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satisfies the trirecurrent property in sense of Cartan. The relationship between hv -
hn and Douglas tensor Dj, has been studied. We obtain the

necessary and sufficient condition for some tensors to be trirecurrent .Finally, the

trirecurrent property in a projection on indicatrix with respect to Cartan connection has

1. Introduction

In this section, we introduced some definitions which are
needed in this paper. The definition for normal projective

tensor Ny, and connection coefficients U}kh for it was
introduced by Yano [1]. The definition for Douglas tensor
and some types of it was studied by Bacso and Matsumoto
[2]. Saleem and Abdallah [3] and Pande and Tiwari [4]
studied Finsler space F, for which the normal projective
hv- curvature tensor jikh is recurrent in the sense of
Cartan’s. Saleem and Abdallah ([3], [5]), Qasem and
Saleem [6] and Abdallah [7] obtained the necessary and
sufficient condition for some tensors to be recurrent and
birecurrent. Qasem [8] and AL — Owaidhani [9] discussed
the properties trirecurrent Finsler spaces. Saleem ([10],
[11]), Qasem [12], Gheorghe [13] and Abdallah [14]
discussed the projection on indicatrix for some tensors

Let us consider an n - dimensional Finsler space F,
equipped with the line elements (x,y) and the fundamental
metric function F positive homogeneous of degree one in
yt. The vectors y; and y* satisfy [15]

a) y;y' = F? and b) 0;y; = 0;; = gi;. (1.1)
The fundamental metric tensor g;; is defined as

1

This tensor is homogeneous of degree zero in  y‘ and
symmetric in its lower indices.

Cartan’s covariant derivative of the metric function F,
vector y* and unit vector [¢ vanish identically, i.e.

Cl) F“ = 0
b) y; =0
l=0
and
PV
d)l'= - (1.3)

Cartan’s covariant derivative of an arbitrary tensor T} with
respect to x! is given by [16]

a) 9;(Tiy) — (@Tﬁ)ll =Ty (9; Iy') — @:- TP},

b) P = (0; il )y" = I;i"
and

) Piyt=0 (1.4)
K.Yano [1] defined the normal projective connection
coefficients 1}, by

* Correspondence to: Department of Mathematics, Faculty of Sciences, University of Aden- Yemen.

E-mail address: saleemabdalstar@gmail.com



https://uajnas.adenuniv.com/
https://uajnas.adenuniv.com/
https://doi.org/10.47372/uajnas.2024.n1.a02

Abdalstar A. M. Saleem

Univ. Aden J. Nat. and Appl. Sc. Vol.28 (1) (2024)

a) My = Gfy, = ¥'Glr and b) Gy = 0; G- (1.5)

The connection coefficients H}k is positively homogeneous
of degree zero in y* and symmetric in their lower indices

and the normal projective tensor Nj, is defined as follows

[1]:
@) Njen = OjlTin + My M5y + Mo Ty = kel

. . 1 . .
b) My, = Gjp, — 1 (6 Glr + ¥'Glieny)
and
) Wi, = 0T (1.6)

H}'kh constitutes the components of a tensor.
Also K. Yano [1] denoted the tensor I}, by U},. Thus,

) . 1 . .
a) U]'lkh = G]'Lkh - n+1 (6]'1 jrkr + ylG]rkhr)
and
b) Gjknr = 6jG£hr' (1.7)

The tensor U, is called hv-Curvature tensor and Gy, is
connections of hv-curvature tensor [17], this tensor is
homogeneous of degree -1in Yy "and symmetric in its last
two indices, i.e. U, = Ufy,.

