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Abstract

In the present communication, we have derived Bianchi and Veblen identities along with a few
more related results in a recurrent and generalized n"-recurrent Finsler space with Cartan’s curvature

tensor field. A Finsler space F, whose Cartan's third curvature tensor R}kh satisfies the condition

i _ i i i i
Rjkh|m1|m2|...|mn - Amlmz...mn Rjkh + Mm1m2...mn( 5h Ijk — Sk 9jn ) , where Rjkh *#0 and
|mq|m;] ... |m,, are h-covariant differentiation (Cartan's second kind covariant differential operator)

with respect to x™ to nth order, A;,1m,.m, and Um m,.m, 1S recurence tensors fields.

Keywords: Finsler space F, , Generalized R- n™-recurrent space, Cartan’s covariant derivative of
higher order, Cartan’s third curvature tensor Rj,, and Cartan’s second curvature tensor Pjp,.

1. Introduction

The generalized curvature tensors in recurrent Finsler space used the sense of Berwald curvature
tensor discussed by Al-Qashbari [5] and ( [7], [9], [14], [15], [16], [17], [18], [23], and [25]). Some
properties of Weyl's projective curvature tensor studied by Abu-Donia [1]. Complete Finsler space of
constant negative Ricci curvature were studied by Bidabad and Sepasi [8]. Decomposability of
projective curvature tensor in recurrent Finsler space has been studied by Al- Qashbari [4] and Al-
Qufail [6]. Semiconformal symmetry- A new symmetry of the spacetime manifold of the general
relative discussed by Ali, Pundeer and Ahsan [2]. The generalized birecurrent and trirecurrent Finsler
space are studied in ([3], [12], [19], [20], [24]). Also, Dwivedi [10] introduced the P*-Reducible
Finsler space and Application. On Lie-recurrent in Finsler space studied by Saxsena and Pandey [22]
and Pandey and Pandey [13]. The differential geometry of Finsler spacewase studied by Rund [21].
Ricci coefficients of Rotation of generalized Finsler space studied by Mincic, Stankovic and
Zlatanovic [11]. Curvature tensors and pseudotensors in generalized Finsler space were studied by
Zlatanovic, Mincic, and Petrovic [26] and others.

Cartan in his second postulate, represented the variation of an arbitrary vector field X! under the
infinitesimal change of its line element (x,y) to (x + dx,y + dy) by means of covariant (absolute)
differential given by
(1.1) DX'=dX'+ X’ (C}, dy* + T, dx* ), where
(1.2) @) i =ik = GG + 9" Ciem GR"

b) G'= % Yiy'y® and ¢ G/ =0;G"
The function G' is positively homogeneous of degree two in the directional argument.
Eliminating dy*from (1.1) and in terms of the absolute differential of I, Cartan deduced

(1.3) DXi:FXi|lek+X|ikdxk+yk(6.kX")g , Where
(1.4) a) X'e=0X'+ X' Ch ,
b) X, =0 X' +X I} —(0m X' ) ¥° , and

©) T =T — Ciur T ¥°
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The function I} defined by (1.4c) is the connection parameter of Cartan, this is symmetric in the
lower indices v and k and positively homogeneous of degree zero in the directional argument and
satisfies :

(1.5) gin Trke = rnge

The equations (1.4a) and (1.4b) give two processes of covariant differentiation called v-covariant
differentiation (Cartan's first kind covariant differentiation) and h-covariant differentiation (Cartan's
second kind covariant differentiation), respectively. So X'|x and X |‘k are respectively v-covariant
derivative and h-covariant derivative of the vector field X!. We note that this notation for covariant

differentiation was used by Cartan and followed by Rund and Matsumoto calls these derivatives as
" v-covariant derivative " and " h-covariant derivative ", respectively and his symbols for covariant

differentiations are similar to that of Cartan with the only difference that % X%, of Cartan coincides
with X!|; of Matsumoto due to this change we have an extra F in the first term of the right hand side
of the equation (1.5). K. Yano denoted % XY and X!|, by V. X' and V; X b respectively.

