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Abstract

In this paper, we introduced a Finsler space for which the h — curvature tensor H}kh
(curvature tensor of Berwald) satisfies the condition
BeBmBnHfin = comnHixn + demn (8590 — 669 1) = 25" brnBr (84 Cine — 51.Cjke)

_Zyrwfnﬁr((gllcc}'hm - 5111Cjkm) - Zyr#nﬁfﬁr(sllcC}hm - 6;lcjkm)!Hjlkh =0,

where Cjy, is (h) hv — tortion tensor, B,B,,p, is Berwald's covariant differential operator
of the third order with respect to x™, x™ and x’, successively, B, B, is Berwald's
covariant differential operator of the second order with respect to x‘ and x7,
successively, B, is Berwald's covariant differential operator of the first order with respect
to x", cymn @and d;p,, are non — zero covariant tensors field of third order, b,,,, and w;,
are non — zero covariant tensors field of second order and w, is non — zero covariant vector
field. We called this space a generalized SH — trirecurrent space. The aim of this paper is
to develop some properties of a generalized SH — trirecurrent space by obtaining Berwald's
covariant derivative of the third order for the (h)v — torsion tensor H:, and the deviation
tensor H.. , the curvature vector H, and the scalar curvature H are investigated.
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1. Introduction

Pandey P.N., Saxena S.S. and Goswami A. [3] introduced and studied a generalized H—
recurrent Finsler space. F.Y.A.Qasem [4] introduced and discussed generalized
H— birecurrent curvature tensor and W.H.A. Hadi [1] studied the generalized — birecurrent
for some tensors and studied some special spaces in this space.

Let Fn be an n—dimensional Finsler spaces equipped with the metric function F
satisfies conditions [5], the tensor C;j is positively homogeneous of degree —1 in ytand
symmetric in all its indices and is called (h)hv — torsion tensor [2]. According to Euler's
theorem on homogeneous functions, this tensor satisfies the following:

(11)  Gpy' = Cry' = Crijy' = 0.

Berwald's covariant derivative Biji of an arbitrary tensor field Tji with respect to x* is

given by [5]
(1.2)  ByT}:= 0T} — (0,T})Gp + T/ Gl — TG}y

Berwald's covariant derivative of y' vanish as identically [5], i.e.
(1.3)  Byy'=0.

In view of (1.2), the second covariant derivative of an arbitrary vector field X! with
respect to x" in the sense of Berwald [5],

(14)  ByBiX' = 0,(BrX?) — (0B X1)G5 — (B, XV)Ghy + (BpX")GLy.

Using (1.4) and taking skew — symmetric part, with respect to the indices k and h, we
get the commutation formula for Berwald's covariant differentiation as follows [5]:
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(15)  BpBX'— By BpX' = X"HL — (0,X1)HE,

where
(1.6) (@  Hjyp = 0nGji + G Gr + GrjnGi —h/k and  (b)  Hyp = OnGic +
GG — h/k.

Remark 1.1. —h/k means the subtraction from the former term by interchanging the
indices h and k.

The tensors Hjikh and H., , as defined above, are called h— curvature tensor
(h — curvature tensor of Berwald) and h(hv) — torsion tensor are positively homogeneous
of degree zero and one in y*, respectively.

Berwald construcated the tensors Hj,,and Hy, from the tensor Hj called by him as
deviation tensor , according to

(1.7)  H}:=20,G'+ 9,GLy’ + 2G},G° — GIG; .

The h(hv) — torsion tensor and the deviation tensor satisfy the following [5]:

(18) (@) Hjwy =Hip , () Hjy' =Hi and () G Hi= Hj .
The H — Ricci tensor , the curvature vector and the scalar curvature satisfy the following
[5]:

(19) (a) Hjy; =Hy , (b) Hi =H, and (c) H =H.