Also this tensor satisfies the following:

a) jrrh = ]Tkr = jrkrv
b) U;khyj =0
and
C)U}kh yh = U}hk yh = U}k (1.8)

The tensor Uy, is called hv-torsion tensor and satisfies

a) Ujik = Ulicj/
b) U}, = Gy,
and
o) Uy y* = Ui, y* = G (1.9)

where the tensor G}' is deviation tensor and homogeneous
of degree 1 in y! satisfy

Giy/ = 26! (1.10)

where G' is positively homogeneous of degree 2 in y*.
The tensor Uy, is called hv-Ricci tensor satisfies the
following:

8) Uy = Upn and b) Upy = —— Gy, (1.11)

n+1
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where the tensor Gy, is components of the of the projective
connection coefficients.
Douglas tensor [2] is given by

. . 1 . .
Djin = Ujyn, — ;(Ukh6jl + Ujni) (1.12)

Definition 1.1. The projection of any tensor Tj" on
indicatrix is given by [13]

p.T! = TEhih? (1.13)

where the angular metric tensor is homogeneous function
of degree zero in y', the vector y* and the unit vector |
defined by ([13], [18])

a)hl:= 68/ — I'l;,

b) p.y' =0
and

c) p.l' =0. (1.14)
2. An U-Trirecurrent Space

In this section, we introduce a Finsler space which }kh be
trirecurrent in sense of Cartan. Also, we find the condition
for some tensors which satisfy the trirecurrent property.
Definition 2.1. A Finsler space F, for which the normal
projective hv- curvature tensor U}kh satisfies the condition

Ulenitimin = bimnUlens — Ulgn # 0, (2.1)

where by, recurrence covariant tensor field of third order,
the Finsler space will be called U — Trirecurrent Finsler
space . We shall denote it briefly by UTR -E,.

Thus, we conclude

Theorem 2.1. Every UBR — F, for which the recurrence
tensor field satisfies  a;pn + aymd, # 0, is an UTR —
E,.

Transvecting (2.1) by y", using (1.8c) and (1.3b), we get

Ulitimin = bimn U (2.2)

Contracting the indices i and j in (2.1) and using (1.11a) ,
we get

Ukh|l|m|n = bynnUxn. (2.3)

Also, in view of (1.8a), the contracting of the indices i and
hin (2.1), we get

Gjrkrlllmm = blmnGﬁcr- (2.4)

In view of (2.3) and (1.11b), we get
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Gkh|l|m|n = bynnGin- (2-5)

Transvecting (2.2) by y* , using (1.9¢) and (1.3b), we get

Gjilllm|n = blmnGji (2.6)
Transvecting (2.6) by y/ , using (1.10) and (1.3b), we get
Glymin = bimnG' 2.7)

Contracting the indices i and k in (2.2) and using (1.9b), we
get

.
Girltymin

= blmn G]?; (28)

Thus, we conclude

Theorem 2.2. The hv- torsion tensor jik, the Ricci tensor
Uj, the tensor G}, the Ricci tensor G, the deviation G/,

the tensor G/, the vector G' and the tensor G/, of UTR —

F, are trirecurrent.

Let us consider UTR — F,, characterized by (2.1).
Differentiating (1.5a) third covariantly with respect to x!,
x™ and x™ in the sense of Cartan and using (1.3b), we get

Hi

— i 1 irr
jklimin = Gjkjmin — 7Y Gieritimn (2.9)

Using (2.2), (2.4) and (1.5a) in (2.9), we get

Gjiklllmln = blmnGjik (2.10)

Thus, we conclude

Theorem 23. In an UTR— F,, the tensor Gj, s
trirecurrent.

Differentiating (1.12) third covariantly with respect to x!,
x™ and x™ in the sense of Cartan, we get

. . 1 .
Dixnjumin = Ujknjiymm — 3 (8} Uknjiimin + Ok Ujnjumm)
.11

Using (2.1) and (2.3) in (2.11), we get

. . 1 .
Djxnjijmin = @umn{Ujien — 2 (5}Ukh + 5llchh)} (2.12)

Using (1.12) in (2.12), we get
Djikhlllmm = almnDjikh (2.13)

Thus, we conclude
Theorem 2.4. Douglas tensor th of
trirecurrent.

