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Abstract 

In the present paper, we introduce a Finsler space    for which the hv - curvature tensor 

satisfies the trirecurrent property in sense of Cartan. The relationship between hv - 

curvature tensor      
  and Douglas tensor     

  has been studied. We obtain the 

necessary and sufficient condition for some tensors to be trirecurrent .Finally, the 

trirecurrent property in a projection on indicatrix with respect to Cartan connection has 

been studied. 
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1. Introduction 

In this section, we introduced some definitions which are 

needed in this paper. The definition for normal projective 

tensor     
  and connection coefficients     

  for it was 

introduced by Yano [1]. The definition for Douglas tensor 

and some types of it was studied by Bacso and Matsumoto 

[2]. Saleem and Abdallah [3] and Pande and Tiwari [4] 

studied Finsler space    for which the normal projective 

hv- curvature tensor     
  is recurrent in the sense of 

Cartan’s. Saleem and Abdallah ([3], [5]), Qasem and 

Saleem [6] and Abdallah [7] obtained the necessary and 

sufficient condition for some tensors to be recurrent and 

birecurrent. Qasem [8] and AL – Owaidhani [9] discussed 

the properties trirecurrent Finsler spaces. Saleem ([10], 

[11]), Qasem [12], Gheorghe [13] and Abdallah [14] 

discussed the projection on indicatrix for some tensors 

Let us consider an n - dimensional Finsler space    

equipped with the line elements (x,y) and the fundamental 

metric function F positive homogeneous of degree one in 

  . The vectors     and    satisfy [15]  

      
      and      ̇     ̇       .   (1.1) 

The fundamental metric tensor     is defined as  

    
 

 
 ̇  ̇       (1.2) 

This tensor is homogeneous of degree zero in     and 

symmetric in its lower indices.  

 Cartan’s covariant derivative of the metric function F, 

vector    and unit vector    vanish identically, i.e. 

          

       
    

      
    

and 

      
  

 
       (1.3) 

Cartan’s covariant derivative of an arbitrary tensor   
   with 

respect to    is given by [16]  

     ̇ (    
 )  ( ̇   

 )
  

   
 ( ̇     

  )    ̇   
     

 , 

       
  ( ̇     

  )      
      

and 

       
          (1.4) 

K.Yano [1] defined the normal projective connection 

coefficients    
  by  
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   and         

   ̇    
 .  (1.5) 

The connection coefficients    
  is positively homogeneous 

of degree zero in
  

   and symmetric in their lower indices 

and the normal projective tensor     
  is defined as follows 

[1]: 

        
   ̇    

      
    

       
    

      , 

       
      

  
 

   
   

     
         

   

and 

       
   ̇     

     (1.6) 

    
  constitutes the components of a tensor. 

Also K. Yano [1] denoted the tensor      
   by      

 . Thus, 

       
      

  
 

   
   

     
         

   

and 

        
   ̇     

 .    (1.7) 

The tensor     
  is called hv-Curvature tensor and

 
    

  is 

connections of hv-curvature tensor [17], this tensor is 

homogeneous of degree -1 in   
iy and symmetric in its last 

two indices, i.e.      
      

 . 

Also this tensor satisfies the following: 

       
      

      
 , 

       
      

and 

      
         

        
    (1.8) 

The tensor    
  is called hv-torsion tensor and satisfies  

      
     

 , 

      
     

  

and 

      
        

       
    (1.9) 

where the tensor   
  is deviation tensor and homogeneous 

of degree 1 in     satisfy 

  
             (1.10) 

where    is positively homogeneous of degree 2 in    . 

The tensor     is called hv-Ricci tensor satisfies the 

following: 

a)     
        and   b)     

 

   
   , (1.11) 

where the tensor     is components of the of the projective 

connection coefficients. 