The metric tensor g;; and the associate metric tensor g*/ are related by

L alk — ]c: 1 if i=k f
o gygt=of={y Lk

The quantities g;; , gY and Sji are satisfies

(L.7) a) gi;g97=n and b) 6jigik =Jjk

The vector y; satisfies relation

(18)  yy' =F?

The vectors y; and 8. also satisfy the following relations

(1.9) a) &, yk=y" ., b §g*=g% and o) gy =y .
By using Eulers theorem, the C; jk and C jik tensors satisfy, the following identities
(1.10) &) Cp ¥y =Crjy' =Ciiy'=0 and b) Cipy/ =C;y/ =0.
The metric tensor g;; and the associate metric tensor g'/ are covariant constants with respect to both
processes

(1) @) g;,,=0 and b) g7 =0

Im
The vectors y*, y; are vanish under h-covariant differentiation
(1.12) a) Yym =0 and b) yllm =0
The h-curvature tensor R }k n (Cartan’s third curvature tensor ), is defined by
(1.13)  Rjun = 0n Tji¢ + (01T ) G + Cin (0k G — G} G ) + Tye Ti™
—[0k i + (90 T ) Gic + G (00 G — Gy Gy ) + Ty T
The h-curvature tensor R}kh is positively homogeneous of degree —1 in the directional argument and
skew-symmetric in the last two lower indices h and k , i.e.
(1.14)  Rip=—Rin
and this tensor satisfies the following relation too
(1.15) Riyn = Kfin + Cfs Kin y" .
The associate curvature tensor R;jyp, of the curvature tensor R;k n 1s given by

(1.16) a) Rijen = grj Rlkn and  b) Rjpn 9™ = Ry _

The R-Ricci tensor Ry , the curvature scalar R and the deviation tensor R} related by
(1.17) a) Riyy=Rj ,b) Rxy*=R; , ¢) Ryy/ = Hy and d) Ry g’*=R.
The curvature tensor Ry, and the associate tensor R}, are satisfy the relations

(1.18) a) Rign ¥/ = Kjin ¥/ = Hip
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and b) Rf =Rl g™

Cartan's connection parameter ;i ik and Berwald's connectron parameter G/ im given by
(1.19) a) 0y Gl =GL, and b) GL =T y*

(1200 (9T ) ¥" =T y" = Gl y" = 0

The tensor Py, is called v(hv)-torsion tensor and its associate tensor Py j is given by

(12D @) Gy’ = Pn > ) ¥ilign =—Pijn and ) grj Pin = Pin. -
the tensors H/, ik and Hip, form the cornponents of tensors and deﬁned by

(1.22) Hkh - ah G]k + nt GT‘jh ak ]h jh rk - r]k Gh

and

(1.23) Hip = 0n G + Gf, Cly, — 0y Gf, — G}, Cpy

The formula (1.23) is called the generalized Ricci identity or Ricci commutation formula.

(1.24) a) Hy=H. and b) Hyy*=m-1H ,

where H }'lk and H}, are called H-Ricci tensor and the curvature scalar, respectively and defined by
(1.24) Hhk yh = Hk .

(1.25) e =05 Tk + (00T Gl + T T — 03 Tt — (0, To) GF — T T

The tensor K ; j as defined (1.25) above is called Cartan s fourth curvature tensor, this tensor is
positively homogeneous of degree zero .

The curvature tensor Kjy, satisfies the following relatlon too

(1.26) a) grjKikn = Kijkn and b)) Kjy ¥/ = = Hiy,

he associate curvature tensor K; jkh satisfies the condition

(1.27) Kiikn + Kijkn = =2 Cijs Ko ¥7

Ricci tensor Kj and the curvature vector K; of the curvature tensor Kjik p are given by

(1-28) a) ]kl = ]k

and b) Kj yk

2. On Generalized R"-Recurrent Finsler Space of N™ order

Let us consider a Finsler space F, whose Cartan's third curvature tensor Rjikh satisfies the
following condition
1) Rignpmymyl..jmy, = Amymy.my Rjxn + i, my..my (O Gk — Ok Gjn )
where R]lkh # 0 and |mq|m,| ...|m, are h-covariant differentiation (Cartan's second kind covariant
differential operator) with respect to x™n to nth order, Ay m, m,and Ly, m, m, are recurrence
tensors fields.
Definition 2.1. A Finsler space F, whose Cartan's third curvature tensor R}kh satisfies the condition
(2.1), where Ay, m,..m,, and Um, m,..m, are non-null covariant tensors fields, is called a generalized
R™-nth order space and the tensor will be called generalized h-nth tensor. We shall denote this space
briefly by GR*n'"RE, .

