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Abstract

In this paper, we first introduce the concept of a strong semi*-l-open set which is weaker than
the concept of a Semi-I-open set and stronger than the concept of semi*-l-open set. Moreover, we
will study its properties and discuss the relationships between this concept and relevant concepts
intopological and ideal topological spaces. Finally, by using the new notion, we defined the strong
semi”-l-interior and strong semi*-I-closure operators and establish their various properties.

Key words: local functions, ideal topological spaces, strong semi*-1-open sets and strong semi*-1-
closed sets.

Introduction and Preliminaries

The notions of semi-open sets[11], semi-l-open sets [17] and semi*-1-open sets [8], and their
properties have been introduced and studied in the literature. In the present paper, we have intro-
duce and characterize the notionstrong semi*-I-open sets which is a generalization of the notion of
semi-l-open sets. Many of its characterizations and properties have been studied. Moreover, the
concept strong semi*-l-interior and strong semi*-1-closure operators were introduced and investi-
gated.

Throughout the present paper, (X,7) will denote topological spaces on which no separation
property is assumed unless explicity stated. In topological space (X, t), the closure and the interior
of any subset A of X will be denoted by CI(A) and Int(A), respectively. Anideal | on X is de-
fined as a nonempty collection of subsets of X satisfying the following two conditions: (1) If
AelandBcA,then B eI, (2 IfAe€land Bel, thenA U B € I. Let (X,t) be a topo-
logical space and I an ideal on X. An ideal topological space is a topological space (X, t) with an
ideal 7 on X and denoted by (X,t,I). Forasubset Ac X, A" (I,t)={x € X|U n A¢ | for
each neighborhood U of x} is called the local function of A with respect to 7 and t [15]. It is obvi-
ous that (.)*: (X) — (X) is a set operator. Throughout this paper, we use A" instead of A* (I, 7).
Besides, in [15], authors introduced a new Kuratowski closure operator Cl*(.) defined by CI*(4) =
A U A" and obtained a new topology on X which is called *-topology. This topology is denoted
by t*(I) which is finer than . We start with recalling some lemmas and definitions which are
necessary for this study in the sequel.

Lemma 1.1[15]. Let (X, ) be a topological space and I an ideal on X. For every subset A of X,
A* c cl(A).

Definition 1.1. A subset A of an ideal topological space (X, t,I) is called :
(1) semi-open, if A < cl(int(A))[17];

(2) semi-l-open, if A < cl*(int(A))[11];

(3) semi*-1-open, if A c cl(int*(A))[S];

(4) a-1-open, if A c int(cl*(int(A))) [11];

(5) B*-1-open, if A c cl(int*cl (A)) [5];

(6) b-1-open, if A c cl*(int(A)) U int(cl*(A4)) [9];

(7) regular closed, if A = cl(int(A)) [17];

(8) B-open, if A c cl(int(cl(A))) [1];

(9) *- perfect, if A = A" [14];
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(10) almost strong- I-open, if A c cl*(int(4")) [13];
(112) l-open, if A c int(4")) [2];

(12) B*-l-open, if A c cl(int*(cl(A))) [5];

(13) I-R-open, if A = int*(cl(A)) [3];

(14) weakly semi-l-open, if A c cl*(int(cl(A))) [10];
(15) t-1-set, if int(A) = int(cl*(A)) [11].

(16) strong pB-I-open, if A c cl*(int(cl*(A)) [12]

Definition1.2[4]. Let (X, t,I ) be an ideal topological space, then [ is said to be codense if T N
I = {0}.

Lemma 1.2[17]. Let (X, 7,1 ) be an ideal space where I is codense, then the following hold:

(a) Cl (G) = Cl* (G) for every semi open set G .

(b) Int(F)= Int* (F) for every semi- closed set F.

Lemma 1.3[6]. For a subset A of an ideal topological space (X, t,1), the followings hold:

(1) pI Cl(A) = A v Cl(Int*(A));

(2) pl Int(A) = A nInt (Cl*(A));

(3) slint(A) = A n Cl*(Int(A));

(4) sICI(A) = A U Int* (Cl(A)).

