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Abstract 
 

      In this paper, we introduced a Finsler space for which the h − curvature tensor 𝐻𝑗𝑘ℎ
𝑖  

(curvature tensor of Berwald) satisfies the condition 

 𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑗𝑘ℎ
𝑖 = 𝑐ℓ𝑚𝑛𝐻𝑗𝑘ℎ

𝑖 + 𝑑ℓ𝑚𝑛(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘) − 2𝑦𝑟𝑏𝑚𝑛𝛽𝑟(𝛿𝑘
𝑖 𝐶𝑗ℎℓ − 𝛿ℎ

𝑖 𝐶𝑗𝑘ℓ) 

                     −2𝑦𝑟𝑤ℓ𝑛𝛽𝑟(𝛿𝑘
𝑖 𝐶𝑗ℎ𝑚 − 𝛿ℎ

𝑖 𝐶𝑗𝑘𝑚) − 2𝑦𝑟𝜇𝑛𝛽ℓ𝛽𝑟(𝛿𝑘
𝑖 𝐶𝑗ℎ𝑚 − 𝛿ℎ

𝑖 𝐶𝑗𝑘𝑚),𝐻𝑗𝑘ℎ
𝑖 = 0,     

where 𝐶𝑗𝑘𝑚 is (h) hv − tortion tensor,  𝛽ℓ𝛽𝑚𝛽𝑛 is Berwald's covariant differential operator 

of the third order with respect to 𝑥𝑛, 𝑥𝑚 and 𝑥ℓ,  successively, 𝛽ℓ 𝛽𝑟  is Berwald's 

covariant differential operator of the second order with respect to 𝑥ℓ and  𝑥𝑟, 

successively, 𝛽𝑟 is Berwald's covariant differential operator of the first order with respect 

to 𝑥𝑟, 𝑐ℓ𝑚𝑛 and  𝑑ℓ𝑚𝑛 are non – zero covariant tensors field of third order, 𝑏𝑚𝑛 and 𝑤ℓ𝑛  

are non – zero covariant tensors field of second order and 𝜇ℓ is non – zero covariant vector 

field. We called this space a generalized 𝛽𝐻 – trirecurrent space. The aim of this paper is 

to develop some properties of a generalized 𝛽𝐻 – trirecurrent space by obtaining Berwald's 

covariant derivative of the third order for the (h)v – torsion tensor 𝐻𝑘ℎ
𝑖  and the deviation 

tensor 𝐻𝑘
𝑖  , the curvature vector 𝐻𝑘 and the scalar curvature H are investigated. 

 

Key words: Finsler space,  generalized βH – trirecurrent space, Ricci tensor.   

 
1. Introduction  

     Pandey P.N., Saxena S.S. and Goswami A. [3] introduced and studied a generalized H–

recurrent Finsler space. F.Y.A.Qasem [4] introduced and discussed generalized 

H− birecurrent curvature tensor and W.H.A. Hadi [1] studied the generalized – birecurrent 

for some tensors and studied some special spaces in this space. 

     Let Fn be an n − dimensional Finsler spaces equipped with the metric function F 

satisfies conditions [5], the tensor 𝐶𝑖𝑗𝑘 is positively homogeneous of degree −1 in 𝑦𝑖and 

symmetric in  all its indices and is called (h)hv − torsion tensor [2]. According to Euler's 

theorem on homogeneous functions, this tensor satisfies the following: 

(1.1)        𝐶𝑖𝑗𝑘𝑦𝑖 = 𝐶𝑗𝑘𝑖𝑦𝑖 = 𝐶𝑘𝑖𝑗𝑦𝑖 = 0. 

     Berwald's covariant derivative  ℬ𝑘𝑇𝑗
𝑖 of an arbitrary tensor field 𝑇𝑗

𝑖 with respect to 𝑥𝑘  is 

given by [5] 

(1.2)        ℬ𝑘𝑇𝑗
𝑖: = 𝜕𝑘𝑇𝑗

𝑖 − (�̇�𝑟𝑇𝑗
𝑖)𝐺𝑘

𝑟 + 𝑇𝑗
𝑟𝐺𝑟𝑘

𝑖 − 𝑇𝑟
𝑖𝐺𝑗𝑘

𝑟 . 