Since the metric tensor is a covariant constant, the transvecting of the condition (2.1) by g;,, , using
(1.11a), (1.16a) and (1.7b), we get
(2-2) ijkh|m1|m2|...|mn = /lmlmz...mn ijkh + .umlmz...mn_( Inp 9jk — Gkp gjh)

Conversely, the transvection of the condition (2.2) by g'P , yields the condition (2.1). Thus, the
condition (2.2) is equivalent to the condition (2.1). Therefore a generalized R"-nth order space may
characterized by the condition (2.2).

Therefore, we conclude
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Theorem 2.1. The generalized R"-nth order space may characterized by condition (2.2).
Let us consider an GR"-n‘"RE, , which is characterized by the condition (2.1).
Contracting the indices i and h in (2.1), using (1.17a), (1.6) and (1.7b), we get

(2.3) Rjk|m1|m2|...|mn = Amlmz...mn Rjk +(n—-1) Hmym,..m, Gjk

Transvecting the equation (2.3) by ¥* , using (1.12b), (1.17b) and (1.9¢), we get

(24) Rjimyimal..imp = Amymy..my Rj + Bmym, . m, (0= 1) ¥

Further, transvecting (2.1) by g’* , using (1.11b), (1.18b) and in view of (1.6), we get
(2.5) R;l|m1|m2|...|mn = Amlmz...mn R;:l +(n—-1) Hmim,..m, (Siil

Contracting the indices i and h in the condition (2.5) and using (1.6), we get

(2.6) Rim,jmy|odmy, = Amymy.m, R+ (M —1) p m, .m, -~ where RT =R.

Also, by transvecting the equation (2.3) by g’/¥ , using (1.11b), (1.17d) and in view of (1.6), we get
the condition (2.6).

The conditions (2.3), (2.4), (2.5), and (2.6), show that, Ricci tensor Ry , the curvature vector R; , the
deviation tensor R}, and the curvature scalar R (all for Cartan's third curvature tensor R}kh) of a
generalized R"-nth order space cannot vanish, because the vanishing of them imply the vanishing of
the covariant tensors fields ty,,m, . m, » 1-€- Um,;m,..m, = 0, acontradiction.

Thus, we conclude

Theorem 2.3. In GR"-n*"RE, , Ricci tensor Rjj , the curvature vector R; , the deviation tensor
R ,‘l and the curvature scalar R ( all for Cartan's third curvature tensor R}k x ) are non-vanishing.
Transvecting the condition (2.3) by y/ , using (1.12b), (1.17¢) and (1.9¢), we get

(2.7) Hk|m1|m2|...|mn = Amlmz...mn He+(n—1) Hmymy..my, Vi

The condition (2.7), shows that, the curvature vector H, of a generalized R"- nth order space can not
vanish, because the vanishing of it would imply the vanishing of the covariant tensors fields
Pmymy.my » 1€ Pmym,..m, = 0, acontradiction.

Transvecting the condition (2.7) by y*, using (1.12b), (1.24b) and (1.8), we get

(2.8) H|m1|m2|...|mn = Amlmz...mn H+ Umim,..m, F?

Thus, we conclude

Theorem 2.4. In GR"-n'"RE, , the curvature vector H), and the curvature scalar H are non-
vanishing.