UTR —E, is

E-ISSN: 2788-9327

If Douglas tensor th is recurrent in a Finsler space, in
which hv-Ricci tensor Uy, is trirecurrent, then the space is
necessarily UTR-F,. This may be seen as follows:

The covariant derivative third of (1.12) with respect to x!,
x™ and x™ in the sense of Cartan, gives

i i 1 qi i
Ujknitimin = Djknjtimin + 5 (6 Uknjimpn + 8k Ujnjipmin)
...(2.14)
Using (2.13) and (2.3) in (2.14), we get

. , L ,
Ujlkhlllmln = almn{Dijh + E((S}Ukh + 5}{[]]}1)}(215)
Using (1.12) in (2.15), we get

i _ i
Ujkh|l|m|n = Qimn Ujkh

Thus, we conclude
Theorem 2. 5. In a Finsler space E,, if Douglas tensor

D}kh and the hv-Ricci tensor Uy, are trirecurrent, then the

space considered is necessarily UTR-E,.
3. Necessary and Sufficient Condition

We shall try to find the necessary and sufficient condition
for some tensors to be trirecurrentin UTR — F, .

Let us consider an UTR — F, characterized by
condition (2.1).
Differentiating (2.4) partially with respect to y", we get

ahG]Tkr|l|m|n = (ahalmn)Gjrkr + Qynn (3hGﬁcr)

Using commutation formula exhibited by (1.4a) for

Gliriim» Gjrerp @0 Gjy, and using (1.7b) in (3.1), we get

Genritimin—{Glir (O T;i*) + GJip(On i) +
Gs;krphl}|m+Gskr|l(ah m)+G srll(ah Lan) +

)+ (Gl =Glier (9 i)+ Gl (05 Iif) +
Géeriiim (On T’ ) = Glopum (O i) —
Gerttts(On L) = {Gjery =

Glier (05 I37*) = Gjer (05 1) = Gljar P} ymPrin —
{Gtern(9s Tim) = Gitrn(9s Tiam) = Gjierye(9s Lo )}Pin =
{Gjur = Gler (90 i) = Gfer (00 Tid') = Gojier Pt} PimPrin. =

(ah almn)Gjrkr + Qimn G]?;(hr (32)

]kr|s(ah
thkrpsl)th]ln -

Jkr|s|m(ah rln )

This shows that

T —_ T
jkhr|lmin = Gimn ijhr
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if and only if
skr(ah ) + ]sr(ah ) + GSJkrPhl}lm +
skrll(ah ) +G sr|l(ah ) + }?;cr|s(ah I—i:rf) +

(Gsrkhr_GtTkr(as L )+ jtT‘(a L) + GLiter P& Pl +
Gaieritm (On T®) + Glopym (O Ti) + Glerysim (90 L) +
]krllls(ah L)+ {Gsjirn — Gl (05 nt
Glor (05 Ii) = Glisr P& mPrn + (Gliri (95 Ty

Glerit (95 Tim) = Gier1e(Os Tt )YPrn + (Gljaer —
trkr(av Gft ]t‘r(a Gc*lt) Gy jkr PO YPim Pivy, +

(0nGimn)Gher = 0 (3.3)

Thus, we conclude

Theorem 3.1. The tensor Gjp,,. of UTR — F, is trirecurrent
if and only if equation (3.3) holds.

Transvecting (3.2) by y!, using (1.4b), (1.4c) and (1.3b),
we get

yl jkhr|llmin = almny khr
if and only if
[{G;'RTI;:? + ylGjrsr (ah rléfl)}lm*'G;”kﬂl(ah I;jrf) +
ylG'rsru(ah Lom) + Terishim + OV Gliny — Gl I5F +

jtr sk )th]|n +y Gskrlllm(ah jn ) +

y srlllm(ah I—;cn) +G kr|s|mrhn + y krllls(ah mn) +

{y stkr|l - Gtkrrs*' - ]tr sk }ImPhn
{y Gtkr|l(as ) y tr|l(a I—;cm) ]?;cr|t1—;y;r€}Pftl-n +
{thkr - Gtk‘r[i';j - ]t‘r vk }Pstmphny +

yl(a.halmn)G]rkr =0 (3.4)

Thus, we conclude

Theorem 3.2. Inan UTR — F,, the directional derivative of
the tensor G}, in the directional of y* is proportional to
the tensor G, if and only if equation (3.4) holds.