2. Generalized BH — Trirecurrent Space _

A Finsler space for which Berwald curvature tensor Hj,, satisfies the
generalized recurrence property, i.e. characterized by the equation [3]
(21)  BnHjen = AnHjin + 1a(6kgjn — Ongjx) + Hjen =0,
where £3,, is the differential operator with respect to x™ in the sense of Berwald, A,, and u,,
are non — zero covariant vectors field and isvcalled the recurrence vectors field, such
space known as generalized H — recurrent Finsler space.
Taking the § — covariant derivative for (2.1) with respect to x™, we get

'BmﬁnHjlk'h = (ﬁmln) jlkh + An(ﬁmHjlkh) + (ﬁm/"n) (6Il<gjh - 6;19jk) +
#nﬁm(6ll<gjh - 6;lgjk)'
In view of the equation (2.1), we can write the above equation as .
Bmﬁn jlkh :' (ﬁm/ln + Anlm) jlkh + (An/"m + ﬁmﬂn)((sllcgjh - 6;19jk) -

zyrﬂnﬁr(5llcc}hm - 5flzc}km)
which can be written as [4]
(2-2) Bmﬁn jlkh = amnHjlkh + bmn(6llcgjh - 6;19jk) - Zyrﬂnﬁr((sllcc}hm - 6;1Cjkm),
where @y, = BmAn + AnAm and by, = At + Bt @re non — zero covariant tensors
field of second order and f,,,3,, is the differential operator with respect to x™ and x™ ,
successively, such space known as generalized SH — birecurrent space.
Remark 2.1. The expression  — covariant derivative stands the covariant derivative in the
sense of Berwald.
Taking the B — covariant derivative for (2.2) with respect to x¢, we get

BiBrbBrHjin = Betmn) Hjgn + G (BeHjin) + (Bebmn) (8kgjn — Sr9jic)
+ bmnﬁé’(é‘llcgjh._ 6;zgjk) ._ Zyr (Bf.un)ﬁr (6Ilchhm - 5;1(:jkm)
_Zyr.unﬁé’ﬁr (6Ilchhm - 6;16jkm)'

Univ. Aden J. Nat. and Appl. Sc. VVol. 23 No.2— October 2019 464



On a Generalized BH — Trirecurrent Finsler Space......Fahmi Y.A.Qasem, Fatma A. M. Ahmed

In view of the equation (2.1), we can write the above equation as
BeBmBrnHjin = (ﬁfamn + AmnA) Hjgn + (Bebmn + amnﬂf)(&iﬂ in— OhgjK)
—Zyrbmnﬁr(&lc_cjhf - 5ﬁgk5) - Zyr(,gfﬂn)ﬁr(gllcgjh - 6ll1'gjk)
—=2Y" unBeBr 8k Cinm — 81 Cjkem)
which can be written as
(2.3)  BeBmPuHjin = CfmnHjikhf demn(8k9jn — 619 jk_) - Zyrbmnﬁr(5liccjh€ — 84Cixe)
_zyrwfnﬁr(5llccj'hm - s;lc}km) - Zyrﬂnﬁfﬁr(6llcc}hm - 6;1Cjkm) )
where cpmn = BeQmn + AGmnAe AN dppn = Brbmn + Amnlle @re non — zero covariant
tensors field of third order w,,, = B,u, 1S non — zero covariant tensor field of second order
and B, By, is the differential operator with respect to x™, x™ and x?, successiently.