Now, we have seen that in a generalized R"-nth order space, Ricci tensor Rjj ( of Cartan's third

curvature tensor R}kh ) satisfies the condition (2.3). Conversely, if Ricci tensor Rjj of a Finsler space

satisfy the condition (2.3), then it need not be the space is a generalized R"-nth order space. However,
the converse is true if the dimension of a Finsler space is 3 or the space is R3-like. The proof of this
fact is follows:

We know that the associate curvature tensor R;jyp ( of Cartan's third curvature tensor R}kh) for
three dimensioned Finsler space is of the form
(2.9) Rijkn = Gik Lin + 9jn Lik — Gin Lik — gjk Lin » Where
210 Ly =75(Ru= 5 gu) and
(2.11) r=_—— R
Transvecting the condition (2.3) by g% , using (1.11b), (1.18b) and (1.6), we get
(2'12) Rlzc?lmllmzl...|mn = Amlmz...mn RII: + Hm,my..my (Tl - 1) 61?
Contracting the indices p and k in the condition (2.12), using (2.11) and (1.6), we get

(2.13) Tlmy|my]...|my, = Amlmz...mn T+ N Umm,.m,
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Taking the h-covariant derivative of the condition (2.10) with respect to x™ to nth order and using
(1.6), we get

1
(2.14) Lik|m1|m2|...|mn = ﬁ (Rik|m1|m2|...|mn = 3 Tlmyimy|..Jmy gik)
Using the conditions (2.3) and (2.13) in (2.14), we get

1 1
Lik|m1|m2|...|mn = Amlmz...mn [ ﬁ (Rik — 3 TGk )] + 3 Hmym,..my, Gik
In view of the condition (2.10), the above equation implies to

(2.15) Lik|m1|m2|...|mn = Amlmz...mnl‘ik +% Um,m,.m, Jik -
This gives the h-covariant derivative of Ricci tensor L;; in generalized R"-nth order space.
The h-covariant derivative of the condition (2.9) with respect to x™ to nth order and using (1.11a), we
get

Rijinim, imal..imy = Gik Linimymal..imy + Gjn Likimy my...mp

Gin Ljxim, my|..imp + Gjc Linpmyimy)...m,

In view of the condition (2.15), the above equation implies

Rijicnimymy)..imy = Amymy..m, (Gik Lin + Gjn Lik — Gin Lix — Gjx Lin )

+.um1m2...mn( ik 9jn — Gin gjk)

In view of the condition (2.9), the above equation implies

Rijicnim, my).imy = Amymy..my, Rijkh + bmymy..m, (9ik 9jn — in i)

This shows that, the associate curvature tensor R;jyp, ( of Cartan's third curvature tensor R}kh ) is

a generalized h-recurrent.
In view of (1.16a), the above condition implies (2.1). That is, the h-covariant derivative of the
condition (2.9) with respect to x™ to nth order and in view of (1.8a), gives (2.1). This shows that, a
three dimensional Ricci generalized R"-nth order space is necessarily generalized R"- recurrent
space.

Matsumote [28] introduced a Finsler space F,(n > 3) for which the tensor R;jp, satisfying (2.9)
and called it R3-like Finsler space F, . If we consider a R3-like Ricci generalized R™-recurrent space
and applied the same process as above we may show that
(2.16) Rijknimy imy).imy = Amymy..my, Rijkn + hmymy.m, (Gik 9jn — Gin Gjk )

This, leads to

Theorem 2.7. In GR®-n'"RE, , is Ricci generalized R"-recurrent space, but the converse need not be
true. However, if the space F, is R3-like, then the converse is also true.
Now, taking the h-covariant derivative for (1.13), with respect to x™ to nth order, we get

(2.17) R}kh|m1|m2| My = [ahrj + (0sTj%)Gi; + Cin (Or Gh Gt GR) + T T
— kT — (0T )G — Ci (0 GI* — GJ Gk) Y P
Using the conditions (2. 1) (1.20) and (1.19a) in (2.17), we get
Amlmz my Rjkh + .umlmz My (6h Ijr — 6k g]h)
= [Ff;clh ks G + C]lm (Gigh — GRe GR) + F*l L
- F]?k ]hs Gk Cjim ( th Ght Gk ) mh F*m Imymy|../my
By using (1.13), (1.20) and (1.19a), the above equation can be written as

(218) [T + Tis GR + Cim (G — GEE GR) + Tt ™ — ik — T GE

Imy|mg|..jmy,

C.lm ( Gfrlrllc Ght Gk ) l—‘*lh j*;cm Imylmal.. |m = Amlﬂ.LZ...mn[ 1—;;(1’1 Iﬁcls Gfi
+C}m(61§rfll—0kt Gp)+ F*lkrﬁzm_r;hk hsGik — Chn (Gl — GRE GR)
th }a;cm + #mlmz...mn(ah Ijk — 5k g]h) .