If we adopt the similar process for (3.2), we get the
following theorem

Theorem 3.3. Inan UTR — F,, the directional derivative of
the tensor Gjy, in the directional of y™ is proportional to

the tensor Gjyy, if and only if equation
[{ym ;kr(ah )+ ]srrh*ks + y
Gsk‘r|l I—;U + ]srlll—h*lf + Gj kr|s[;11 ]ln

sjkrPifl}lm +

E-ISSN: 2788-9327

Gskrlllm(ah S)+G srlllm(ah Gas) +

Gjrkr|s|m(ah L)+ jrkr|z|s(ah Lis) + {Gjrri —
Dier (05 ;') - JtT(a Lt - Glikr Pitmy ™ P +

{Gtrkrurs;'t - ]tr|lF - ]kr|t }Phn

ym(a'halmn)Gﬁ(r = 0 holds.

If we adopt the similar process for (3.2), we get the
following theorem

Theorem 3.4. In an UTR — E,, the directional derivative of
the tensor Gjyp,,- in the directional of y™ is proportional to

the tensor Gjyp,,- if and only if equation
Y {GEr (On Ti%) + Glor (O Tim) +
Gs;krth}|m+Gskr|z(ah )+ G sr|l(ah L) +
Glirts (On T )+ (Glinr—Glier (95 Ii*) 4G (05 T +
GLir PO Prml i + GirrpmIng + GlerpmIne +

G]rkr|s|mrhl + G; krlllsrhm + (ahalmn) jkr = 0 holds.

Differentiating (1.7a) three times with respect to x! , x™
and x™ in the sense of Cartan’s we get

r
ijhr|l|m|n)

...(35)

i _ i _ i
Ujkh|l|m|n — Yjkh|m|n 44 ( ]kr|l|m|n + y

Using (2.1), (1.7a), and (3.2) in (3.5), we get

Giniiimin Lyi[{Gsrkr(a‘h L) +

GJrsr(ah L) + GSJkrPhl}|m+Gskr|l(ah )+
Gisrit(On Tim) + Glerts (On Tim) + (Genr —=Gier (9 ;i) +

Gjrtr(as Lif) + Gl PPyl — G

]srlllm(ah rkn) kr|s|m(ah rln )

i
— Qimn ijh -

srkrlllm(ah I;r*ls) -

krllls(ah mn) -

{G;jkru - Gtrkr(as 1—'-1* ) ]tr(a rk*lt) Gt}kr l}ImPhn -
{Gtkr|l(as jm) 15r|l(a rk*rfl) Gjrkr|t(as I—i;rf)}Pign -
{G{jkr - Gtrkr(av I;Z ) ]tr(a rk*lt) karptl}PsthIfn -
(a.halmn)Gjrkr (3.6)
Therefore

i _ i
Giknlimin = GmnGjrn

if and only if (3.5) holds.
Thus, we conclude
Theorem 3.5. The tensor Gkh of UTR — E, is trirecurrent

if and only if equation (3.3) holds.
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Transvecting (3.6) by y; and using (1.1a), we get

7 (Giknitimin — GumnGlien) = = (G (90 [i®) +
Glor (On Tim) + GSJkTPhl}|m+G.:kr|l(ah L)+
]sr|l(ah ) + ]’Tkr|s(ah )+ (Glenr— Gtkr(as it )+
Gler (05 Ti) + Glljer PSP in = Giierpum (9n [ —
Gleritim(On i) = Glirisim (On I1n°) = Glierpus (On i) —