Lemma 1.4 [15].For any two subsets, Aand B of a space (X, 7, I) the following hold:

() If A C B, then A" c B”.

(2 If UE 1,thenlU n A* < (U N A)*.

Lemma 1.5 [13]. Let A be a subset of an ideal topological space (X ,7,1) and U be an open set,
then, U N cl*(A) < cl*(U n A).

Lemma 1.6 [19]. Let (X,7,I) be an ideal topological space and A € X. If A € A*, then A* =
Cl(A*) = Cl(A) = Cl*(A).

Strong SEMI*-1-Open Sets

Definition 2 .1. A subset A of an ideal topological space (X ,7,1) is said to be strong semi*-
I-open (briefly S.S*-1-open) if A C cl*(int* (A)). We denote that all S.S*-l1-open by SS*IO
(X).

Proposition 2.1. Let (X,7,I) be an ideal topological space. For A subset A of X the followings
hold:

(1) Every semi-l-open set is an s.s*-1-open.

(2) Every s.s*-1-open set is a semi*-1-open.

Proof. The proofs come from Definitions 1.1 and 2.1.

The following diagram holds a subset A of an ideal topological space (X ,t,1) :

(( Diagram 1))

s.s* — I —open

i N

Open ——> semi— 1 —open ——> b —1I—open

N

seml — open

semi® — [ — open

Remark 2.1: The converses of these implications in Diagram I are not true, in general, as
shown in the following examples:

Example 2.1. let X = {a,b,c,d},T = {0, X,{a},{b},{a,b}} and I = {@,{b},{c},{b,c}}, then
A = {b,c}is semi*-l-open set, but it is not s.s*-1-open.

Example 2.2. Let X = {a,b,c,d},t ={0,{c},{a,b,d},X},1 ={0,{a}}, then B = {b,d}is
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an s.s™-1-open set, but it is not semi-I-open.

Example2.3. Let X = {a,b,c,d}, T ={@,{a},{b,c},{a,b,c}, X}, I ={0,{a},{d} {a.d}}, then
A = {a,d} is a semi-open set, but it is not s.s*-I-open.

Example 2.4. let X = {a,b,c,d}, T ={0,{c},{a,b,d},X}, I ={®,{a}}, then A ={b,c,d} is
an s.s*-1-open set, but it is not semi-open.

From examples 2.3 and 2.4, we conclude that the concepts of semi - openness and s.s*-I-
openness are independent.

Remark 2.2. Thes.s*-1-open sets and b-1- open sets are independent notions.

From example 2.3, let A = {b} is b-1-open butit is nota strong semi*-I-open set.

Let X={a,b,c,d}, t ={0,{d},{a,c},{a,c,d}, X}, I ={0{c}{d},{c,d}}, A={a,b}is
not b-l-open set, but it is an s.s*-1-open set.

Theorem 2.1. Let (X,7,I) be an ideal topological space and A C X, then A is an s.s*-1-open set
if, and only if, cl*(A)= cl*(int*(4)).

Proof : Let A be an s.s™-1-open set in X, then we have A c cl*(int*(A)). We obtain cl*(A) c
cl*(cl*(int*(A))) = cl*(int*(A)). Hence, cl*(A) c cl*(int*(A)).

Conversely, let cl*(A) = cl*(int*(A)), since cl*(A) is a closure operator, we have AC cl*(A),
for every subset A of X. By using hypothesis, we have Ac cl*(int* (A)).

This shows that A4 is an s.s*-1- open set.

Theorem 2.2. Let(X,7,I) be an ideal topological space, then B is a strong semi*-I-open set,
if and only if, there exists an s.s*-1-open set A suchthat A ¢ B C Cl*(A).

Proof. Let B be an s.s*-1-open, then BC cl*(int"(B)) .we put A = int*(B) be a* —open set .
i.e.,, Aiss.s*-1-open. And A = int*(B) C B c cl*(int*(B) = cl*(A).