Thus, we conclude
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Theorem 2.8. In GR"-n'"RF, , the h-covariant derivative of the nth order for the tensor [I‘;}éh +
F]ks Gh + Cfm (G =GR GR) + Ty G — thk r}hs Gy

—( LGl — G GE) — T D™ imalmgl.m is generalized nth- recurrent.
2

Transvecting (2.18) by yJ, usmg (1.12b), (1. 21a) (1. 10b) (1 19b) and (1.9¢), we get
(2.19) (Pin + Pis Gi + T G = Phk Pis Gi = | 'Gk )Imllmzl---lmn
= Amym,.. mn(th+PksGh+ % G = Py — Phs G — Totn GI)
+ .umlmz...mn( 6h Vi — 6}( yh)
Transvecting (2 19) by y; , using (1.12a), (1.21b), and (1.7b), we get
(2.20) (-p Pis G + vi Ty T + Pjhk'+ Pins Gig — ¥i T e gl
= Amlmz...mn (=Pikn — PirsGry, + i Tk ™+ Pinie + PinsGie — i Tn T
+ Umym,..my, (}’h 9ik — Yk Gjn )
Further, transvecting (2.19) by g;,- , using (1.11a), (1.21¢), (1.5), and (1.7b), we get
(2~21) (Pkrh + Pkrs Gii + F;;er G}rln - Phrk - Phrs Glg - F;’H"h G}r{n )|m1|m2|...|mn
= Amlmz...mn( Prrn + Prys Gii + Dnrie G}rln — Purk = Phrs Gli — Dnrn GIT)
+ :umlmz...mn( Inr Yk — Ykr yh)

The equation (2.19) can be written as

:/lmlmz...mn(Pléh‘l'PIisGﬁ'i' r#kGiT_Pﬁk_PﬁsGli_ {;thin)

+ Umym,.my, (Sill Yk — SIi yh) .
Thus, we conclude
Theorem 2.9. In GR"-n*"RE, , the h-covariant derivative of the nth order for the tensor (P, +

Pis Gh+ b Gt =Phy — Phs GE =Tl GIV) (=Pikn — PirsGry, + ¥i T T+ Pink + PinsGie —
Vi mh ]*;(m ’

(Plgrh +P]crs Gp + F;;erGirln _Phrk _Phrs Gy — rr;rhGlzn) and
(Pin + Pis G + T GI® — Prye — Prg G — Ty G )
are given by the conditions (2.19), (2.20), (2.21),and (2.22), respectively.

3. Necessary and Sufficient Condition
We know that Cartan's third curvature tensor R} jkn and Cartan's fourth curvature tensor K} ikn are

connected by the equation (1.15).
Using (1. 18a) in (1. 15) we get
(3.1) R]kh = Kjn + Cjy Hin
Taking the h- covarlant derlvatlve for equation (3.1) w1th respect to x™ to nth order, we get
(32 Rienpmyimol.imn = Kinimyims.imn, + (G Hin)
Using the condition (2. 1) in (3.2), we get

Amlmz my jkh + .“mlmz my (6}11 gjk - 6Iic gjh)

[mq|ma]...Jmy

- ]kh|m1|m2| Jmy T ( v Hicn )|m1|m2| Jmy
By using the condition (3 1), the above equatlon implies to

(3 3) Amlmz jkh + /Imlmz mn( Hkh) + 'umlmz mn( 6h gjk 6}fc gjh)
K]kh|m1|mz| imn + (Cir kh)|m1|m2|___|mn

This shows that

(3.4) Kjlkh|m1|m2|...|mn = Amlmz...mn Kjlkh + .umlmz...mn( Sh Ijr — Sk gjh)
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if and only if

33 (G Hin)
Thus, we conclude
Theorem 3.1. In GR"-n*"RE, , Cartan's fourth curvature tensor K]-ikh is generalized nth- recurrent if

— i r
[my M| mn - /lmlmz...mn( er Hkh ) .

and only if the tensor ( C jir Hip ) is recurrent of nth order.