     Berwald's covariant derivative of  𝑦𝑖 vanish as identically [5], i.e. 

(1.3)        ℬ𝑘𝑦𝑖 = 0. 

     In view of (1.2), the second covariant derivative of an arbitrary vector field 𝑋𝑖 with 

respect to  𝑥ℎ in the sense of Berwald [5], 

(14)        ℬℎℬ𝑘𝑋𝑖 = 𝜕𝑘(ℬℎ𝑋𝑖) − (𝜕𝑠ℬℎ𝑋𝑖)𝐺𝑘
𝑠 − (ℬ𝑟𝑋𝑖)𝐺ℎ𝑘

𝑟 + (ℬℎ𝑋𝑟)𝐺𝑟𝑘
𝑖 . 

    Using (1.4) and taking skew − symmetric part, with respect to the indices k and h, we 

get the commutation formula for Berwald's covariant differentiation as follows [5]: 
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(1.5)        ℬℎℬ𝑘𝑋𝑖 − ℬ𝑘ℬℎ𝑋𝑖 = 𝑋𝑟𝐻𝑟𝑘ℎ
𝑖 − (�̇�𝑟𝑋𝑖)𝐻𝑘ℎ

𝑟   

where   

(1.6)       (𝑎)      𝐻𝑗𝑘ℎ
𝑖 ≔ 𝜕ℎ𝐺𝑗𝑘

𝑖 + 𝐺𝑗𝑘
𝑟 𝐺𝑟ℎ

𝑖 + 𝐺𝑟𝑗ℎ
𝑖 𝐺𝑘

𝑟 − ℎ/𝑘     and     (b)     𝐻𝑘ℎ
𝑖 ≔ 𝜕ℎ𝐺𝑘

𝑖 +

𝐺𝑘
𝑟𝐺𝑟ℎ

𝑖 − ℎ/𝑘. 

Remark 1.1.  −ℎ/𝑘 means the subtraction from the former term by interchanging the 

indices h and k.    

     The tensors  𝐻𝑗𝑘ℎ
𝑖  and  𝐻𝑘ℎ

𝑖  , as defined above, are called h − curvature tensor 

(h − curvature tensor of Berwald) and h(hv) − torsion  tensor are positively homogeneous 

of degree zero and one  in 𝑦𝑖  , respectively. 

Berwald construcated the tensors 𝐻𝑗𝑘ℎ
𝑖 and  𝐻𝑘ℎ

𝑖   from the tensor  𝐻 𝑘
 𝑖   called by him as 

deviation tensor , according to   

(1.7)       𝐻ℎ
𝑖 ≔ 2𝜕ℎ𝐺𝑖 + 𝜕𝑠𝐺ℎ

𝑖 𝑦𝑠 + 2𝐺ℎ𝑠
𝑖 𝐺𝑠 −  𝐺𝑠

𝑖𝐺ℎ
𝑠  . 

The h(hv) – torsion tensor and the deviation tensor satisfy the following [5]: 

(1.8)       (𝑎)      𝐻 𝑗𝑘ℎ 
 𝑖 𝑦  𝑗 =  𝐻 𝑘ℎ

 𝑖     ,    (b)      𝐻 𝑗𝑘 
 𝑖 𝑦  𝑗 =  𝐻 𝑘

 𝑖     and    (c)      𝜕�̇� 𝐻 𝑘
 𝑖 =   𝐻 𝑗𝑘

 𝑖   . 

The H – Ricci tensor , the curvature vector and  the scalar curvature satisfy the following 

[5]: 

(1.9)       (𝑎)   𝐻 𝑗𝑘𝑖 
 𝑖 = 𝐻𝑗𝑘    ,   (𝑏)      𝐻 𝑘𝑖 

 𝑖 = 𝐻𝑘     and      (𝑐)   𝐻 𝑖 
 𝑖 = 𝐻 . 