Douglas tensor [2] is given by   

    
      

  
 

 
      

       
    (1.12) 

Definition 1.1. The  projection of any tensor   
  on 

indicatrix is given by [13]  

    
    

   
   

 
    (1.13) 

where the angular metric tensor is homogeneous function 

of degree zero in    , the vector    and the unit vector 
il  

defined by ([13], [18]) 

    
     

      , 

           

and 

          .    (1.14) 

2. An U-Trirecurrent Space  

In this section, we introduce a Finsler space which     
  be 

trirecurrent in sense of Cartan. Also, we find the condition 

for some tensors which satisfy the trirecurrent property. 

Definition 2.1. A Finsler space    for which the normal 

projective  hv- curvature tensor     
  satisfies the condition  

          
          

 ,          
   ,  (2.1) 

where      recurrence covariant tensor field of third order, 

the  Finsler space will be called U – Trirecurrent Finsler 

space . We shall denote it briefly by UTR -  . 

Thus, we conclude  

Theorem 2.1. Every        for which the recurrence 

tensor field satisfies                 , is an      

  . 

Transvecting (2.1) by   , using (1.8c) and (1.3b), we get 

         
          

 .   (2.2) 

Contracting the indices i and j in (2.1) and using (1.11a) , 

we  get  

                  .   (2.3) 

Also, in view of (1.8a), the contracting of the indices i and 

h in (2.1), we get  

          
           

 .   (2.4) 

In view of (2.3) and (1.11b), we get  
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                  .   (2.5) 

Transvecting (2.2) by     , using (1.9c) and (1.3b), we get 

        
         

    (2.6) 

Transvecting (2.6) by     , using (1.10) and (1.3b), we get 

       
            (2.7) 

Contracting the indices i and k in (2.2) and using (1.9b), we 

get  

         
          

    (2.8) 

Thus, we conclude  

Theorem 2.2. The hv- torsion tensor    
 , the Ricci tensor

 
   , the tensor     

 , the Ricci tensor     the deviation    
 , 

the tensor    
 , the vector     and the tensor    

  of      

    are trirecurrent. 

       Let us consider        characterized by (2.1).  

Differentiating (1.5a) third covariantly with respect to   ,  

    and    in the sense of Cartan and using (1.3b), we get 

         
           

  
 

   
            

  (2.9) 

Using (2.2), (2.4) and (1.5a) in (2.9), we get  

         
         

    (2.10) 

Thus, we conclude  

Theorem 2.3. In an        , the tensor    
   is 

trirecurrent.  

Differentiating (1.12) third covariantly with respect to   , 

    and    in the sense of Cartan, we get  

          
            

  
 

 
   

             
           

     …(2.11) 

Using (2.1) and (2.3) in (2.11), we get  

          
           

  
 

 
(  

       
    )      (2.12) 

Using (1.12) in (2.12), we get  

          
          

       (2.13) 

Thus, we conclude 

Theorem 2.4. Douglas tensor     
  of         is 

trirecurrent. 

If Douglas tensor     
  is recurrent in a Finsler space, in 

which hv-Ricci tensor      is trirecurrent, then the space is 

necessarily UTR-    This may be seen as follows: 

The covariant derivative third of (1.12) with respect to   ,  

   and     in the sense of Cartan, gives 

          
            

  
 

 
   

             
           

     …(2.14) 

Using (2.13) and (2.3) in (2.14), we get  

          
           

  
 

 
(  

       
    ) …(2.15) 

Using (1.12) in (2.15), we get  

          
          

  

Thus, we conclude  

Theorem 2. 5. In a Finsler space   , if Douglas tensor 

    
  and the hv-Ricci tensor     are trirecurrent, then the 

space considered is necessarily UTR-  . 

3. Necessary and Sufficient Condition  

We shall try to find the necessary and sufficient condition 

for some tensors to be trirecurrent in          . 

        Let us consider an        characterized by 

condition (2.1).  