Contracting the indices i and h in (3.3), using (1.28a), (1.6) and (1.7b), we get
(3~6) Amlmz...mn Kjk + /lmlmz...mn( le; HI:p ) + Umim,..m, (n - 1) Ijk

_ P gr
= Kjkjm, imy)..imy, + (er Hiep

This shows that
Kikimyimy|.imn = Amymy..my, Kik + bmymgy.m, M —1) gjk >
if and only if
C
Thus, we conclude
Theorem 3.3. In GR"-n'"RE, , Ricci tensor Kjj (of Cartan's fourth curvature tensor I(ji,(h) 1S non-

)|m1|m2|...|mn

=1 (CP HT )
)|m1|m2|,,,|mn myMmy..My \ Zjr Tkp

vanishing if and only if the tensor ( C j’; Higp ) is nth- recurrent.
Transvecting (3.6) by y ¥, using (1.12b), (1.28b), (1.24) and (1.9¢), we get

Amlmz...mn K] + Amlmz...mn( C]r;« HZ; ) + Umim,..m, (n - 1) Yj

— p

= Kjpm, ma..m,, + ( €5 H3 )
This shows that

Kjlmllmzl...lmn = /lmlmz...mn K] + Hmim,..m, n—1) Yj
if and only if

[mq|ma]..Imy

Cir Hy =1 CP HI
( jr P )|m1|m2||mn mlmz...mn( jr p )
Thus, we conclude

Theorem 3.4. In GR"n'"RE, , the curvature vector K; ( of Cartan's fourth curvature tensor K]‘kh )

is non-vanishing if and only if the tensor ( C jI; Hy ) is nth-recurrent.

4. Some Rules of Tensors in GR"- N**R F,,
We know that the associate tensor R;jy, of Cartan's third curvature tensor R}kh is satisfies the
identity
(4.1) Rijnk + Rinkj + Rijn + ( Cijs Kipie + Cins Kij + Cixs Kijn ) ¥7 = 0
In view of the condition (1.18a), the identity (4.1) becomes
4.2) Rijnk + Rinkj + Rikjn + Cijs Hix + Cins Higj + Cies Hijy, = 0
The h-covariant differentiation of the identity (4.2), with respect to x™ , for nth order gives

(4.3) Rijnkim,imy|.imy T Rinkjimyimy|..imy, T Rikjnjm,my)..jmp
+( Cijs Higk + Cins Hiij + Cirs Hjy )|m1|m2|___|mn =0
Using the condition (2.2) in (4.3), we get
Amlmz...mn Rijhk + .umlmz...mn( 9in 9jk — Gik 9jn ) + lmlmz...mn Rihkj
+ Umim,..m, (gik Inj — 9ij 9nk ) + Amlmz...mn Rikjh
i, my.my (9ij Gien — Gin Giej)+(Cijs Hiage + Cins Hij + Cixs Hiy) =0

[mq|m;]...Jmy
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Since the metric tensor g, is symmetric, then the above equation implies to

Amlmz...mnRijhk + Amlmz...mnRihkj + Amlmz...mn Rikjh
+ (Cijs Hiy + Cins Hij + Cixs Hﬁ’)lmﬂmzl---lmn =0
or
(4.4) Amymy..m, (Rijnie + Rinkj + Rixjn)
+ ( Cijs Hiy + Cins Hij + Cis
Using the condition (4.2) in (4.4), we get
(4.5) (Cijs Hig + Cins Hij + Cires Hj;

h
J [mq|ma|.../my

= Amlmz...mn( Cijs Hﬁk + Cins H}ij + Ciks Hj§h)

HS
Jh )|m1|mz|...|mn

Thus, we conclude

Theorem 4.1. In GR"-n'"RE, , the tensor ( C;js Hyjy + Cins Hij + Cixs Hiy, ) behaves as the nth-
recurrent.

Transvecting (4.5) by y" , using (1.12b) and (1.10a), we get

(4.6) (Cijs Hi: — Ciks js ) = Amlmz...mn ( Cijs Hli — Ciks HjS ) .

Thus, we conclude

Theorem 4.2. In GR"-n*"RE, , the tensor (Ci js Hi — Ciks Hf ) behaves as the nth-recurrent.

[my|ma]...Jmy
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