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1. Introduction

Let P(z) be a polynomial of degree n , let us define and
denote m = m(P, k) = min;—|P(2)|

and M(P,r) = max;=,|P(2)I.

For P(z) be a polynomial of degree, it is known that
M(P,r)=r*M(P,1) for 0<r<i1 (1.1)
Inequality (1.1) is due to Varga [1] who attributed it to
Zarantonello.

It is noted that equality holds in (1.1) if and only if (z) has
all its zeros at the origin.

It was shown by Rivlin [2] that P(z) has no zeros in|z| <
1, then (1.1) can be replaced

MP,r) > (rj) MP,1) for 0<r<1 (1.2

As a generalization of (1.2), Govil [3] proved that if P(z)
hasno zerosin |z] < 1,thenfor 0 <r <R <1

Me,r) = (20) MR (13)
2. Lemmas
We need the following Lemmas.
Lemma 2.1. [4] If P(z) = Y7, a,z"is a polynomial of

degree n having no zeros in |z| < k ,k = 1,then
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max,-,|P (z)| <
o [max,-1 |P(2)] = ming - [P()] ] (2.2)

Lemma 2.2. [5] If P(z) = ap + Xp-pa,z”,1<pu<mn,is
a polynomial of degree n having no zeros in |z| < 1, then
for 0O<r<R<1

n
MP,r) 2 (31) " mp,R) (2.2)
Lemma 23. [6] If P(z) =ag+¥)-pa,2z°,1<pu<

n,be a polynomial of degree n that dose not vanish in
|z| <k,k>1,thenfor 1<r <R

n (R™+kHt
MP) = MP,R) - 2 (0

3. Main Results and Proofs

JMP, 1) -m} (23)

We first present the following generalization and
refinement of (1.3).

Theorem 3.1 If P(2) = ag + X9-papz’, 1 <u<mn,is a
polynomial of degree n has no zeros in |z| < 1, then for
0<r<R<1

(+rt)
n n n
@+t Torp@+R) -1+ e

M(P,r) > [M(P, R) +

n miny, -4 |P(2)| ln(1+R)]

3.1)
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Proof. Let0 <r <R <1and 0 < 6 < 2m. Then we have
|P(Re®®) = P(ret®)| < [[] P/(te®®) | dt (3.2)

If P(z) #+ 0,has no zeros in |z| < 1, then P(tz) # 0 has
no zeros in |z| <% .
If 0 <t<1,then %2 1 and using inequality (2.1), we

obtain
t|P'(t2)] < [maX|z| ¢|P(2)| — min,,|P(2)|](3.3)

Combining (3.2) and (3.3), Let m(P, 1) = min,=,|P(2)|

|P(Re)| < |P(re'®)| +f T M@, Dt

—nm(P, 1)f 1_+tdt

Which implies

R n
M(P,R) < M(P,T')-l—f rM(P,t)dt

—nm(P 1)f 1—+1,'dt

Now, using inequality (2.2) in above, we get

M(P,R) < M(P fno(lte "lu M(P,7) d
C.R =M@+ | g () e @
R 1
—nmj; 1_+tdt

< M(P,7)

nM(P,7) fR(1+t)n/#
(1+r”)n/ﬂ - @A+0
—nmf 1—-|—t,'dt
=M(P,7)

M(P, n
LGN ? [(1+R)/k
(14 r)"u

1+R)

—(1+r)n/ﬂ]—nmln(1+r

Thus, we get

w(p. gy [LET M+ n(L R = (14 r)"/u]

(1 4 7#)"u
1+ R)

> M(P,R l(—
(P,R)+ nm In o7
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Which is equivalent to

M(P,1)
(L +7r#)"n
T A+ p(+ R = p(1 4+ 1) e

+R
+r)]

[M(P, R)

1

in |P(z)1
+n |rzr}1=q| (z) n(1
Remark 3.1. For R = 1 in inequality (3.1), we obtain

A +7r#)"n
A+r0)e 42" —p(1 +1)"n

2
1+r)]

M(P, 1) =

[M(P,1)

+n min |P(z) In(
|z|=1

This inequality is due to Govil el at. [7, Theo.2.1, P.3].
Next, we prove the following result which is a
generalization of Theorem 3.1.

Theorem 3.2.If P(z) = ag + X9-papz’, 1 <u<mn,is a
polynomial of degree n  has no zerosin |z| <k, k>1,
thenfor 0<r<R<k

M(P,r) =

e~ (et 4k )
n -n n -n n
K (ebar ) Thapk TRA+R) Th—pk h(etr) i

[M(P, R) +

n ming = |P(2) In (I;}:) ]

(3.4)
Proof. If P(z) is a polynomial of degree n having no
zeros in  |z| <k,k =1, then the polynomial u(z) =

P(kz) # 0 for |z| <1. Further, if 0<7r<k,then
0< r/k < R/k < 1 and applying (3.1) to u(z), we get

M(w7/,) =
(1+(770") "
(1+(r/k)u) /u"'ll(l+R/k)n/u—ﬂ(1+r/k)n/“

2

[M(u,R/k) +

n min =, |u(z)|In(

(3.5)

Which yields

M(P, 1) =

KM (ki)
n -n n -n n
ke Gebr ity g pk” Te@R) Te—pk” R err) 1

[M (P,R) +

nmln(ﬂ)]
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Now, we prove a result recently proved by Lal [6].
Theorem 3.3. If P(z) = ap + X9-,a,z" ,1<pu<n, isa
polynomial of degree n having all its zeros in |z| < k ,k >
1, then

M(P, k) >
{k" M(P, 1) +2 ((" 2“) In ( "”2“ ) ) min - |P(2)| }
(3.6)
where

kK"+1 kK +1
Bo=[1+ 2 () (=)
2
Proof. Since P(z) has aII its zeros in |z| < k, therefore, the
polynomial Q(z) = z" P(1/;) has all its zeros in |z| >
%and hence the polynomial Q(i) has all its zeros in

|z| = 1. Applying Lemma 2.3 when r =1 and k = 1, we
have

M(P,1) = M(P,R) — © (R +1){M(P 1) -

m(P, )} In ( £ +1) (3.7)

To the polynomial Q (i) for k > 1 and replacing R by k
in (3.7), we obtain

IA

maxi;i-1 [ (7)

)|

max|z|=k |Q

&
GE)m (S
(

+))maxz |0 ()] +

( (kn+1) In kﬂ2+1 )) min|z|:1 10 (%) | (3.8)
Since
n sk
0(@=G) ")
Therefore

Max|@ ()| = maxiP(),

lz|=k

= kinmax|z|=k|P(z)| and

max;;1-1 |Q (%)

1 .
= miny, - |P(2)]

miny;i-; [0 (7)
(3.9)

Using (3.9) in inequality (3.8), we get

E-ISSN: 2788-9327

1
FM(P' k)y=M(P,1)

-G e () e

r
1 k* +1
k_"ln( ))m

Which is equivalent to

[+ () () meo
> k" M(P, 1)

()

This proves Theorem 3.3.
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