Conversely. If A is an s.s*-l-open set such that A € B < cl*(A), then cl*(A) = cl*(B).On the other
hand, Ac cl*(int*(A)) and hence B c cl*(A) c cl*(cl*(int*(A)))= cl*(int*(A) = cl*(int"(B),
which shows that B is an s.s*-l-open set.

Corollary 2.1. Let(X,7,I) be an ideal topological space, then B is an s.s*-I-open set, if and on-
ly if, there exists an open set A suchthat A C B C CI*(A).

Corollary 2.2. Let(X,7,1) be an ideal topological space, and If A is an s.s*-1-open set, then
cl*(A) iss.s*-1-open.

Proof. Let A be an s.s™-l-open set, then Ac cl*(int*(A)). This implies that cl*A c
cl*(cl*(int* (A))) = cl*(int* (A)) € cl*(int*cl*(A))).

Theorem 2. 3. Let (X, 7,1) be an idealtopological space and {U,: @ € A}a family ofsubsets of X,
where 4 is an arbitrary index set.

(1) If U € SS*IO(X ,7) for each a € A, then U ea{U,: @ € A} € SS*10(X, 7).

(2) If A € SS*I0(X ,1) and B € T, then AN B € SS*I0 (X, 7).

Proof: (1) Since U, € SS*I0(X, 1), we have U, c Cl*(Int*(U,)) for each @ € A. we obtain
UaeaUa © Ugea CI"(Int*(Uq)) © Ugea{(int™(Ug))" U (int™(Uqg))} © (Ugea((int™(Ug))" U
int*(Ugea Uy) C (int*(UgeaUg))* VU int* (UgeaUy) = cl*(int*(Ugea Uy))- This  shows  that
Ugea Uy € SS*I0(X, T).

(2) Let A€ SS*IO(X,7)and B € t. Then A c cl*(int*(A)) and by using Lemma 1.5 we obtain
ANB ccl*(int*(A) N B) = ((int*(A))* U int*(A)) N B = (((int*(A))* n B) U (int*(A)N

B) c (int"(A)N B)" Uint’(An B) = (int"(4n B)) U int"(4 n B) = cl*(int"(4 n B)).
This shows that A n B € SS*10(X ,1).

Remark 2. 3. A finite intersection of s.s*-l-open sets need notbe ans.s*-l1-open set, in general,
as shown by the following example:

Example 2.5.Let X ={a,b,c},t= {D,{a},{c},{a,c},X},1 ={D,{b}},
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then A= {a,b}, B= {b,c}ares.s*-l1-open sets, but A N B = {b} is not s.s*-I-open set.

Theorem 2.4. Let (X,t,1) be anideal topological space where I is condense. Then, for any set
A c X, the followings hold:

(1) A is semi*-l1-open set iff it is an s.s*-1-open set.

(2) Ais an s.s*-1-open setif itis semi-open.

(3) Aisans.s*-l-open set if it is regular closed.

(4) If Aisans.s*-l-open set, then it is B-open set.

Proof. The proofs come directly from Definitions 1.1, 1.2 and 2.1.

Theorem 2.5. Let(X,t,I) be an ideal topological space, where A is * - perfect set. Then, the

following holds:

(1) If Ais almost strong-1-open set, then it is ans.s*-1-open set.

(2) If A is l-open set, then itis an s.s*-1-open set.

Proof.

(1) Let A is almost strong-1-open set, then A4 c cl*(int(4*)) = cl*(int(4)) c cl*(int*(4)).
This implies Ais s.s*-l-open.

(2) suppose A is l-open set,then A c int(A*) = int(A) c cl*(int*(A)).

This shows that A is s.s*-1-open.

Theorem 2.6. Let(X,7,I) be an ideal topological space and A c X, If Ais |- R-closed set,
then it iss.s*-1-open.

Proof. Let A be I-R-closed set, then A = cl*(int(4) c cl*(int*(A)). This implies A4 is s.s*-I-
open.

Remark 2.4.The reverse of the above Theorem is not true, in general, as shown in the following
example: Let X={ab,c,d}r={0,{d}, {ac} {ac,d}, X} I =
{@,{c},{d},{c,d}}. Let A = {a}is ans.s*-I-open set but it is not I-R-closed set.

