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In this paper, we introduce generalized q-Humbert function, some properties of this
function, g-difference equations and recurrence relations are derived.

1. Introduction

The theory of the quantum g-calculus has recently been
applied in many areas of pure and applied mathematics as
well as in such other disciplines as (for example) biology,
physics, electrochemistry, economics, probability theory
and statistics. Many special functions of mathematical
physics have been shown to admit generalizations to a base
q, which are usually referred to as g-special functions. The
q-special functions have important roles in many branches
of mathematics and mathematical physics (see, for example,
[1,2,3,4,5, 6,7,8,9,10, 13, 14, 15]).

For the convenience of the reader, we first provide a
summary of the mathematical notations and some basic
definitions of the g-calculus for |q| < 1, which we need to
use in this work.

Let the g-analogues of Pochhammer symbol or g-shifted
factorial be defined by [4,6,7,13]

[a]q:%, 0<lgl<LgeCc—{1}; aec, (L1

1_
where

li Cim =
ql—r}}[a]q - ql—r}} 1 — q =a
The g-analogue of n! is then defined by
1 ’ n= O
=
ot {[n]q[n ~1],..[21,[1],, nenN (1.2)

Or
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_n _rn (1-4% _ @on
[nlg! = Miealklg = Moy (55) = (225, nenN. (19)
The g-shifted factorials are defined by [9]
1 , n=0
(@ q), = {Hﬁié(l _ aqk) ,  nEN (1.4)
k. _ (@ .

@q"; On-r =5 imk€EZ (1.5)

(@ Dnvr = (@ Dn(aq™; O, (1.6)

where a,q € Rsuchthat0 < g < 1.
Exton [4] presented the whole family of basic g-exponential
function as:

E(u 2 q) = Yo qhnn—D 2= (1.7)

[n]q!'
Where
(@:D)n
| =
[n],! )"
The one parameter family of g-exponential function
o n
(@) _ anz/ Z
EC@ =) g
1 o] (@ Dn
With a € R has been considered in [5]. Consequently, in the
limit when g — 1, we have

Li_r}r} E,ga)((l — q)z) = e’

In Exton's formula, if we replace z by ﬁ and p by 7, we get

E(a X ) )—E( )
2;1_q;q - qxlal
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where

Ey(x,@) = B0 "2 o

The above g-function can be rewritten by the formula
DyEq(x,a) = - E,(q°%, a). (1.9)
Where the Jackson g-difference operator D, is defined by
[7,13]

qu(x) = M’ (1_10)

(1-g)x
and satisfies the product rule

Dy(f()g(x)) = f(qx)Dag(x) + g(x) Do f ().

(1.8)

(1.11)

Dq(f1(x)-f2(x)-f3(x)) = Da{f1()}. f2(x). f3(x) +
f1(@x)Da{f2(x)}. f5(x) + f1(qx). f2(gx) Dy {f3(x)}. (1.12)

In the earlier works [13,16], the Humbert function J,, ,, (x) is
defined by means of the generating function:

exp ( (u +t- —)) = Yme—oo Jnm () u™t". (1.13)

t
or, more generally, as follows:

]n,m(x) =
1

x m+n x3
(E) T(m+1r(n+1) of2 (_’m tlin+1; _E) -

(—I)k‘ x m+n+3k
Yi=o KIT(m+k+1)T(n+k+1) (5) : (1.14)
In [13] Srivastava and Shehata introduced a family of new
g-extensions of the Humbert function of the form
(1) (- I)k‘ x m+n+3k
/D) = S0 i () . (L15)

[n+k

In the next sections, we introduce the generalized g-
Humbert function, study g-difference equations and some of
its recurrence relations.

2. The Generalized g-Humbert Function and Its
Generating Function

We introduce the generalized g-Humbert function by the
following:
]m,n(x:' a;q) =

g RCTRE] 3K
@@ ™)@k (g) '

...(2.1)

Now, we get generating function of the generalized g-
Humbert function in the form of the following theorem:
Theorem 2.1. Leta € Z*,x € R, u,t € C/{0}, 0 < |q| <
1, q € C, the following generating function for the
generalized g-Humbert function J,, ., (x; a; q) holds true:
£ [2.a] gy [£.0] £ [

3ut
= Ymn=-coJma(X; @ @) u™t". 22)
Proof. Let us denote the left hand side of (2.2) by W and by
using (1.8), we have

