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Abstract

A Finsler space E, for which the h(v) - curvature tensor Uj"kh satisfies the condition BmU}kh =

AmUjin + tim (8] gn + 619 jn), Where A, and p,,, are non-zero covariant vector fields and B, is
covariant derivative of first order in the sense of Berwald (Berwald’s covariant differential
operator ). In the present paper, satisfying this condition will be called a generalized B,,U-
recurrent space. The tensor G/, the h(v)-torsion tensor U.,, the G- Ricci tensor Gji and the U-
Ricci tensor Uy, are non-vanishing. Under certain conditions, a generalized B,, U - recurrent space
becomes a generalized recurrent tensor. Also, we discuss the decomposing of the h(v) - curvature

tensor Ujy, in Finsler space.

Key words: Finsler space, generalized B,, U - recurrent space, generalized recurrent tensor,
decompositions of tensor.

Introduction _
K. Yano [14] defined the normal projective connection I}, by

(1-1) jlk = jlk - ﬁylGﬁcr'
R. B. Misra and F. M. Meher [4] considered a space equipped with normal projective connection
}k whose curvature tensor I\Ijikh is recurrent with respect to normal projective connection Hj-ik and
they called it RNP-Finsler space. P.N. Pandey and V.J. Diwivedi [10] studied RNP-Finsler space
and obtained many identities in RNP-Finsler space, most of these identities are also true in a

recurrent Finsler space, with respect to Berwald’s connection coefficients Gjik. P.N. Pandey ([6],
[7], [8]) obtained a relation between the normal projective curvature tensor Ny, and Berwald
curvature tenser Hj,,, and defined NPR-Finsler space, which is characterized by the recurrent of
normal projective curvature tenser N, with respect to Berwald's connection coefficients Gj. F.Y.
A. Qasem [11] obtained several results concerning the h(v) - curvature tensor Uy, in such space.
Let us consider a set of quantities g;;defined by

(12 gy(6y) =59:0F2(x,).

The quantities g;; constitute the components of covariant tensor of the type (0,2). Clearly, this
shows that the tensor g;;(x,y) is positively homogeneous of degree zero in y* and symmetric in i

and j. According to Euler’s theorem on homogeneous functions, the vectors y; and y* satisfy the
following estimates

(1.3) Q) yy' =F%  b)g; =0y =0y  and ) 9ijy" = y;.

By differentiating equation (1.2) partially with respect to y*, we get a new tensor C; jk defined by
1 .

(1.4) Cijk = 50iGjk-

The tensor Ciji is positively homogeneous of degree -1 in Y "and symmetric in all its indices
and is called (h)hv-torsion tensor. _
Berwald covariant derivative of the metric function F and vector y* vanish identically, i.e.
(15) a) BkF =0 and b) Bkyl =0.

Berwald covariant derivative of the metric tensor g;; does not vanish and is given by
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(1.6) Brgij = —2Cijiny" = —2y"BpCijx.-

Berwald covariant derivative of an arbitrary tensor T} with respect to x* is given by
(L.7) @) BiTy = 0Ty + T Grye — TGl — (0, Tx) G
and the commutation formula for the operators 8j and By, are given by [12]
b) 0By Ty, — By0;Ty, = T} Gy — T Gl

Normal Projective Connection Coefficients

K. Yano [14] defined the normal projective connection coefficients H}k defined by (1.1). The
connection coefficients 1}, is positively homogeneous of degree zero in y* and symmetric in their
lower indices. The normal projective tensor I\Ij‘kh is given by
(2.1) iien = 0Ty + My sy ® + Iy [Ty ; — kR,
where

;kh = }kh - ﬁ ) Thr + in;khr)
and
_ H}kh = ajnlichl

where I1j,,, constitutes the components of a tensor.
Also, K. Yano denoted this tensor by U}, We shall follow K. Yano and denote the tensor I}, by

. . 1 . .
(2.2) Ujkn = Gjrn = 777 Gk Gjnr + ¥' Gjknr)
and
(2.3) Glrjkr =0, jrkr :