Theorem2.7. Let(X ,7,1) be an ideal topological space where I is condense. If 4 is * - perfect
set, then the following are equivalent :

(1) Aiss.s*-l-open.

(2) A is almost strong-I-open .

(3) A ispB*-l-open.

(4) A is semi*-l-open.

Proof.

(1) = (2)A € cl*(int*(A)) = cl*(int(A%)).

2) = B)AC cl'(int(4") = cl(int(4)) c ¢l (int*(cl(A))).
(3) =(4) A c cl(int*(cl(A)) = cl(int*(A)).
(4) =(1) A c cl(int*(A)) = cl*(int*(4)).

Theorem 2.8. Let(X,7,I) be anideal topological space and A c X be a pre-open set. If A is ei-
ther semiclosed or I-locally closed, then A is s.s*-1-open.

Proof.

Supposedis I-locally closed. A is I-locally closed implies that A = U N A*for some open set
U.Ais pre-open implies that 4 c int(cl(4)). Now A=UnA* cUn (int(cl(4)))* cUn
cl*(int(cl(A) cUn cl*(int(cl(U N A*))) ccl*(Un int(cl(U n A*))) = cl*(int(U n

cl(Un A*)) c cl*(int(U Nncl(U)n cl(A*))) = cl*(int((U N A*)) = cl*(int(A4)) C
cl*(int*(A)). Hence A is an s.s*-1-open.

Suppose A is semiclosed ,then int(cl(A)) = int(A4). Since A is pre-open, then A c int(cl(4)) =
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int(A) c cl*(int*(A)).Hence it is s.s*-1-open.

Remark 2.5 : The reverse of the above Theorem is not true, in general, as shown in the follow-
ing example: Let X ={a,b,c,}, 7 ={0,{c},{a,c},X} and I = {@,{b}}.TackA = {b, c}. Note that
A is pre-open and s.s*-1-open. Moreover, A is neither 1-locally closed nor semiclosed.

In general, the concepts of strong S-1-open sets and s.s*-1-open sets are independent notions,
as shown in the following examples:

From example 2.3, let A = {b, d}, then it is strong $-1-open, but is not strong semi*-I-open.

LetX ={a,b,c,d}, t ={X,0,{a},{a b},{c,d}{ac d}}, I ={0,{a},{d} {a d}}.

Then A = {b} is strong semi*-1-open, but it is not strong S-1-open.

The next theorem tells us under which condition that the concepts of the strong S-1-open setsandthe
strong semi*-1-open sets are equivalent.

Theorem 2.9. Let(X,t,1) be an ideal topological space, If A is *-closed set, where | is condense.
Then A is s.s*-1-openif and only if it is strong B-1-open.

Proof.Let A be ans.s™-I-open. Since A is *-closed, then A c cl*(int*(A)) = cl*(int(cl*(A))).
Hence A is a strong S-1-open set.

Conversely, let Abea strong S-1-open set, thenA c cl*(int(cl*(A))) = cl*(int*(A)). Hence A is
s.s*-1-open.

Theorem 2.10. In the ideal topological space(X , T, ), the union of a semi-open set with an s.s*-1-
open set is a semi*- I-open set.
Proof.
Let A be ans.s*-l-open set and B is a semi-open set, then

AU B C cl*(int*(4)) U cl(int(B))

c cl(int*(A)) u cl(int* (B))

= cl(int*(4) v int*(B))

c cl(int* (4u B))

Hence A U B is asemi*-1-open set.

Strong Semi*-1-Closed Sets
Definition 3.1. Asubset A of aspace (X,7,I) issaid to be a strong semi*-I-closed (briefly, s.s*-
I-closed) if its complement is s.s™*-1-open.

Theorem 3.1.A subset A of a space (X,t,I) is said to be s.s*-I-closed, if and only if,
int*(cl*(4)) c A.

Proof: Let A be an s.s*-I-closedset of (X ,t,I), then (X — A) is a s.s*-l1-open and hence (X —
A) C cl*(int*(X — A)) = X — int*(cl*(A)). Therefore, we obtain int*(cl*(4)) c A.