 

2. Generalized 𝜷𝑯 – Trirecurrent Space 

     A Finsler space for which Berwald curvature tensor 𝐻𝑗𝑘ℎ
𝑖  satisfies the 

generalized recurrence property, i.e. characterized by the equation [3] 

(2.1)       𝛽𝑛𝐻𝑗𝑘ℎ
𝑖 =  𝜆𝑛𝐻𝑗𝑘ℎ

𝑖 + 𝜇𝑛(𝛿𝑘
𝑖 𝑔𝑗ℎ −  𝛿ℎ

𝑖 𝑔𝑗𝑘)     ,    𝐻𝑗𝑘ℎ
𝑖 = 0, 

where 𝛽𝑛 is the differential operator with respect to 𝑥𝑛 in the sense of Berwald, 𝜆𝑛 and 𝜇𝑛 

are non − zero covariant vectors field and isvcalled the recurrence vectors field, such 

space known as generalized H – recurrent Finsler space. 

Taking the 𝛽 – covariant derivative for (2.1)  with respect to 𝑥𝑚, we get 

               𝛽𝑚𝛽𝑛𝐻𝑗𝑘ℎ
𝑖 = (𝛽𝑚𝜆𝑛)𝐻𝑗𝑘ℎ

𝑖 + 𝜆𝑛(𝛽𝑚𝐻𝑗𝑘ℎ
𝑖 ) + (𝛽𝑚𝜇𝑛)(𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿ℎ
𝑖 𝑔𝑗𝑘) +

 𝜇𝑛𝛽𝑚(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘). 

In view of the equation (2.1), we can write the above equation as  

               𝛽𝑚𝛽𝑛𝐻𝑗𝑘ℎ
𝑖 = (𝛽𝑚𝜆𝑛 + 𝜆𝑛𝜆𝑚)𝐻𝑗𝑘ℎ

𝑖 + (𝜆𝑛𝜇𝑚 + 𝛽𝑚𝜇𝑛)(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘) −

2𝑦𝑟𝜇𝑛𝛽𝑟(𝛿𝑘
𝑖 𝐶𝑗ℎ𝑚 − 𝛿ℎ

𝑖 𝐶𝑗𝑘𝑚) 

which can be written as [4] 

(2.2)       𝛽𝑚𝛽𝑛𝐻𝑗𝑘ℎ
𝑖 = 𝑎𝑚𝑛𝐻𝑗𝑘ℎ

𝑖 + 𝑏𝑚𝑛(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘) − 2𝑦𝑟𝜇𝑛𝛽𝑟(𝛿𝑘
𝑖 𝐶𝑗ℎ𝑚 − 𝛿ℎ

𝑖 𝐶𝑗𝑘𝑚), 

where  𝑎𝑚𝑛 = 𝛽𝑚𝜆𝑛 + 𝜆𝑛𝜆𝑚 and 𝑏𝑚𝑛 = 𝜆𝑛𝜇𝑚 + 𝛽𝑚𝜇𝑛  are non − zero covariant tensors 

field of second order and  𝛽𝑚𝛽𝑛 is the differential operator with respect to 𝑥𝑛 and 𝑥𝑚 , 

successively, such space known as generalized 𝛽H – birecurrent space.  

Remark 2.1. The expression 𝛽 – covariant derivative stands the covariant derivative in the 

sense of Berwald. 

Taking the 𝛽 – covariant derivative for (2.2) with respect to 𝑥ℓ, we get  

             𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑗𝑘ℎ
𝑖 = (𝛽ℓ𝑎𝑚𝑛)𝐻𝑗𝑘ℎ

𝑖 +  𝑎𝑚𝑛(𝛽ℓ𝐻𝑗𝑘ℎ
𝑖 ) + (𝛽ℓ𝑏𝑚𝑛)(𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿ℎ
𝑖 𝑔𝑗𝑘) 

                                         + 𝑏𝑚𝑛𝛽ℓ(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘) − 2𝑦𝑟(𝛽ℓ𝜇𝑛)𝛽𝑟(𝛿𝑘
𝑖 𝐶𝑗ℎ𝑚 − 𝛿ℎ

𝑖 𝐶𝑗𝑘𝑚) 

                                         −2𝑦𝑟𝜇𝑛𝛽ℓ𝛽𝑟(𝛿𝑘
𝑖 𝐶𝑗ℎ𝑚 − 𝛿ℎ

𝑖 𝐶𝑗𝑘𝑚). 
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In view of the equation (2.1), we can write the above equation as 

            𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑗𝑘ℎ
𝑖 = (𝛽ℓ𝑎𝑚𝑛 + 𝑎𝑚𝑛𝜆ℓ)𝐻𝑗𝑘ℎ

𝑖 + (𝛽ℓ𝑏𝑚𝑛 + 𝑎𝑚𝑛𝜇ℓ)(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘) 

             −2𝑦𝑟𝑏𝑚𝑛𝛽𝑟(𝛿𝑘
𝑖 𝐶𝑗ℎℓ − 𝛿ℎ

𝑖 𝐶𝑗𝑘ℓ) − 2𝑦𝑟(𝛽ℓ𝜇𝑛)𝛽𝑟(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘) 

             −2𝑦𝑟𝜇𝑛𝛽ℓ𝛽𝑟(𝛿𝑘
𝑖 𝐶𝑗ℎ𝑚 − 𝛿ℎ

𝑖 𝐶𝑗𝑘𝑚) 

which can be written as  

(2.3)    𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑗𝑘ℎ
𝑖 = 𝑐ℓ𝑚𝑛𝐻𝑗𝑘ℎ

𝑖 + 𝑑ℓ𝑚𝑛(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘) − 2𝑦𝑟𝑏𝑚𝑛𝛽𝑟(𝛿𝑘
𝑖 𝐶𝑗ℎℓ − 𝛿ℎ

𝑖 𝐶𝑗𝑘ℓ) 

            −2𝑦𝑟𝑤ℓ𝑛𝛽𝑟(𝛿𝑘
𝑖 𝐶𝑗ℎ𝑚 − 𝛿ℎ

𝑖 𝐶𝑗𝑘𝑚) − 2𝑦𝑟𝜇𝑛𝛽ℓ𝛽𝑟(𝛿𝑘
𝑖 𝐶𝑗ℎ𝑚 − 𝛿ℎ

𝑖 𝐶𝑗𝑘𝑚) ,     

where 𝑐ℓ𝑚𝑛 = 𝛽ℓ𝑎𝑚𝑛 + 𝑎𝑚𝑛𝜆ℓ  and  𝑑ℓ𝑚𝑛 = 𝛽ℓ𝑏𝑚𝑛 + 𝑎𝑚𝑛𝜇ℓ  are non – zero covariant 

tensors field of third order 𝑤ℓ𝑛 = 𝛽ℓ𝜇𝑛  is non – zero covariant tensor field of second order 

and 𝛽ℓ𝛽𝑚𝛽𝑛 is the differential operator with respect to 𝑥𝑛, 𝑥𝑚  and 𝑥ℓ, successiently.  

Definition 2.1. A Finsler space Fn for which Berwald curvature tensor 𝐻𝑗𝑘ℎ
𝑖   satisfies the 

condition (2.3) and called a generalized 𝛽𝐻 – trirecurrent space and the tensor a 

generalized 𝛽 – trirecurrent. We shall denote them briefly as G 𝛽𝐻 – TR and G𝛽 – TR,  

respectively. 

Now, transvecting the condition (2.3) by 𝑦𝑗, in view of (1.3), and by using (1.8a) and (1.1), 

we get 

(2.4)      𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑘ℎ
𝑖 = 𝑐ℓ𝑚𝑛𝐻𝑘ℎ

𝑖 + 𝑑ℓ𝑚𝑛(𝛿𝑘
𝑖 𝑦ℎ − 𝛿ℎ

𝑖 𝑦𝑘)          

Transvecting (2.4) by 𝑦ℎ , in view of (1.3) and by  using (1.8b), we get 

(2.5)       𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑘
𝑖 = 𝑐ℓ𝑚𝑛𝐻𝑘

𝑖 + 𝑑ℓ𝑚𝑛(𝛿𝑘
𝑖 𝐹2 − 𝑦𝑖𝑦𝑘). 

Thus, we may conclude 

           Theorem 2.1.  In G 𝛽𝐻 – TR Fn , Berwald's covariant derivative of the third order for 

the h(v)  – torsion tensor 𝐻𝑘ℎ
𝑖  and the deviation tensor 𝐻𝑘

𝑖  given by the equations (2.4) and 

(2.5), respectively. 