{GSJkr|l ngr(as []'l*t ]t‘r(a [k*lt) Gt}kr l}ImPhn -

{G:kﬂl(as *t) r|l(6 ) kr|lt(a I—i:rf)}Phn

{G{jkr - ngr(av []'ikt ]t‘r(a [k*lt) kar Z}PS%nPﬁqn -

(ahalmn)G}?;cr (37)
Using (3.6) and (1.3d) in (3.7), we get

(G; — 11 Gkh)|l|m|n = Qmn (G} jkh|llm — 1l Gkh) (3.8)

Thus, we conclude

Theorem 3.6. The tensor Gy, — 'L, G}y, of UTR —F, is

trirecurrent.

Theorem 3.7. The tensor G/ ikn Of UTR — E, is trirecurrent

if and only if 1G], kn IS trirecurrentin an UTR — F,.

Transvecting (3.6) by y', using (1.4b), (1.4c) and (1.3b),

we get

Y (Glenjumin = GmnGhin) = 7 [{Gskr
Gj?;rI;L*IcS}Im+ yngkrll(ah I;:rf) + y Ggrll(ah Fk*;‘fl) +

y kr|s(ah lm) + {Gskhr Gtkrrsf—l' jtr sk }y th]

y Gskrlllm(ah jn ) y srlllm(ah Fkn) kr|s|thrf -

y krllls(ah mn) {y Gsﬂcr|l Gt,rkr[;'j' -
]tr sk }ImPhn {y Gtkr|l(as ]m) y tr|l(a I—km)

jkr|t1—;;1€t}Phn - {y thkr - Gtk‘rr tr vk }Psthhn -
yl (a.halmn)G]rkr (3-9)
which implies

G jkh|llm|n — = QymnY G

if and only if

[{Gskr I—;l*js + G]rsr['*s}lm'l' y Gskr|l(ah ]m) +

sr|l(ah [;cm) + y kr|s(ah lm) +

E-ISSN: 2788-9327

{Gsknr—Giier s*t+G T 3 th]|n
Y Gleriiim (On ) = ¥ Gl (90 i) =
GikrisimIhn — Y G'Tkr|z|s(an Lis) — Gsjrrl —
tkrr*t G]Ttrrszt}lmphn {v Gtkrll(as ]m
Gler (05 Tim) = Glire s} Pin — ' Glljaer —
tkrr*t G};T[;J }Pstmphn yl(éhazmn)Gﬁcr =0
...(3.10)

Thus, we conclude

Theorem 3.8. In an UTR — F,, the directional derivative of
the tensor G ikn In the directional of y! is proportional to
the tensor G} ikn 1T @nd only if equ. (3.10) holds.

If we adopt the similar process for (3.6), we get the
following theorem

Theorem 3.9. In an UTR — E,, the directional derivative of
the tensor G jen in the directional of y™ is proportional to
the tensor G}, if and only if equation

[{y skr(ah ) + ymG]rsr(ah L) +

Y Gojir Pitimt Gsirilhy + Gisrplhe + GiirsThi' I —
Y™ Glertim (On I177) = Y™ Glorpym (On Ticn) —

Y™ Gerisim (On Tiv) = Glrerpus T = {Gijrrn —

Gtrkr(as F'?t) - Gjrtr(as Fk*lt) - Gtrjkrpstl}lmympiin -
(Glrnls; = Glerulsk = Glier el YPhn —
ym(ahalmn)G{kr = 0 holds.

4. Projection on Indicatrix with Respect to Cartan’s
Connection

In this section, we prove that, if the tensors are trirecurrent,
then the projection of them are trirecurrent UTR — F,.
Also, we find the condition for the projection of some
tensors on indicatrix be trirecurrent.