Conversely, let int*(cl*(A)) c A, then (X — A) C cl*(int*(X — A)) and hence (X — A) is s.s™-I-
open. Therefore A is s.s*-1-closed.

Theorem 3.2.Asubset A of aspace (X,t,I)is said to be s.s*-I-closed if, and only if, there
exists an s.s*-I-closed set B such that Int*(B) € A c B.

Proof. Let A is a s.s*-I-closed set of a space (X,7,1), then Int*(cl*(4)) c A. We put B =
cl*(A) be a *-closed set. i.e, B iss.s*-I-closed. And Int*(B) = Int*(cl*(A) € A c cl*(4A) = B.
Conversely, If B is as.s*-I-closed set such that Int*(B) c A c B, then Int*(A) = Int*(B).On
the other hand, Int*(cl*(B) c B and hence A D Int*(B) > Int*(Int*(cl*(B)) = Int*(cl*(B) =
Int*(cl*(A)), thus A o Int*(cl*(A)). Hence A iss.s*-I-closed.

Corollary 3.1. Asubset A of aspace (X,t,I) is said to be s.s*-I-closed, if and only if, there
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exists a *-closed set, B suchthat Int*(B) c A c B.

Remark 3.1. The union of s.s*-I-closed sets need not be ans.s*-I-closed set. This can be shown
by the following examples:

Let X ={a,b,c}, 7= {0,{a}{c},{a,c}, X}, I={0,{b}}, thenA={a} and B = {c}
ares.s*-1-closed sets but A U B = {a, c} is not s.s*-I-closed set.

Remark 3.2. For a subset A of aspace (X,7,I), we have X - Int(Cl*(4)) # Cl*(Int*(X —
A)). as shown by the following example:

Let X ={a,b,c,d}, T = {@,{d},{a,c},{a,c,d}, X}, I = {D,{c},{d},{c,d}}, If wetake A =
{a,b,c}, then X — Int(Cl*(A)) = {b,d}, and CI*(Int*(X — A)) = {d}.

Theorem 3.3. Let Abe a subset of a space (X,7,I) such that X - int(Cl*(4)) = Cl*(int*(X —
A)). Then, A is ans.s*-I-closedset, if and only if, int(Cl*(4)) C A.
Proof : This is an immediate consequence of Theorem 3.1.

Theorem 3.4. Let (X,7,I)be an ideal topological space. If I is condense, then A is ans.s*-I-
closed set, if and only if, int(Cl*(4)) c A.

Proof. Let A beans.s*-I-closed set of X, then 4 o int*(Cl*(4)) = int(Cl*(4)).

Conversely. Let A be any subset of X, such that A o int(Cl*(A)). This implies that A o
int*(Cl*(4)),i.e., A is s.s*-I-closed.

Theorem 3.5. Let (X,t,I) be an ideal topological space and A C X, the following properties
hold:

(1) If A isans.s™-I-openset, then PIcl(A) = cl(int*(A)).

(2) If A isans.s*-I-closedset, then Plint(A) = int(cl*(A)) .

Proof.

(1) Let A be ans.s*-l-openset in X, then we have A C cl*(int* (A)) C cl(int*(A)). Thus we have
PIcl(A) = cl(int*(4)).

(2)Let A be a s.s*-I-closedset in X, then we have A o int*(cl*(4)) D int(cl*(4)). Hence
Plint(A) = int(cl*(4)).

Remark 3.3. The reverse of the above theoremis not true, in general, as shown in the fol-
lowing examples:

From example 2.3, we show PIcl(A) = cl(int*(A)) for the subset A = {a,d}, but it is not s.s*-
I-open.

From Example 2.1, we show PIint(A) = int(cl*(A)) for the subset A = {a, ¢}, but it is not s.s*-I-
closed.

Lemma 3.1.The classes of t-1-set and s.s*-1-closed sets are not coincide.

Remark 3.4.From Example 2.1, we show the sets {a},{a,c },and{a,d } are t-I- sets, butare
not s.s*-I-closed.