+n
Z}?:o(_ 1)(a+1)k

(q:q)ml(q;lI)n G)
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C a() - () t (—1)**1x
B =0(q qz)r Zo (q; qz)s<x> Z(q q)k( 3ut

e ( 1)(a+1)k q [(;)"’(2) (2)] r+s+k

X
s ur—kts k.
] (CHBCHARCH (3)
7,5,k=0
Substitution r by m + k and s by n + k, we get

- qa[(m;k)+(n;k)+(12c)] m+n+3k

+ X mn
w= Z Z( per (@ Dk (@ Drsic (@ q)k( ) we

nm=-co k=0

By using relation (1.6) in above relation, we obtain
W =
m+ al m;—k +n+k lzc 3k

S () D0 G () e
By equating the coefficients of u™t™ with the right hand
sides of (2.2), we obtain the required relation (2.1).
Corollary 2.1. Putting a = 0 and taking the limitas g —» 1
and setting x = (1 — g)x in equation (2.1) and in view of

equations (1.15) and (1.14).
Proof. Since,
1 1-9) m+n
Jmn((1 = x:05) = ———— ()
m+k n+k k
XZOO_ (_1)(0+1)k qo[( 2 )+( 2 )+(2)] ((1 q)x)
k=0 @ )r(@ D@D N 3

o (—1)k x m+n+3k
= Ykeo [m+klg[n+klg!lklg! (3) ’

Hence,

]m,n((1 - C[)X; 0; CI) = ]m,n(x; Q)- (23)
And

Lim Jnn((1 = @)x;0; q)

[ee]

3 (_l)k X\ M+n+3k
_;k!r(m+k+1)r(n+k+1)(§)

Izl‘erlljm,n((l - Q)x; 0; CI) = ]n,m(x)- (2-4)
respectively.

Corollary 2.2. Let n and m are integers, then the function
Jmn(x; a; q) satisfies the following relations

]—m,n(x; a; CI) = (_1)(a+1)m]m,m+n(x; a; q)- (2-5)
]m,—n(x; a;q) = (_1)(a+1)n]m+n,n(x; a;q). (2.6)
Proof. From the definition of the generalized g-Humbert
functions J,,, , (x; a; q), we have

“Jema (6 a;9)
© al(—mHk)(ntk k
5 oo CATIOE)_ g mn
) (@ Dr-m (@ Dnric (@ D \3 '
replacing s = k — m, we find
Jemn (a5 )

2m+n+3s

Z( 1)(@+D(s+m) q [(2)+( 2 )+( 2 )] (x)
(@ Ds(@ Dmants(@ Dmas 3

s=0
= (- 1)(a+1)m]m,m+n(x; a, CI)'
which the required relation (2.5).
The equation (2.6) can be proved in a like manner.
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Corollary 2.3. The function J,,,(x;a;q) satisfies the

following properties
Jom-n(a;q) = (=DM (6 q)}
= (D)@ a5 9)
where n and m are integers.
Proof. From the definition of g-Humbert functions
Jmn (x5 a; @), we have
m-n(X;0;q) =

2.7)

al(*5mp(5m)+ (5] -m-n+3k

(o) q X

2":"““‘{’"'"}(_1 (@D k-m (@G D k- @Dk (5) - (2.8)

Upon setting s = k — m in the equation (2.8), we get
Jom-n(x;a;q)

)(a+1)k

_Z( 1)@+ mts) [(ZM ) (x)
(¢ q)s(q Dmnts(@ Dimas 3

5=0
= (_1)(a+1)m]m,m—n (X; a; Q)
Also, upon setting s = k — n in the equation (2.8), we obtain
Jem—n(ta;q)

2m-n+3s

2m-n+3s

= i(_l)(a+1)(n+s) q [(n m+5)+(2)+(n+5)] (f)
< (@ Dn-mes(@ Ds (@5 PDnas 3
= (D)@ a;q).
Corollary 2.4. For k any positive even number, the function
Jmn (x; a; q) satisfies the following relation:
Jmn (=05 9) = (=)™ " n(x; a5 q). (2.9)
Proof. Since,
Jmn(—x;a;9)

1 Z( oeon g CTICENE g
RCTNCE q)n 3 @™ (@™ Or(g; e N 3
gl("3)+("5)+(5)]

1 m+n X
m+n (a+1k
=D @ Dmla; q)n Z( v @™ Q@™ Qila; q)k( )

Which in view of (2.1) y|elds relation (2.9).

