| − 1

𝑘𝑛 + 1
) max

|𝑧|=1
|𝑞(𝑧)| + 𝑛 ( 

(𝑘𝑛 + 𝑘𝑛−1 + 1) − 𝑘𝑛|𝛼|

𝑘𝑛 + 1
 ) min

|𝑧|=
1
𝑘

|𝑞(𝑧)| 

Since on |𝑧| = 1, |𝑃(𝑧)| = |𝑞(𝑧)|  and  min
|𝑧|=1

𝑘⁄
|𝑞(𝑧)| =  

1

𝑘𝑛 min
|𝑧|=𝑘

|𝑃(𝑧)|.   

max
|𝑧|=1

|𝐷𝛼𝑞(𝑧)| ≥ 𝑛 𝑘𝑛−1 (
𝑘 |𝛼| − 1

𝑘𝑛 + 1
) max

|𝑧|=1
|𝑃(𝑧)| + 𝑛 (

(𝑘𝑛 + 𝑘𝑛−1 + 1) − 𝑘𝑛|𝛼|

𝑘𝑛 (𝑘𝑛 + 1) 
) 𝑚 , 

where   𝑚 = min
|𝑧|=𝑘

|𝑃(𝑧)|       (3.20) 

From Lemma 2.8 , we have on |𝑧| = 1  

|𝐷𝛼𝑃(𝑧)| + |𝐷𝛼𝑞(𝑧)|  ≤ 𝑛 (|𝛼| + 1) max
|𝑧|=1

|𝑃(𝑧)|                                                             (3.21) 

where   𝑞(𝑧) = 𝑧𝑛 𝑃(1
𝑧̅⁄

̅̅ ̅̅ ̅̅ ̅̅
) .  

Let 𝑧0 be a point on the unit circle such that max
|𝑧|=1

|𝐷𝛼𝑞(𝑧)| = |𝐷𝛼𝑞(𝑧0)| . Since |𝐷𝛼𝑃(𝑧)| and 

|𝐷𝛼𝑞(𝑧)|  

attain their maxima at the same point  on |𝑧| = 1 with |𝛼| ≥
1

𝑘
 , we have max

|𝑧|=1
|𝐷𝛼𝑃(𝑧)| =

|𝐷𝛼𝑃(𝑧0)|.     

Thus, in particular (3.21) gives  

max
|𝑧|=1

|𝐷𝛼𝑞(𝑧)|  ≤ 𝑛 (|𝛼| + 1) max
|𝑧|=1

|𝑃(𝑧)| − max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)|                                            (3.22) 

Combining (3.22) with (3.20), we have   

𝑛 (|𝛼| + 1) max
|𝑧|=1

|𝑃(𝑧)| − max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)| ≥  𝑛 𝑘𝑛−1 (
𝑘 |𝛼| − 1

𝑘𝑛 + 1
) max

|𝑧|=1
|𝑃(𝑧)| +                 

𝑛 (
(𝑘𝑛 + 𝑘𝑛−1 + 1) − 𝑘𝑛|𝛼|

𝑘𝑛 (𝑘𝑛 + 1) 
) 𝑚  .                

Which on simplification gives  

max
|𝑧|=1

|𝐷𝛼𝑃(𝑧)| ≤  𝑛 (
 |𝛼| + 𝑘𝑛 + 𝑘𝑛−1 + 1

𝑘𝑛 + 1
) max

|𝑧|=1
|𝑃(𝑧)| − 𝑛 (

(𝑘𝑛 + 𝑘𝑛−1 + 1) − 𝑘𝑛|𝛼|

𝑘𝑛 (𝑘𝑛 + 1) 
) 𝑚 .  

Which is equivalent to Theorem 3.3. 

 

 Dividing both sides of Theorem 3.3 by |𝛼| and taking  |𝛼| → ∞,  we get  
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Corollary 3.3. If 𝑃(𝑧) = ∑ 𝑎𝑣𝑧𝑣  𝑛
𝑣=𝑜  is a polynomial of degree 𝑛  having no zeros in |𝑧| < 𝑘, 𝑘 ≤

1 , then satisfying   max
|𝑧|=1

|𝑃(𝑧)| ≥  
(𝑘𝑛+1) 𝑚

(𝑘2𝑛) 
   , we have   

max
|𝑧|=1

|𝑃ʹ(𝑧)| ≤   (
 𝑛

𝑘𝑛 + 1
) [ max

|𝑧|=1
|𝑃(𝑧)| − 𝑚 ] , where     𝑚 =  min

|𝑧|=𝑘
|𝑃(𝑧)|.        (3.23) 

 Provided |𝑃ʹ(𝑧)| and |𝑞ʹ(𝑧)|  attain their maxima at the same point on |𝑧| = 1 , where  

𝑞(𝑧) = 𝑧𝑛 𝑃(1
𝑧̅⁄ ).