Definition 2.1. A Finsler space Fn for which Berwald curvature tensor Hj,,, satisfies the
condition (2.3) and called a generalized SH — trirecurrent space and the tensor a
generalized S — trirecurrent. We shall denote them briefly as G fH — TR and Gf — TR,
respectively.
Now, transvecting the condition (2.3) by y/, in view of (1.3), and by using (1.8a) and (1.1),
we get
(24)  BeBmbPnHin = ComnHin + drfmn(é‘llcyh - 6;1yk)
Transvecting (2.4) by y™ , in view of (1.3) and by using (1.8b), we get
(2-5) B[BmBnHIlc = CfmnHllc + dfmn(5ll<F2 - ylyk)-
Thus, we may conclude

Theorem 2.1. In G fH — TR Fn, Berwald's covariant derivative of the third order for
the h(v) — torsion tensor H:, and the deviation tensor H. given by the equations (2.4) and
(2.5), respectively.
Contracting the indices i and k in the condition (2.3) and using (1.9a), we get
(2-6) .BfﬁmﬁnHjh = Ci’mnHjh + dfmn(n - 1)gjh - men(n - 1)ﬁerht’ - Zergn(n -
1)Brcjhm

_zyr.un(n - 1)ﬁ£ﬁr6jhm :

Thus, we may conclude

Theorem 2.2. In G BH — TR Fn ,Berwald's covariant derivative of the third order for
the H — Ricci tensor Hj, given by the equation (2.6) .
Contracting the indices i and k in the equations (2.4) and (2.5), using(1.9b) and (1.9c), we
get
(25) BeBmPrHn = Comntp + dema(n — 1yp
an
(2.8) BeBmPnH = ComnH + dé’man-
The equations (2.7) and (2.8) show that the curvature vector H,, and the scalar curvature H
can't vanish because the vanishing of them would imply d;,,, = 0, a contradiction.
Thus , we may conclude

Theorem 2.3. In G BH — TR Fy, the curvature vector H, and the curvature scalar H

are non — vanishing.

We know that [5]
(29)  Hjxp = Hnx — Hin-
Taking the B — covariant derivative of the third order with respect tox™, x™ and x?,
successively,for the equation (2.9), we get
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,BfﬁmﬁnHiikh = BeBmBnHnx — BeBmBnHin -

By using (2.6), the above equation can be written
ﬁfﬁmﬁnHilkh = C[mthk + d[mn(n - 1)ghk - zyrbmn(n - 1)ﬁrchk€ -
Zer[n(n - 1),87"Chkm

2y by (m — 1) B Crnye

= 2y"un(n = BBy Crim — [ComnHin + demn(m — 1) ggen —

—ZyTWm(n - 1).87‘Ckhm - Zyr:un(n - 1)ﬁt’ﬁrckhm]-
By using the symmetric property of the h(hv) — torsion tensor Cj,, in it's all indies , the
above equation can be written as
BeBrmbPrHikn = Comn(Hpe—Hin)-
By using (2.9) in the above equation , we get
BeBnBrn(Hnie—Hirn) = Comn(Hpxe—Hyn)-
Thus , we may conclude
Theorem 2.4. In G fH — TR Fy , the tensor (Hy,—Hyy) behaves as trirecurrent .
We know that [5]
(210)  Hip, = 5 (3¢ H — 8, Hy).
Taking the B — covariant derivative of third order with respect to x™, x™ and x,
successively, for the equation (2.10), we get

. 1 . . . .
BiBmPBrHicn = 5 BeBrmBn 0y Hi, — 0n Hy) .
In view of (1.8c) , the above equation can be written as

BeBmBnHin = 5 (BeBmBnHin — BeBmBnHie) -

By using (2.4) in the above equation, we get

.BfﬁmﬁnHlih = %[CfmnHIich + dfmn(élicyh - 5iizyk) - Ct’manizk - dt’mn((siilyk -
6IiYh) ]
which can be written as

BeBmPrHin = é Crmn (Hlih — Hjy ) + gd{’mn((sli(yh - 5;'13’1{)
or

ﬂt’ﬁmﬂnHlih = VUrmn (Hlih - Hfilk ) + men(dlicyh - 6fizyk)a

where v, = % Comn aNd Wy = gdgmn.

Thus , we may conclude _
Theorem 2.5. In GBH - TR Fn, Berwald torsion tensor Hy, is generalized —
trirecurrent tensor.
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