Theorem 3.6. Let (X, t,1) be an ideal topological space and B c X, If B is a semi -I-closed set,
then B is both a s.s*-I-closedand t-1-set .

Proof. we obtain that every semi-I-closed set is strong semi*-I-closed by taking the comple-
ment of Diagram I.

Theorem 3.7.Let (X ,7,1) be an ideal topological spaced ,B € X, then

(1) If Aisans.s*-I-closed set and B is a semi-closed set, then A N B is a semi*-1-closed set.
(2) If Aisans.s*-I-closed set and B is t-I- set, then A N B is a semi*-1-closed set.

Proof.

(1) Proved similarly (2) Theorem 2.10.

Univ. Aden J. Nat. and Appl. Sc. Vol. 23 No.2 — October 2019 494



On strong Semi* — I — Open sets in ideal topological spaces.....R. M. Ageel, A. A. Bin Kuddah

(2) Let A isstrong semi*-I-closed, then A o int*(cl*(A)),and B is t-l-set
Then, int(B) = int(cl*(B)) .
Now, AnB D int*(cl*(A))NB

> int*(cl'(4)) N int(B)

> int(cl'(4)) n int(cl (B))

= int(cl*(A) n cl*(B))

) int(cl*(A N B)).
Hence A N B is semi*-1-closed.

Theorem 3.8.Let (X ,7,I) be an ideal topological space and A,B € X, then, if A is ans.s*-I-
closed set and B is a weakly semi-I-closed set, then A N B is a *-I-closed set.
Proof. Let A is s.s*-I-closed, then A o int*(cl*(A)) and since B is weakly semi- I-closed, then
B o int*(cl(int(B))).
Now; AnB D int*(cl*(A)) n int*(cl(int(B)))

D int(cl*(int(4))) n int(cl*(int(B))

= int (cI*(int(4)) n cl*(int(B)))

> int (cI*(int (A N B))).
Hence AnNBis B*-I-closed.
Corollary 3.2. Let(X,7,I) be an ideal topological space, If A is *-open set, where | is codence.
Then A is s.s*-1-closed, if and only if, it is strong B-1-closed.

Strong Semi*-1-Interior and Strong Semi*-1- Closure Operators

Definition 4.1.The strong semi*-l-interior of a subset A of an ideal topological space (X ,t,I),
denoted by s.s* — I — Int(A), is defined by the union of all s.s*-1-opensets of X contained in A,
ie.,

s.s*—I1—Int(A) ={UB:B C A, B is ans.s*-1-openset}

Theorem4.1. For a subset A of an ideal topological space (X ,7,1),s.s" —I—Int(A)= A N
Cl*(Int*(A)).
Proof. If A isany subset of X,then A N Cl*(Int*(A)) c Cl*(Int*(4)) =

Cl*(Int*(Int*(A))) = Cl*(Int*(A n Int*(A))) C CI*(Int*(A n Cl*(Int*(A)))).
Thus A N Cl*(Int*(A)) C Cl*(Int* (AN Cl*(Int*(A)))) and so A N Cl*(Int*(A))
is ans.s*-1-open set contained in A. Therefore, A N Cl*(Int*(A)) c s.s* — I — Int(A).
Conversely, since s.s* —1 —Int(A) is s.s*-1-open, then s.s* — I — Int(A) c Cl*(Int*(s.s* —
I — Int(A)) C Cl*(Int*(A)). So, s.s* — I — Int(A) € An Cl*(Int*(A)). Therefore, s.s* —1—
Int(A) = An Cl*(Int*(A)).
Corollary 4.1 : Let (X,7,I) be an ideal topological spaceand A € X, then:
Aiss.s*-l-openifand only if s.s* — 1 — Int(A) = A.
Proof. Let A is s.s*-l-open, then A C Cl*(Int*(A)). Hence s.s*—I—Int(A) =AN
Cl*(Int*(4)) = A.
Conversely, since s.s* —I1—Int(A) = AnCl*(Int*(4)) and by hypothesis s.s*—1—
Int(A) = A, we get A C Cl*(Int*(A)). This implies A is s.s*-1-open.