Contracting the indices i and k in the condition (2.3) and using (1.9a),  we get 

(2.6)       𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑗ℎ = 𝑐ℓ𝑚𝑛𝐻𝑗ℎ + 𝑑ℓ𝑚𝑛(𝑛 − 1)𝑔𝑗ℎ − 2𝑏𝑚𝑛(𝑛 − 1)𝛽𝑟𝐶𝑗ℎℓ − 2𝑦𝑟𝑤ℓ𝑛(𝑛 −

1)𝛽𝑟𝐶𝑗ℎ𝑚  

                                       −2𝑦𝑟𝜇𝑛(𝑛 − 1)𝛽ℓ𝛽𝑟𝐶𝑗ℎ𝑚 . 

Thus, we may conclude 

        Theorem 2.2.  In  G 𝛽𝐻 – TR Fn ,Berwald's covariant derivative of the third order for 

the H – Ricci tensor 𝐻𝑗𝑘 given by the equation  (2.6) . 

Contracting the indices i and k in the equations (2.4) and (2.5), using(1.9b) and (1.9c), we 

get 

(2.7)       𝛽ℓ𝛽𝑚𝛽𝑛𝐻ℎ =  𝑐ℓ𝑚𝑛𝐻ℎ + 𝑑ℓ𝑚𝑛(𝑛 − 1)𝑦ℎ 

and 

(2.8)       𝛽ℓ𝛽𝑚𝛽𝑛𝐻 = 𝑐ℓ𝑚𝑛𝐻 + 𝑑ℓ𝑚𝑛𝐹2. 

The equations (2.7) and (2.8) show that the curvature vector 𝐻ℎ and the scalar curvature H 

can't vanish because the vanishing of them would imply  𝑑ℓ𝑚𝑛 = 0, a contradiction. 

Thus , we may conclude 

    Theorem 2.3.  In  G 𝛽𝐻 – TR Fn , the curvature vector 𝐻ℎ and the curvature scalar H 

are non – vanishing. 

We know that [5] 

(2.9)       𝐻𝑖𝑘ℎ
𝑖 = 𝐻ℎ𝑘 − 𝐻𝑘ℎ. 

Taking the 𝛽 – covariant derivative of the third order with respect to𝑥𝑛, 𝑥𝑚  and 𝑥ℓ, 

successively,for the equation (2.9), we get 
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              𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑖𝑘ℎ
𝑖 = 𝛽ℓ𝛽𝑚𝛽𝑛𝐻ℎ𝑘 − 𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑘ℎ . 

By using (2.6), the above equation can be written   

            𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑖𝑘ℎ
𝑖 = 𝑐ℓ𝑚𝑛𝐻ℎ𝑘 +  𝑑ℓ𝑚𝑛(𝑛 − 1)𝑔ℎ𝑘 − 2𝑦𝑟𝑏𝑚𝑛(𝑛 − 1)𝛽𝑟𝐶ℎ𝑘ℓ −

2𝑦𝑟𝑤ℓ𝑛(𝑛 − 1)𝛽𝑟𝐶ℎ𝑘𝑚 

                                        − 2𝑦𝑟𝜇𝑛(𝑛 − 1)𝛽ℓ𝛽𝑟𝐶ℎ𝑘𝑚 − [𝑐ℓ𝑚𝑛𝐻𝑘ℎ +  𝑑ℓ𝑚𝑛(𝑛 − 1)𝑔𝑘ℎ −
2𝑦𝑟𝑏𝑚𝑛(𝑛 − 1)𝛽𝑟𝐶𝑘ℎℓ 

                                        −2𝑦𝑟𝑤ℓ𝑛(𝑛 − 1)𝛽𝑟𝐶𝑘ℎ𝑚 − 2𝑦𝑟𝜇𝑛(𝑛 − 1)𝛽ℓ𝛽𝑟𝐶𝑘ℎ𝑚]. 
By using the symmetric property of the h(hv) – torsion tensor 𝐶𝑗𝑘ℎ  in it's all indies , the 

above equation  can be written as   

               𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑖𝑘ℎ
𝑖 = 𝑐ℓ𝑚𝑛(𝐻ℎ𝑘−𝐻𝑘ℎ). 

By using (2.9) in the above equation , we get 

             𝛽ℓ𝛽𝑚𝛽𝑛(𝐻ℎ𝑘−𝐻𝑘ℎ) =  𝑐ℓ𝑚𝑛(𝐻ℎ𝑘−𝐻𝑘ℎ). 