̅̅ ̅̅ ̅̅ ̅̅ ̅̅
  

   

     Now, we improve a result recently proved by Rather el at.[17]. 

Theorem 3.4. If 𝑃(𝑧) = ∑ 𝑎𝑣𝑧𝑣 𝑛
𝑣=𝑜  is a polynomial of degree 𝑛 ≥ 3  having all its zeros in |𝑧| ≤

𝑘, 𝑘 ≥ 1 ,   then for every 𝛼 ∈ ℂ  with  |𝛼| ≥ 𝑘 

max
|𝑧|=1

|𝐷𝛼
𝛾[𝑃](𝑧)| ≥ Λ (

|𝛼| − 𝑘

1 + 𝑘𝑛 ) { max
|𝑧|=1

|𝑃(𝑧)| +
2 |𝑎𝑛−1|

𝑘 (𝑛 + 1)
[
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)] 

+
|𝑎𝑛−2|

𝑘2
[
(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)
−

(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
] }; provided  𝑛 > 3.   (3.24) 

And   

 max
|𝑧|=1

|𝐷𝛼
𝛾

 [𝑃](𝑧)| 

≥ Λ (
|𝛼| − 𝑘

1 + 𝑘𝑛 ) { max
|𝑧|=1

|𝑃(𝑧)|  +
2 |𝑎𝑛−1|

𝑘 (𝑛 + 1)
  [

(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)]

+
|𝑎𝑛−2|

𝑘2
[
(𝑘 − 1)𝑛

𝑛(𝑛 − 1)
] ;   

 provided    𝑛 = 3 .              (3.25) 

Proof. Since the polynomial 𝑃(𝑧)  has all its zeros in  |𝑧| ≤ 𝑘, where 𝑘 ≥ 1.  Hence, the 

polynomial  

  𝐹(𝑧) = 𝑃(𝑘𝑧) has all its zeros in |𝑧| ≤ 1 . We take 𝑘 = 1 , in inequality (2.16) of Lemma 2.11 , 

we get     

If 𝑃(𝑧) is a polynomial of degree 𝑛 having all its zeros in |𝑧| ≤ 1 , then for every  𝛼 ∈ ℂ  with  

|𝛼| ≥ 1   

max
|𝑧|=1

|𝐷𝛼
𝛾

 [𝑃](𝑧)|  ≥  
Λ 

2
 (|𝛼| − 1) max

|𝑧|=1
|𝑃(𝑧)|                                                           (3.26) 

Applying inequality (3.26) to the polynomial 𝐹(𝑧) and noting that  |
𝛼

𝑘
| ≥ 1, we get  

max
|𝑧|=1

|𝐷𝛼
𝑘

𝛾
 [𝐹](𝑧)|  ≥  

Λ 

2
 (

|𝛼|

𝑘
− 1) max

|𝑧|=1
|𝐹(𝑧)|                           

Replacing 𝐹(𝑧) by 𝑃(𝑘𝑧), we get  
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max
|𝑧|=1

|𝐷𝛼
𝑘

𝛾
 [𝑃](𝑘 𝑧)|  ≥  

Λ 

2
 (

|𝛼|

𝑘
− 1) max

|𝑧|=1
|𝑃(𝑘 𝑧)|                         

     =
Λ 

2
(

|𝛼| − 𝑘

𝑘
) max

|𝑧|=𝑘
|𝑃( 𝑧)| .                                                      (3.27)   

With the help inequality (2.9) of Lemma 2.7 where  𝑙 = 0 , this implies   

max
|𝑧|=1

|𝐷𝛼
𝑘

𝛾
 [𝑃](𝑘 𝑧)|  ≥  

Λ 

2
  (

|𝛼| − 𝑘

𝑘
) max

|𝑧|=𝑘
|𝑃( 𝑧)|                         

≥
Λ 

2
(

|𝛼| − 𝑘

𝑘
) { 

2𝑘𝑛

(1 + 𝑘𝑛)
max
|𝑧|=1

|𝑃(𝑧)| +
4 𝑘𝑛−1|𝑎𝑛−1|

(𝑛 + 1)(1 + 𝑘𝑛)
 [

(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)] 

+
2 𝑘𝑛−2|𝑎𝑛−2|

1 + 𝑘𝑛
[
(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)
−

(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
] } 

max
|𝑧|=1

|𝐷𝛼
𝑘

𝛾
 [𝑃](𝑘 𝑧)| ≥ Λ 𝑘𝑛−1 (

|𝛼| − 𝑘

1 + 𝑘𝑛 )                                      

{max
|𝑧|=1

|𝑃(𝑧)| +
2 |𝑎𝑛−1|

𝑘 (𝑛 + 1)
[
(𝑘𝑛 − 1)