Let us consider a Finsler space F, for which the hv-

curvature tensor h is trirecurrent in the sense of Cartan,

i.e. characterized by (2.2).
Now, in view of (1.13), the projection of the hv- curvature
tensor Uf,;, on indicatrix is given by

p. Ukh = Upeqh,h? hihy; (4.1)

Taking covariant derivative of (4.1) with respect to x!, x™
and x™ in the sense of Cartan and using the fact that

=0, we get
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@ Ul imin = Upcapimpnhihf hihi: (4.2)
Using (2.1) in (4.2), we get
(p kh)|l|m|n - Alanbcdhl hbhkhg (43)

In view of (1.13) and by using the fact that h
(4.3) can be written as

L =0, equ.

(p . Uj'ikh)|l|m|n = Almn(p . Ujikh)

This shows that p .
Thus, we conclude
Theorem 4.1. The projection of the hv- curvature tensor
U}kh of UTR-F, on indicatrix is trirecurrent in the sense of
Cartan.

If we adopt the similar process for (2.2), (2.3), (2.5), (2.6),
(2.7) and (2.10), we get the following theorem

Theorem 4.2. The projection of the hv-torsion tensor U}k,
the hv-Ricci tensor Uy, the Ricci tensor Gy, , the hv-

hn s trirecurrent.

torsion tensor j"k, the deviation tensor G}, the vector G*
and Douglas tensor Dj"kh of UTR-E, on indicatrix are
trirecurrent in the sense of Cartan.

Let us consider a Finsler space FE, for which the
projection of the hv-curvature tensor U, ikn ON indicatrix is

trirecurrent with respect to Cartan’s connection
characterized by (2.1).

Using (1.13) in (2.1), we get

(chdh‘hbhchh)“ml = AmnUfeqhbh! h it (4.4)

Using (1.14a) in (4.4), we get

Ufen £y + Ul g €182y, —
Ulp o) —

(Ujikh - Ujikdfdfh -
Uj‘}ch{’i{’a + Uj‘}(d{’i{’a{’d{’h +
Uj%d{)i{)a{m{)k{)d{)h)lllmm = Almn(U'ikh - Ujfllcd{)d{)h -
U-i n ) + U-hdi’c{’k{’d{’h = Ufint* b+ eat L0, 0%, +

10,00, 050, — Ul 010,050, £%8),) (4.5)

Using (2. 9) (2.10) and (1.3d) in (4.5), we get

Uhen — 3 U — = Ul i — Ufin 80 + Uil 8oty +

1 : .

¥ ﬁlflfafk)lllmm = Almn(Ujlkh U]k[h 7 ]h[k
Uint o + USL oty + 2 US L0 8) (4.6)
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Now, if the hv- torsion tensor Uk is trirecurrent in the
space considered, we have

Uj'Lklllmln = Alanij A)
In view of (A), (1.3a) and (1.3b), the equation (4.6) can be
written as

(Ujikh - Uﬁch{)i{)a)lllmln = Almn(Ujikh - Uﬁcheifa) (4-7)

Thus, we conclude
Theorem 4.3. If the projection of the tensor U]-"kh -
Ufint't,
UTR -E, characterized by (2.1),
trirecurrent in the sense of Cartan.
From theorem (4.3), we can also conclude
Theorem 4.4. In an UTR -E,, the projection of the tensor
Ujikh on indicatrix is trirecurrent, if and only if Uj,?,
trirecurrent.
If we adopt the similar process for (2.2), (2.3) and (3.19),
we get the following theorem
Theorem 45. If the projection of the tensor (U}, —
4 £1¢,), the hv-Ricci tensor Uy, and the tensor (Dfy,
) ikh £¢,) on indicatrix are trirecurrent, then the space is
UTR-E, .
From theorem (4.5), we can also conclude
Theorem 4.6. In an UTR -F,, the projection of the hv-
torsion tensor U}, the tensor Df, on indicatrix are

?,) and (£,Df,) are

on indicatrix is trirecurrent, then the space is
provided Uj, s

trirecurrent, if and only if (U}
respectively trirecurrent.
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