The tensor U}kh is called h(v) - curvature tensor [2] and jikh is connection of h(v) -curvature
tensor [1] . This tensor is homogeneous of degree -1 in y*. Also, this tensor satisfies the following:

(2.4) j%ki = jlki o _
(2.5) Uheny" = Ul y™ = Uy
and _
(26) Ujlkhy] - 0
The tensor Uy, is called h(v)-Ricci tensor and satisfies the following [5]:
(2.7) ikn = Ukn
and
2
(2.8) Ukn = 5 Gkn »

where the tensor Gy, is components of the projective connection coefficients [1]. The symmetric
tensor Uj is called h(v)-torsion tensor and satisfies [5]

. 1 .
(Z-dlo) e = 7Y Gk
an

(2.12) Uiy =o0.
Douglas tensor ( [2], [3], [9]) is given by

. 1 . .
(2.12) iien = Ujien = 5 (8 Uen + 81 Ujn)-
This tensor satisfies the following:
(2.13) iknY? = Dijny’ = Dinjy? =0
and
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A Finsler space is called a recurrent Finsler space if it's the h(v)- curvature tensor Ujikh
satisfies ([11], [13])
where 4,, is non-zero covariant vector field.

Generalized B,,U-Recurrent Space
Let us consider a Finsler space F, for which the normal projective curvature tensor Uy, satisfies

the following condition
(3.1 BnUjkn = AmUjin + Hm(5]'lgkh +61.9n), Ujkn # 0,
where 4,, and u,, are non-zero covariant vector field and satisfying the condition (3.1) will be
called a generalized B, U- recurrent space.
Transvecting (3.1) by " and using (1.5b), (2.5) and (1.3c), we get
(3.2 BmU}k = AmUj‘k + ym(5j‘yk + 5,§yj).
Thus, the following theorem

Theorem 3.1.1In generalized B,, U-recurrent space, Berwald covariant derivative of the h(v) -
torsion tensor Uy, is given by (3.2).
In view of (2.4), contracting the indices i and h in (3.1), we get
(3.3) BinGlier = AmGlier + tim (grj + Gjk)-
Contracting the indices i and j in (3.1) and using (2.7), we get
(3.4) BnUkn = AnUin + (n + DpmGin-
In view of (3.4) and using (2.8), we get

1

Thus, the following theorem

Theorem 3.2. The U - Ricci tensor Uy, the tensor Gjj,. and the G - Ricci tensor Gj, of a
generalized B,, U-recurrent space are non — vanishing.
Differentiating (3.3) partially with respect to y™ in the sense of Berwald and using (1.4), we get
(3.6) OnBmGjier = (ah/lm)Gjrkr + AmOnGjper + (Onttm)(9xj + 9jx)

+2Mm(Chk] + Chjk)'
Using commutation formula exhibited by (1.7b) for Gj,. in (3.6) and using (2.3), we get
@GN BuGhjkr — GorGamj — GlorGiimic = (OnAm)Glir + AmGjcnr
+0ntm(grj + 9jx) + 20m(Chjc + Chjrc)-

Therefore,

(3.8) BinGhitr = AmGhjkr + b (Crjic + Chjic),

if and only if

(3.9) sierGhmj + Gl Gimie + (Ondm ) Glier + Onttm (gij + 9j1c)

+m (Chjic + Chjic) = 0.

Thus, the following theorem

Theorem 3.3. In generalized B,,U-recurrent space, Berwald covariant derivative of the
tensor Gjyp,- is given by (3.8), if and only if (3.9) holds.
Differentiating (2.2) covariantly with respect to x™ in the sense of Berwald and using (1.5b), we
get

. . 1 . .