𝑛
− (𝑘 − 1)]

+
|𝑎𝑛−2|

𝑘2
[
(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)

−
(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
]} .                                                 (3.28) 

Also, we have  

max
|𝑧|=1

|𝐷𝛼
𝑘

𝛾
 [𝑃](𝑘𝑧)| = max

|𝑧|=1
|Λ 𝑃(𝑘 𝑧) + (

𝛼

𝑘
− 𝑧) 𝑃γ(𝑘 𝑧) |     

= max
|𝑧|=1

|Λ 𝑃(𝑘 𝑧) + (
𝛼 − 𝑘 𝑧

𝑘
)  𝑃(𝑘 𝑧) ∑

𝛾𝑗

𝑧 −
𝑧𝑗

𝑘

𝑛

𝑗=1

 |                             

 = max
|𝑧|=1

|Λ 𝑃(𝑘 𝑧) + (
𝛼 − 𝑘 𝑧

𝑘
) 𝑘 𝑃(𝑘 𝑧) ∑

𝛾𝑗

𝑘 𝑧 − 𝑧𝑗

𝑛

𝑗=1

 |                      

= max
|𝑧|=1

|Λ 𝑃(𝑘 𝑧) + (𝛼 − 𝑘 𝑧)  𝑃(𝑘 𝑧) ∑
𝛾𝑗

𝑘 𝑧 − 𝑧𝑗

𝑛

𝑗=1

 |                           

=  max
|𝑧|=1

|𝐺(𝑘𝑧)|            

=  max
|𝑧|=𝑘

|𝐺(𝑧)|   ,           

where     G(z) = Λ 𝑃( 𝑧) + (𝛼 −  𝑧)  𝑃( 𝑧) ∑
𝛾𝑗

 𝑧−𝑧𝑗

𝑛
𝑗=1    is a polynomial of degree at most (𝑛 −

1). On using  

inequality (2.15), this gives  

max
|𝑧|=1

|𝐷𝛼
𝑘

𝛾
 [𝑃](𝑘𝑧)| = max

|𝑧|=𝑘
|𝐺(𝑧)|                                                 

                           ≤  𝑘𝑛−1  max
|𝑧|=1

|𝐺(𝑧)|                           
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=  𝑘𝑛−1  max
|𝑧|=1

|Λ 𝑃( 𝑧) + (𝛼 − 𝑧) 𝑃( 𝑧) ∑
𝛾𝑗

 𝑧 − 𝑧𝑗

𝑛

𝑗=1

 |                       

=  𝑘𝑛−1  max
|𝑧|=1

|𝐷𝛼
𝛾

 [𝑃](𝑧)|  .                                                                    

Hence,  

max
|𝑧|=1

|𝐷𝛼
𝑘

𝛾
 [𝑃](𝑘𝑧)| ≤ 𝑘𝑛−1  max

|𝑧|=1
|𝐷𝛼

𝛾
 [𝑃](𝑧)|                                                         (3.29) 

𝑘𝑛−1  max
|𝑧|=1

|𝐷𝛼
𝛾

 [𝑃](𝑧)| ≥ Λ 𝑘𝑛−1  (
|𝛼| − 𝑘

1 + 𝑘𝑛 )                   

{max
|𝑧|=1

|𝑃(𝑧)|  +
2 |𝑎𝑛−1|

𝑘 (𝑛 + 1)
  [

𝑘𝑛 − 1

𝑛
− (𝑘 − 1)]    

+
|𝑎𝑛−2|

𝑘2
[
(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)
−

(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
]} . 

This implies,  

max
|𝑧|=1

|𝐷𝛼
𝛾

 [𝑃](𝑧)| ≥ Λ (
|𝛼| − 𝑘

1 + 𝑘𝑛 ) { max
|𝑧|=1

|𝑃(𝑧)| +
2 |𝑎𝑛−1|

𝑘 (𝑛 + 1)
[
𝑘𝑛 − 1

𝑛
− (𝑘 − 1)]      

+
|𝑎𝑛−2|

𝑘2
[
(𝑘𝑛 − 1) − 𝑛(𝑘 − 1)

𝑛(𝑛 − 1)
−

(𝑘𝑛−2 − 1) − (𝑛 − 2)(𝑘 − 1)

(𝑛 − 2)(𝑛 − 3)
] } .   

That proves the inequality (3.24) for 𝑛 > 3.  For the case 𝑛 = 3 , the result follows on similar lines 

by using inequality (2.10) of Lemma 2.7 in the inequality (3.27). This complete the proof of 

Theorem 3.4. 

 

Remark 3.2. For 𝑘 = 1  in inequalities (3.24) and (3.25), we get inequality (3.26).    
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