Definition 4.2. The strong semi* -I-closure of a subset A of an ideal topological space (X,7,I),
denoted by s.s*ICL(A), is defined by the intersection of all s.s*-I-closedsets of X containing A.
s.s*ICI(A) ={N B: B D A ,Bisans.s*-I-closedset}

Theorem 4.2. For asubset A of an ideal topological space (X ,7,1),
s.s*=1—Cl(A) = A Unt*(Cl*(4)).
Proof. Since A U Int*(Cl*(A)) D Int*(Cl*(4)) = Int*(Cl*(Cl*(4))) =
Int*(Cl* (AU Cl*(A))) D Int*(Cl*(A U Int*(Cl*(A)))).
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Thus 4 U Int*(Cl*(A)) D Int*(Cl*(A U Int*(Cl*(A)))). Hence A U Int*(Cl*(A)) is ans.s*I-
closed set containing A and s0 s.s* — I — Cl(A) < A U Int*(Cl*(4)).
Conversely, since  s.s*—I1—CIl(A) is s.s™I-closed, we have s.s*—1—CIl(A) D
Int*(Cl*(s.s* — 1 — CL(A)) D Int*(Cl*(A)). Therefore, s.s* — I — ClI(A) D AU Int*(Cl*(4)).
Hence s.s* —1—Cl(A) = A UInt*(Cl*(4)).
Corollary 4.2. Let (X, t,I) be an ideal topological space and A € X, then:
Aiss.s*-I-closed, if and only if, s.s* — I — CI(A) = A.
Proof. LetA is s.s*-I-closed, then A D Int*(Cl*(A)). Hence s.s*—I1—-Cl(A) =AU
Int*(Cl*(4)) = A.
Conversely, since s.s* —1 —CIl(A) = AU Int*(Cl"(A)) and by hypothesis s.s* —1 — Cl(A) =
A, we get A D Int*(Cl*(A)). Thisimplies A is s.s*-1-closed.
Remark 4.1. Let (X, t,I) be anideal topological space and A C X. Then,

s—I—Int(A) cs.s*—I—Int(A)c Acs.s*—1—-Cl(A) cs—1—-Cl(A)

Theorem 4.3.Let (X,7,I) be anideal topological space and A C X, then the following proper-
ties are hold:

(1) If A is pre-l-open set, then s.s* — I — CI(A) = int*(cl*(A)).

(2) If A is pre-I-closed set, then s.s* — 1 — Int(A) = cl*(int*(4)).

Proof.(1) suppose A is a pre-l-open set in X, then we have A C int(Cl*(A)) C
int*(cl*(A)).This implies that s.s*ICI(A) = A U Int*(Cl*(4)) = Int*(Cl*(4)).

(2) Let A be a pre-I-closed set in X, it follows that cl*(int*(4)) C cl(int*(A)) € A. This im-
plies that s.s*IInt(A) = A n cl*(int*(4)) = cl*(int*(4)).

Remark 4.2.The reverse implications of the above Theorem are not true, in general, as shown in
the following example : Let X = {a,b,c,d} , © = {@,{d},{a,c},{a,c,d},X},I =
{,{c},{d} ,{c,d}} thens.s* — I — Cl(A) = int*(cl*(A)), for the subset A ={a,b,c}, but A
is not pre-l-open set. Moreover, s.s* — I — Int(4) = cl*(int*(A)), for the subset B = {c,d },
but B is not pre-I-closed.

Theorem 4.4. Let (X,t,I) be anideal topological space and A C X,the following properties
hold:

(1) If A is I-R-closed set, then s.s* — 1 — Int(A) = cl*(int(A)).

(2) If A isI-R-open set, thens.s* — 1 — CL(A) = int*(cl(A)).

Proof. (1) Let A be I-R-closed setin X, it followsthat A = cl*(int(A)). This implies that

s.s* =1 —Int(A) = A n cl*(int*(A)) = cl*(int(A)) n cl*(int*(A)) = cl*(int(4)).