(3-10) B jlkh = BmGjlkh T a1 (61'1Bm jT;cr + lemGﬁchr)-
Using (3.1) in (3.10), we get
(3.11) Am jlkh + llm(ajlgkh + 5ligjh) = Bm jlkh ey (6jLBm ﬁcr + lemGj?;chr :
Using (2.2), (3.3) and (3.7) in (3.11), we get

Univ. Aden J. Nat. and Appl. Sc. Vol. 23 No.2— October 2019 459



On a Generalized B, U -Recurrent Finsler Space ..................... Abdalstar Ali Mohsen Saleem

(3.12) BinGlin = AmGlin — b (8} Gien + 8£9jn) = == Y {GirGiim,
+Gjrerfimk + (ah/lm)Gﬁcr + ah.um(gjk + gk]) + .um( '‘jhk + Cjkh)
+lim(gjk + gkj)}-

This shows that

Bn ]kh = AmG] ikh T #m( i9kn + 51§gjh),

if and only if

(3-13) srkrGiimj + ngr(;ﬁmk + (ah/lm)Gj?;cr + ah.um(gjk + gkj)
+itm (Cink + Cikn) + tim (9 + gij)-

Thus, the following theorem

Theorem 3.4. In generalized B,,,U-recurrent space, the curvature tensor G, is generalized
recurrent if and only if equation (3.13) holds.

Differentiating (2 12) covariantly with respect to x™ in the sense of Brewed, we get

(3.14) BmDjin = BmUjin — (Sj‘BmUkh + 8, B Ujp).

Using (3.1) and (3.4) in (3.14), We get
BunDjn = tmUfien =5 0/ AmUin + SiAmUn) + (85 + SE.9 1)

+1
(n ) m(5lgkh + 5k9;h)
which can be wrltten as
. 1 . .
Using (2.12) in (3 15), we get
1-
(316)  BmDjkn = AmDjin + + & n) — (8} gn + 89;n)-
Thus, the following theorem '
Theorem 3.5. In generalized B,,U-recurrent space, Douglas tensor Dj,, is generalized
recurrent.
If Douglas tensor jkh is a generalized recurrent space, our space is necessarily generalized B,,,U-
recurrent space, this may be seen as follows:
Taking covariant derivative of (2.12), with respect to x™ in the sense of Brewed, gives
. . 1 . .
(3.17) BinUjin = BmDjn + 5 (6;BmUkn + 8k BmUjn).
Using (3.4) and (3.16) in (3.17), we get
. . 1 . . . .
(3.18) BnUjin = Am {Djlkh +3 (8/Upen + 6Il<Ujh)} + tim (8 gien + 61.9jn)-
Using (2.12) in (3.18), we get
BnUfin = AmUjicn + b (8 Gien + .9 jn)-
Thus, the following theorem
Theorem 3.6. In a Finsler space F,, if Douglas tensor th is a generalized recurrent and the
U - Ricci tensor Uy is given by (3.4), then the space considered isa generalized B,,U-recurrent
space.

+ & n) #m(5 9kn t 5kg]h)

Decompositions of h(v) - Curvature Tensor in Finsler Space
Let us consider the decomposition of the h(v) - curvature tensor U}, ,0f a Finsler space is of
the type (1,3) as follows :

(4.1) jikh = yiyjkh
where Y., is non-zero tensor filed called decomposition tensor field.
We define

(4.2) y'di=0
such A; as recurrence vector and ¢ is decomposition scalar.
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In view of (4.1) and (2.2), we get

, . A .
(4.3) YYikn = Gjgn — =7 (8 Gienr + ¥ Gjienr)-
Transvecting (4.3) by 4; and using (4.2), we get

Ai . 1 .
(4.4) Yien == Gjxn = =5 (& Genr + Gjienr).

Thus, the following theorem
Theorem 4.1. If the h(v) - curvature tensor Ujikh of a Finsler space is decomposable in the
form (4.1), then the tensor Y}, is defined by (4.4).
In view of (4.1), (2.5) and (2.10), we get
(4.5) Yieny™ = ﬁ ik s
since y* # 0.
Transvecting (4.5) by y/ and using (1.3a), we get
(4.6) Gjx = (n + 1) Yy,
where Yiepy™ = Y.
In view of (4.6) and (2.8), we get
4.7) Uje =5 Y.
Thus, the following theorem
Theorem 4.2. If the h(v) - curvature tensor jikh of a Finsler space is decomposable in the
form (4.1), then the U- Ricci tensor G, and the G- Ricci tensor-Uj,, are defined by (4.6) and (4.7).
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