Differentiating (2.4) partially with respect to   , we get  

 ̇           
  ( ̇     )    

      ( ̇     
 ) (3.1) 

Using commutation formula exhibited by (1.4a) for 

        
 ,       

  and      
  and using (1.7b) in (3.1), we get 

           
        

 ( ̇     
  )      

 ( ̇     
  )  

     
    

           
 ( ̇     

  )        
 ( ̇     

  )  

      
 ( ̇     

  )       
      

 ( ̇     
  )     

 ( ̇     
  )  

     
    

     
             

 ( ̇     
  )          

 ( ̇     
  )  

        
 ( ̇     

  )          
 ( ̇     

  )          
  

    
 ( ̇     

  )      
 ( ̇     

  )       
    

       
  

       
 ( ̇     

  )        
 ( ̇     

  )        
 ( ̇     

  )    
  

      
      

 ( ̇     
  )      

 ( ̇     
  )       

    
     

    
  

( ̇     )    
           

    (3.2) 

This shows that 
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if and only if  

      
 ( ̇     

  )      
 ( ̇     

  )       
    

     

      
 ( ̇     

  )        
 ( ̇     

  )        
 ( ̇     

  )  

      
      

 ( ̇     
  )      

 ( ̇     
  )       

    
     

     

        
 ( ̇     

  )          
 ( ̇     

  )          
 ( ̇     

  )  

        
 ( ̇     

  )          
      

 ( ̇     
  )  

    
 ( ̇     

  )       
    

       
         

 ( ̇     
  )  

      
 ( ̇     

  )        
 ( ̇     

  )    
        

  

    
 ( ̇     

  )      
 ( ̇     

  )       
    

     
    

  

( ̇     )    
       (3.3) 

Thus, we conclude  

Theorem 3.1. The tensor      
  of        is trirecurrent 

if and only if equation (3.3) holds.  

Transvecting (3.2) by     , using (1.4b), (1.4c) and (1.3b), 

we get 

              
              

  

if and only if  

      
    

         
 ( ̇     

  )          
 ( ̇     

  )  

        
 ( ̇     

  )        
    

           
      

    
   

    
    

      
               

 ( ̇     
  )  

          
 ( ̇     

  )          
    

             
 ( ̇     

  )  

          
      

    
       

    
        

  

         
 ( ̇     

  )          
 ( ̇     

  )        
    

      
  

      
      

    
       

    
      

    
    

  ( ̇     )    
       (3.4) 

Thus, we conclude  

Theorem 3.2. In an       , the directional derivative of 

the tensor      
  in the directional of    is proportional to 

the tensor      
  if and only if equation (3.4) holds.  

If we adopt the similar process for (3.2), we get the 

following theorem 

Theorem 3.3. In an       , the directional derivative of 

the tensor      
  in the directional of      is proportional to 

the tensor      
  if and only if equation 

        
 ( ̇     

  )      
    

          
    

     

      
     

         
    

         
    

      

        
 ( ̇     

  )          
 ( ̇     

  )  

        
 ( ̇     

  )          
 ( ̇     

  )          
  

    
 ( ̇     

  )      
 ( ̇     

  )       
    

         
  

       
    

         
    

         
    

      
  

  ( ̇     )    
     holds. 

If we adopt the similar process for (3.2), we get the 

following theorem 

Theorem 3.4. In an       , the directional derivative of 

the tensor      
  in the directional of     is proportional to 

the tensor      
  if and only if equation 

        
 ( ̇     

  )      
 ( ̇     

  )  

     
    

           
 ( ̇     

  )        
 ( ̇     

  )  

      
 ( ̇     

  )       
      

 ( ̇     
  )     

 ( ̇     
  )  

     
    

     
             

    
           

    
   

        
    

           
    

   ( ̇     )    
     holds.  

Differentiating (1.7a) three times with respect to    ,     

and    in the sense of Cartan’s, we get    

          
            

  
 

   
   

           
               

  

        …(3.5) 

Using (2.1), (1.7a), and (3.2) in (3.5), we get  

          
          

  
 

   
        

 ( ̇     
  )  

    
 ( ̇     

  )       
    

           
 ( ̇     

  )  

      
 ( ̇     

  )        
 ( ̇     

  )        
      

 ( ̇     
  )  

    
 ( ̇     

  )       
    

     
             

 ( ̇     
  )  

        
 ( ̇     

  )          
 ( ̇     

  )          
 ( ̇     

  )  

        
      

 ( ̇     
  )      

 ( ̇     
  )       

    
       

  

       
 ( ̇     

  )        
 ( ̇     

  )        
 ( ̇     

  )    
  

      
      

 ( ̇     
  )      

 ( ̇     
  )       

    
     

    
  

( ̇     )    
     (3.6) 

Therefore 

          
          

   

if and only if (3.5) holds.  