Thus , we may conclude  

           Theorem 2.4. In G 𝛽𝐻 – TR Fn , the tensor (𝐻ℎ𝑘−𝐻𝑘ℎ) behaves as trirecurrent . 

We know that [5] 

(2.10)     𝐻𝑘ℎ
𝑖 =  

1

3
(𝜕�̇� 𝐻ℎ

𝑖 − 𝜕ℎ̇ 𝐻𝑘
𝑖 ). 

Taking the  𝛽 – covariant derivative of third order with respect to 𝑥𝑛, 𝑥𝑚  and 𝑥ℓ, 

successively, for the equation (2.10), we get 

               𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑘ℎ
𝑖 =  

1

3
𝛽ℓ𝛽𝑚𝛽𝑛(𝜕�̇� 𝐻ℎ

𝑖 − 𝜕ℎ̇ 𝐻𝑘
𝑖 ) . 

In view of (1.8c) , the above equation can be written as  

               𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑘ℎ
𝑖 =  

1

3
 (𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑘ℎ

𝑖 −  𝛽ℓ𝛽𝑚𝛽𝑛𝐻ℎ𝑘
𝑖 ) .  

By using (2.4) in the above equation, we get 

            𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑘ℎ
𝑖 =  

1

3
 [ 𝑐ℓ𝑚𝑛𝐻𝑘ℎ

𝑖 + 𝑑ℓ𝑚𝑛(𝛿𝑘
𝑖 𝑦ℎ − 𝛿ℎ

𝑖 𝑦𝑘) −  𝑐ℓ𝑚𝑛𝐻ℎ𝑘
𝑖 − 𝑑ℓ𝑚𝑛(𝛿ℎ

𝑖 𝑦𝑘 −

𝛿𝑘
𝑖 𝑦ℎ) ]   

which can be written as 

            𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑘ℎ
𝑖 =

1

3
 𝑐ℓ𝑚𝑛 ( 𝐻𝑘ℎ

𝑖 − 𝐻ℎ𝑘
𝑖  )  +

2

3
𝑑ℓ𝑚𝑛(𝛿𝑘

𝑖 𝑦ℎ − 𝛿ℎ
𝑖 𝑦𝑘) 

or 

               𝛽ℓ𝛽𝑚𝛽𝑛𝐻𝑘ℎ
𝑖 = 𝑣ℓ𝑚𝑛 ( 𝐻𝑘ℎ

𝑖 −  𝐻ℎ𝑘
𝑖  )  + 𝑤ℓ𝑚𝑛(𝛿𝑘

𝑖 𝑦ℎ − 𝛿ℎ
𝑖 𝑦𝑘), 

where 𝑣ℓ𝑚𝑛 =
1

3
 𝑐ℓ𝑚𝑛   and  𝑤ℓ𝑚𝑛 =

2

3
𝑑ℓ𝑚𝑛. 

Thus , we may conclude  

    Theorem 2.5. In G 𝛽𝐻 – TR Fn ,  Berwald  torsion tensor  𝐻𝑘ℎ
𝑖  is generalized – 

trirecurrent  tensor.  
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 الُملخص
 

خلال  تم         من  الفضاء  هذا  تعريف  لهتقديم  المميزة  المعادلة  فضاء     اشتقاق  المعاودة   –  𝛽𝐻لتعميم    ثنائي 

𝐺𝛽𝐻ثلاثي المعاودة ورمزنا له بالرمز    –  𝛽𝐻طلقنا عليه الفضاء المعمم  أو − 𝑇𝑅𝐹𝑛  ،  لى  إكما تم التوصل

 𝐻ℎوالمتجه التقوسي    𝐻𝑗ℎ   ريشي – Hالموتر  ن  أثبات  إوقد تم    .المبرهنات المختلفة بهذا الخصوص  بعض

 .ي في هذا الفضاءهي موترات لا تنته
 

المفتاحية: فنسلر  الكلمات  الثالثة  فضاء  المرتبة  من  بروالد  بمفهوم  الاختلاف  متحدة  مشتقة     –   Hموتر  –، 

 ريشي . 
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