3k

3. The g-difference Equations of The Function
Jmn(x; a5 q)

Theorem (3.1). The g-Humbert function
satisfies the following relation:

Jmn (X a5 q)

J 2am
q3u a

T (680 = ———Jmn (¢3%:a:q)
a¥ 3(1-9)q3

q(z ;)m 1+a

m]mn(q s x4 Q)

+

( 1)a+1 a- 2+a

aym
W]mn(q 3 X4 Q) (31)

ut(1-q)q
Proof. Differentiating (2.2) with respect to x and using
relations (1 9) and (1.12), yields

z e
3(111—_q)Eq [q xu ] E, ] 5 [( 1)atly a]

t qxu q°xt ] (-1 1x
—E, [— Ey |—— Ey|———
3= q[3 .q] ‘?[ 3 '@ q[ 3ut ¢
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( 1)a+1
T Ea
Using the relation (1.8), we get

t _1 a+la
[qu ] E, [Qx a].Eq (;qu,a]_

Z d ]mn(x a; @) umt"
nm=—co

a T H k ar
Y2 ko (= 1)@k % (§)T+S+k urTkesk
r S K r+as
R (D I (T s
s (=1)a+1 Z’C’: (1@ q a[(B)+ (2)+( )]+T+s+ak f)r+s+k b, (32)
ut(1-q) £ (@ D (@ Ds(q; @)y \3
Replacing r by m + k and s by n + k in right hand sides. in
(3. 2) we get

Z a,x L Jonn (6 @ Q) U™

n,m=-oo

3(1 )

3(1 Q)

gUTPOTP R ratm0 oy meneai
Z Z( 1)(a+1)k - umen
3(1 KNS (@ Dm1e(@s D@ D 3

-0 k=0

(m+k)+(";k)+(’2{)+m+an+(1+a)k nmAn3k

a+ q umen
3(1—q) Z Z( e (@ Dmie (@ Dnvi(@ Die (5) ¢

=—o0 k=0
(- 1)(a+1)k m+k) (7”"‘) (’2‘)+m+n+(2+a)k V2 Ax
Tua -0 L Z (@ D i@ D (@ Dic ( >

3
On comparmg the coefﬁuents of u™t™ on both sides of the
above equation, we obtain

m+n+3k

( 1)a+1

mn

dq
a]m,n (x; a; q)

2am m+n+3k

_ qg3u ( ) q(m;—k)+(n;k)+(lzc) @
3 -qqT e (@ D (@ D (@5 Die
2— a m m+ n+ 1+a \ M+n+3k
( ) ( k)+( zk)+(§) <qTx>

* a- 2“)"2( (q DG D (@ D\ 3

o) (;;“x)'"*"”" (3.2)

31— q)q 3 k=0

( 1)ll+1q 3
+ (a—Dn 1)n2k O( 1)k
ut(l-q)q 3

(@D mak(GDn+k(@GDk 3

Which is the required relation (3.1).
Theorem (3.2). The function sequence J,, ,,(x; a; q) satisfies
the next recurrence relations:

Zam

[m+ 1]q]m+1n(x a;q) = —un]mn (q3x a; Q)

31-q)q’3
(- 1)11 e-om 1+a
—(1+u)n]m 2,n— 1(q 254 Q) (3.3)
3(1-q)q
and
za_n a
q 3 x a
[n+ U gmns1(x a4 9) = ———ammn (q3x; a; q) +
3(1-q)q 3
(-1D% e 3a)n i+a
e m-1n- z(q 3 ;4 q) (3.4)
3(1-q)q 3

Proof. Differentiating (2.2) with respect to wu and using
relations (1.9) and (1.11), we find
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XU xt
Z 6 ]nm(x a; @) umt" Eq [?’a]'Eq [?,a]
nm= (o]
—-1)%
e I g [( a] > Jnnoapume
=——F E, E ,a q ) mnX; 4, q :
3(1 - q) q [ ] ] [ 3ut n,m=—oo
(-D% [qxu ] E, [( 1)atiqe a] Using the relation (1.6)
S R R S
rom relation (1.8), we obtain — (—)
o ~ (@@ * 3 1 (4 @n \ 3
Z [m]q]m,n(xi a, Q)um_ltn ( 1)a ®
nms= Jma(x; a; @) u™t™,
PRI RI(H) R — Z (q; q)k< 3ut ) Z_ - 1
Z ( 1)(a+1)k ( ) ur—kts—k nm=—oo
q) (4 D@ Ds(q; D \3 Thus,
(-1)% ” Q) +@)+(E)|#r+ak o \THstk ke 3 a[(m)+(n)] .
+3(1 q)uZtZ”k o(=D) " q(q Dr(@)s( @k (5) ure (35) L(f)m i mgn
Replacing r and s by m + k and n + k respectively in the o (@ Dm (@ D "3
r. h.s. of (3.5), we get o
had _1\ak X um- ktn -k
Z [m + 1] Jos1n (65 @ Qu™t™ Z( 1y (C[ q)k Z_ ]mn( q)
o N OR GO
a+1 q X msen q
3(1—q) Zwkzo( R (4 Dk (@5 D (45 Die (3) v Z( )k @D Q)k z Jmsien+ie (6 @; @) u™t"™.
a u[(m“‘) (""’") ()]+m+(1+a)k men+3k
3(5 _1 zl)uzt Z_MZO( 1+l T M o e g umte™, Equatmg of the coefficients of umt" of the above equation,