(2) : suppose A is I-R-open setin X, then we have A = Int*(cl(A)).This implies that
s.s* =1 =Cl(A) = A Unt*(Cl*(4)) = Int*(cl(A)) U Int*(cl(A)) = Int*(cl(A)).

Remark 4.3.The reverse implications of the above Theorem are not true, in general, as shown in
the following example: Let X = {a,b,c,d} and 7 = { @,{d},{a,c},{a,c,d },X}. Then, s.s* —
I — Int(A) = cl*(int(A)) for the subset A = {a} but A isnot I — R- closed set. Moreover,
s.s* =1 —cl(A) = int*(cl(A)), for the subset B = {b,d }, but B is not I-R-open set.

Theorem 4.5. For a subset A of an ideal topological space(X,7,I), If | is condense, the following
properties hold :

1) SB—1— cl(A) C s.s*—1—Cl(A),

(2) s.s* — I —Int(A) < wslint(A),

(3) wsicl(A) c s.s* —1—Cl(A).

Proof. @ by Lemma  3.14[8] SB—1—cl(A)=A4 Unt*(cl(Int*(A))) = AU
int*(cl*(int*(4))) € AU Int*(Cl*(4)).

(2) From Theorem 3.1[18] wslint(A) = A n cl*(int(cl(4)))

Since s.s*IInt(A) = A n cl*(int*(4)) = A n cl* (int(4)) C cl*(int(cl(A4))).

Univ. Aden J. Nat. and Appl. Sc. Vol. 23 No.2 — October 2019 496



On strong Semi* — I — Open sets in ideal topological spaces.....R. M. Ageel, A. A. Bin Kuddah

Hence s.s*IInt(4) < wslint(A).
(3) From Theorem 3.1[18]
wslcl(A) = A U Int*cl(int(A4)))
=AU int*cl*(int*(A))
C A U Int*(cl*(4))).
Hence wsiIcl(A) c s.s*ICL(A).

Theorem 4.6. For a subset A of an ideal topological space (X,t,I), the following properties
hold :
(1) int*(s.s* =1 — Cl(A)) = int*(cl*(A)),
(2) cl*(s.s* =1 —Int(A)) = cl*(int*(A)).
Proof:(1) We have :
int*(s.s* — 1 — Cl(A)) = int* (A U int*(cl*(4)))
D int* (4) U int” (int* (cl* (4)))
= int*(A) U int*(cl*(4)) = int*(cl*(4)).

Conversely,
int*(s.s* — I — CI(A)) = int" (A U int*(cl*(A)))
C int*(cl*(4) U int* (cl*(A))
= int*(cl*(4)).
This implies int*(s.s* — I — CI(A)) = int*(cl*(4)).

(2) we havecl*(s.s* — I — Int(A)) = cl*(A n cl*int* (A)))
C cl*(cl*(A) n cl*(int* (4)))
C cl*(cl*int* (4))
= cl*(int"(A)).
Conversely ,
cl*(s.s* =1 — Int(A)) = cl*(A n cl*int*(A))
D cl*(int* (A) n cl*(int* (4)))
= cl*(int* (4)).
This implies cl*(s.s* — I — Int(A)) = cl*(int*(4)).

Theorem 4.7. For a subset A of an ideal topological space (X,t,I), the following properties
hold:

(1) s.s* =1 —=Cl(s.s*Int(A)) = s.s* = — Int(A) U int*(cl*(int*(4)).

(2) s.s* =1 —Int(s.s* =1 —CI(A) = s.5" — I — CL(A) n cl*(int*(cl* (A)).

Proof. The proof comes directly By Theorem 4.4.

Conclusion

A definition of a strong semi*-l-open set was provided. In this paper, it has been shown that the
concept of a strong semi*-1-open set is weaker than the concept of a Semi-I-open set and stronger
than the concept of semi*-l-open set. A discussion illustrating the relationships between strong
semi*-1-open sets and some known concepts in ideal topological spaces. Moreover, many counter
examples were investigated. Finally, the strong semi*-I-interior and strong semi*-I-closure opera-
tors were introduced and their various properties were established.
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