Thus, we conclude  

Theorem 3.5. The tensor     
  of         is trirecurrent 

if and only if equation (3.3) holds.  
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Transvecting (3.6) by      and using (1.1a), we get 

   

  (          
          

 )  
 

   
      

 ( ̇     
  )  

    
 ( ̇     

  )       
    

           
 ( ̇     

  )  

      
 ( ̇     

  )        
 ( ̇     

  )        
      

 ( ̇     
  )  

    
 ( ̇     

  )       
    

     
             

 ( ̇     
  )  

        
 ( ̇     

  )          
 ( ̇     

  )          
 ( ̇     

  )  

        
      

 ( ̇     
  )      

 ( ̇     
  )       

    
       

  

       
 ( ̇     

  )        
 ( ̇     

  )        
 ( ̇     

  )    
  

      
      

 ( ̇     
  )      

 ( ̇     
  )       

    
     

    
  

( ̇     )    
     (3.7) 

Using (3.6) and (1.3d) in (3.7), we get  

     
          

                      
          

   (3.8) 

Thus, we conclude  

Theorem 3.6. The tensor     
          

  of         is 

trirecurrent.  

Theorem 3.7. The tensor     
  of         is trirecurrent 

if and only if          
  is trirecurrent in an       .  

Transvecting (3.6) by     , using (1.4b), (1.4c) and (1.3b), 

we get 

  (          
          

 )  
  

   
      

     
   

    
    

               
 ( ̇     

  )          
 ( ̇     

  )  

        
 ( ̇     

  )        
      

    
       

    
        

     

          
 ( ̇     

  )            
 ( ̇     

  )          
    

   

          
 ( ̇     

  )            
      

    
   

    
    

        
           

 ( ̇     
  )          

 ( ̇     
  )  

      
    

      
          

      
    

       
    

      
    

  

  ( ̇     )    
     (3.9) 

which implies  

            
            

  

if and only if  

      
     

       
    

               
 ( ̇     

  )  

         
 ( ̇     

  )           
 ( ̇     

  )  

      
      

    
       

    
        

     

          
 ( ̇     

  )            
 ( ̇     

  )  

        
    

             
 ( ̇     

  )            
  

    
    

       
    

        
           

 ( ̇     
  )  

        
 ( ̇     

  )        
    

      
          

  

    
    

       
    

      
    

    ( ̇     )    
    

             …(3.10) 

Thus, we conclude  

Theorem 3.8. In an       , the directional derivative of 

the tensor     
  in the directional of      is proportional to 

the tensor     
  if and only if equ. (3.10) holds.  

If we adopt the similar process for (3.6), we get the 

following theorem 

Theorem 3.9. In an       , the directional derivative of 

the tensor     
  in the directional of      is proportional to 

the tensor     
  if and only if equation 

        
 ( ̇     

  )        
 ( ̇     

  )  

       
    

           
    

         
    

         
    

      

          
 ( ̇     

  )            
 ( ̇     

  )  

          
 ( ̇     

  )          
    

           
  

    
 ( ̇     

  )      
 ( ̇     

  )       
    

         
  

       
    

         
    

         
    

      
  

  ( ̇     )    
     holds.   

4. Projection on Indicatrix with Respect to Cartan’s 

Connection  

In this section, we prove that, if the tensors are trirecurrent, 

then the projection of them are trirecurrent       . 

Also, we find the condition for the projection of some 

tensors on indicatrix be trirecurrent.   

       Let us consider a Finsler space nF  for which the hv- 

curvature tensor     
  is trirecurrent in the sense of Cartan, 

i.e. characterized by (2.1). 