we obtain the required relation (4.1).

Comparing of both sides, we get the relation (3.3).
To prove (4.2), we know that

Similarly way differentiating (2.2) with respect to t, we find

1 x\mtn
D I+ gl (0 e T (3 0 4) = (@ D Dn N3 (_)
nm=—co gl R TR B qremee; g 3k
m+k)+(n+k) (k)]+an+ak man 1)(a+Dk q 5 q X '
S et K Z( o G @ D D s 3
31-9 —q) _ (@ Donsi (@ D e (@ Dic 3
M=o k=0 O By using relations (1.6) and (1.4), we obtain
( 1) x (@) q 2 +n+(1+a E m+n+3k om 1 X m+n
T30 - qut Zwkzo( s D@ Dk @ D G) Y I a @) =m(‘)
) m ) n
Now, on comparing of coefficients of u™t™, we obtain i q“[ MK (4K (K ](1_ 1+m+k)( )
relation (3.4). Xy (-1l ——— —— -
; ; ; 3
4. Recurrence Relations =0 @ i (77 D@3 s
1 X m+n
The following g-recurrence relations of the function = —(q D@ D \3 (‘)

Jmn(x; @; q) holds true:
a[(MH+] m+n
p G =

Z( 1)(a+1)kq [(m+k) (n+k) ()](1_ m+1 +qm+1 q1+m+k) (E)ak
@™ Qi1 (@ D (@ Dic 3/

(@:0)m(@:0n Also, applying the relation (1.6), we get

a(3)

0 _ m+1 1
5D L2 (%) s @5 0), @D e = S Iy
3 g (1— qm+1) x m+1+n a i X (q q)‘m(q q)n
Imn(iai ) = SR () mian(a™Poxiaia) AT
m+1 ;mr-:-ln o 3 1 (a+1)k
+(= 1)(“+1)W( )m+ +n]m+3,n(q_ax: aq), (4.2) kZ(;( ) @™ )1(@™2% (@™ O (@ D 3)
m+1 Xy 341
and n q (_)
Jmn(x;a;9) = (4 Dm(q; @n 3
—-an(q_n+1 m+n+1 =) a m+k + n+k + _
Zi(qw) (1((;;) )(;—C) Jmn+1(a~3x; a;q) XZ(_l)(aH)k _1 ") (2 Bl - g9 (E)S(k Y
o atmim) 443 — @™ @1(@™ % Qe (@™ Or(q; Or 3
o ~ =
+(=Dler @Om@ q)n+3( ) Jmnts(@™ X 0;9).  (4.3) By using equation (1.5), we find
Proof. Using generating function of function J,, ,(x; a; q) T (63 @5 q) = 3q79Mm(1-g™H) (g)m“*"]mﬂn(q—a/gx.a.q)
* (GO m+1(@Dn T

and definition expression for functions E, [% a] Eq [x;t a]
(_1)a+1x
3

q m+3+nz( . a[(?ﬂ+k)+(n;"‘) ) ( )3(1:—1)
(q Dm+3(q q)n @™ Q-1 Di-1(@ D1

m+1

and E,

,a], we have
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Replacing k by k + 1 in the second term in the right hand
sides of above equation, we obtain
]m,n (x; a; Q)
_3¢™ma-a™) @)
X (4 Dm+1(q; n \3
qm+1—a(m+n) X
(@ Donr (@ O 3 6
gl ("))l 3k

Z( 1)(amk( S Ok (@ Or(q; i (q x) '

WhICh the required relation (4.2).
Similarly, the relation (4.3), can be proved.

m+1) x\mH1+n

]m+1,n(q_a/3x; a; q)

m+3+n

+(_1)(a+1)

3. Conclusions

In the present investigation, we have introduced
and studied the generalized g-Humbert function and
its some properties and recurrence relations. Our
investigation of this generalized g-Humbert function
is potentially useful in motivating farther researches
on this subject.
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