Now, in view of (1.13), the projection of the hv- curvature 

tensor     
  on indicatrix is given by  

      
      

   
   

   
   

     (4.1) 

Taking covariant derivative of (4.1) with respect to   ,       

and     in the sense of Cartan and using the fact that 

    
   , we get 
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  (4.2) 

Using (2.1) in (4.2), we get 

        
                 

   
   

   
   

  (4.3) 

In view of (1.13) and by using the fact that      
   ,  equ. 

(4.3) can be written as 

        
                     

   

This shows that         
  is trirecurrent. 

Thus, we conclude  

Theorem 4.1. The projection of the hv- curvature tensor 

    
  of UTR-   on indicatrix is trirecurrent in the sense of 

Cartan.  

If we adopt the similar process for (2.2), (2.3), (2.5), (2.6), 

(2.7) and (2.10), we get the following theorem 

Theorem 4.2. The projection of the hv-torsion tensor    
 , 

the hv-Ricci tensor    , the Ricci tensor      
, the hv-

torsion tensor    
 , the deviation tensor   

 , the vector    

and Douglas tensor     
   of  UTR-   on indicatrix are 

trirecurrent in the sense of Cartan. 

      Let us consider a Finsler space    for which the 

projection of the hv-curvature tensor     
  on indicatrix is 

trirecurrent with respect to Cartan’s connection 

characterized by (2.1). 

Using (1.13) in (2.1), we get  

(    
   

   
   

   
 )

      
         

   
   

   
   

  (4.4) 

Using (1.14a) in (4.4), we get 

     
      

          
          

          

    
          

              
          

    
                              

      
      

    
          

              
          

          

    
              

                (4.5) 

Using (2.9), (2.10) and (1.3d) in (4.5), we get 

     
  

 

 
   

    
 

 
   

        
         

        

 

 
   

                        
  

 

 
   

    
 

 
   

    

    
         

        
 

 
   

          (4.6) 

Now, if the hv- torsion tensor     
  is  trirecurrent in the 

space considered, we have 

         
         

  (A) 

In view of (A), (1.3a) and (1.3b), the equation (4.6) can be 

written as  

     
      

                      
      

       (4.7) 

Thus, we conclude  

Theorem 4.3. If the projection of the tensor     
  

    
       on indicatrix is trirecurrent, then the space is 

UTR -   characterized by (2.1), provided    
  is 

trirecurrent in the sense of Cartan.   

From theorem (4.3), we can also conclude  

Theorem 4.4. In an UTR -  , the projection of the tensor 

    
  on indicatrix is trirecurrent, if and only if 

 
    

    is 

trirecurrent.  

If we adopt the similar process for (2.2), (2.3) and (3.19), 

we get the following theorem 

Theorem 4.5. If the projection of the tensor (   
  

   
      ), the hv-Ricci tensor     and  the tensor (    

  

    
      )  on indicatrix are trirecurrent, then the space is 

UTR -   . 

From theorem (4.5), we can also conclude  

Theorem 4.6. In an UTR -  , the projection of the hv- 

torsion tensor    
 , the tensor     

  on indicatrix are 

trirecurrent, if and only if
  

(    
   ) and (      

 ) are 

respectively trirecurrent.  
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 بحث علمي  

  المعاودة ثلاثي  𝑼 فضاء فنسلر  حول

 عبد الستار علي هحسي سلين

  قسن الزياضياث، كليت العلوم، جاهعت عدى ـ اليوي
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 الملخص مفاتيح البحث

في هذا البحث قدهنا الكويت الووتدة التقوسيت لفضاء فنسلز التي تحقق خاصيت 

ثلاثي الوعاودة بالنسبت لكارتاى. وتن دراست العلاقت بيي الكويت الووتدة التقوسيت 

𝑈𝑗𝑘 
𝑖  والكويت الووتدة لدوجلاس𝐷𝑗𝑘 

𝑖 وأخيزا تن دراست الصورة الاسقاطيت .

 .اىلثلاثي الوعاودة بالنسبت لكارت
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