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Abstract

In this present paper, we introduced a Finsler space F,, which Cartan’s second curvature tensor
P;.psatisfies the generalized birecurrence property with respect to Berwald’s connection parameters
G, Which given by the condition
B BnPin = @mn Plen + bmn( 88951 — 6k 9jn) — 2 tim Br(84Cjkn — 65Cjnn)y"™ Plin =0,
where B,,B,,, is Berwald’ scovariant differential of second order with respect tox™ and x™,
successively, u,,is non-zero covariant vector field, a,,,, and b,,,, are non-zero recurrence vectors
field of second order, such space is called as a generalized BP-Birecurrent space and denoted it
briefly by GBP-BIRF,. We have obtained Berwald’ scovariant derivative of second order for the
h(v)-torsion tensor Pg,, P-Ricci tensor P, and the curvature vector P, for Cartan’s second

curvature tensor Pj,. Also, we find some theorems of the associate curvature tensor Py, of the
(hv)-curvature tensor Pj"khand the associate tensor Py, of the v(hv)-torsion tensor Pl,in this space.
We also obtained the necessary and sufficient condition for Cartan’s fourth curvature tensor Pj"kh to
be generalized birecurrent and the necessary and sufficient condition of Berwald’s covariant
derivative of second order for the h(v)-torsion tensor Hj,,, the R-Ricci tensor R, andthe deviation
tensor HY , also the necessary and sufficient condition for the curvature vector R; and the deviation
tensor H]-i to be non-vanishing in this space.

Keywords: Generalized BP -birecurrent space, Berwald’s covariant derivative of second order,
Cartan’s second curvature tensor Pjj,.

1. Introduction

The generalized recurrent space is characterized by different curvature tensors and used the
sense of Berwald discussed byZ. Ahsan and M. Ali[1], S.M.S. Baleedi [2] and P.N.Pandey, S.
Saxena and A. Goswani [5], Vl/jl}(hgeneralizedbirecurrent Finsler space and the special birecurrent of
first and second kind studied by F.Y.A. Qasem and A.A.M. Saleem[7] and others. The generalized
birecurrent space characterized by different curvature tensors and used the sense of Berwald
studied by W.H.A. Hadi [3], F.Y.A. Qasem [6],F.Y.A. Qasem and W.H.A. Hadi ([8], [9], [10]).

An n-dimensional Finsler space, equipped with the metric function F satisfies the requisite
conditions [11]. Let consider the components of the corresponding metric tensor g;;, Cartan’s
connection parametersl‘j*;fand Berwald’s connection parameters G]-ik*. These are symmetric in their
lower indices.

The vectors y; and y'satisfy the following relations [11]

(11 @) y=gj;yad b) yy =F.

The two sets of quantities g;; and its associate tensor gY are related by [11]
x _ (1, if i=k

(1.2) 9ij9’" = 6; = {0 L if %k

The tensor C;jj, defined by

*The indices i,j,k, .. assume positive integral values from 1ton.
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(1.3) Ciji = %ai 9jk = ZaiajakF
is known as (h) hv - torsion tensor [11].

The (v) hv-torsion tensor CJ% and its associate (h) hv-torsion tensor C; jare related by[11]
(1.4) a) Chy/ =0=Cijy/ and b) Cyry/ =0
Berwald’s covariant derivativeBkT]-iof an arbitrary tensor filed T]-i with respect tox*is given by[11]
(L5) BT} := 0T = (0,Tf) G + T/ Gl — TF G
Berwald’s covariant derivative of the metric function, Fig. (1.1) and the vector y* vanish identically
[11],i.e. .
(1.6) a) B,F=0 and b) Byt =0 .

v

€

Fig. (1.1) Covariant Derivative Physics Forums

But Berwald’s covariant derivative of the metric tensor g;; does not vanish, i.e. By g;; # 0 and
given by [11]
1.7 By gij = —2 Cl}klhy -2 y"ByCjy -
The hv-curvature tensor ( Cartan’s second curvature tensor )is positively homogeneous of degree
zero in the directional argument and is defined by [11]
Pfen = OnTji + ClPith — Clh,k :
or equivalent by
i i
th - ah Tt G Ckhl v thlk '
or
ikn = C’ihu g7 Cirnir + CixPrn — PinCix -
The hv-curvature tensor Pj‘kh , Itsassociate curvature tensor P, , the v(hv)-torsion

tensor P}, and the P-Ricci tensor Py satisfy [11]
(1.8) Q) Pny' =P , D) girpﬁch = Pijkn _
¢) 9rpPkn = Prpn d) Pji = P and ) Py =P.
Cartan’s third curvature tensor R! ikh ,the R-Ricci tensor R, in sense of Cartan. The h(v)-

torsion tensor H:,, , the deviation tensor H}. , the curvature vectorH,and the scalar curvature H in
sense of Berwald, is glven by [11]

(1.9) a)  Rby =T (l]k)Gh'l_Cl (Gl = GREGR) + Ty T — ke /o xx,

b) R}khy - Hkh = jkhy] ) c) ]_ky] H,
d) Ruy*=R; , €) R;.k_i = Rjk
f) Hyy*=(m-1H  and 9 Hyy = H;.

—k/h means the subtraction from the former term by interchanging the indices k and h.
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2. Generalized BP-Birecurrent Space

A Finsler space F, whose Cartan's second curvature tensoerikh satisfies the condition[4]
(1) BuPin = Am Phn + tim( 6k — 6k9jn) + Phn #0
where B,,,is covariant derivative of first order with respect to x™, the quantities A,,, and p,,, are
non-null covariant vectors field. He called such space as a generalized BP-recurrent space, and
denoted it briefly byGBP-RE, .

By taking the covariant derivative (in sense of Berwald) for (2.1), with respect to x™, we get
[12]
(2-2) B.Bm ]kh = 0mn P]kh + bmn( 5hg]k 5ligjh) — 2 BT(6;lekn - 612thn)yr )
where B,, B,,,is covariant derivative of second order (Berwald’s covariant differential operator) with
respect to x™ and x", respectively, the quantities a,,, and b,,, are non-null covariant vectors
field. She called such space as a generalized BP-birecurrent space, and denoted it briefly by GBP-
BIRE,.

Result 2.1.Every generalized BP-recurrent space is generalized BP-birecurrent space.

Transfecting the condition (2.2) by y/, usmg (1.6b), (1.8a), (1.1a) and (1.4c), we get
(23)  ByBwPin = mn Pin + b ( 84V — i Yn)-
Contracting the indices | and h in (2.2) and (2.3), using(1.8d), (1.8e) and in view of (1.2), we get
(2.4) Banij = 0mn ij + binn (n— 1)gjk — 2 Uy Br(n -1 Cjknyr
and
(2.5) BnBm Pk = amnPi + by (n — D)yy,.
Therefore, we have
Theorem 2.1. In GBP-BIRF,, the v(hv)-torsion tensorP,ih the P-Ricci tensorP;,andthe curvature
vector Py, ( for Cartan’s second curvature tensor P}, ) are given by (2.3),(2.4) and (2.5),
respectively.

Trausvecting (2.2) and(2.3) byg;,., using (1.8b), (1.8c), (1.7) and in view of (1.2), we get
(2-6) B B P]krh amnP]krh + bmn(grhgjk grkgjh)
= 2 o Br(9rnCiken — GrkCinn)y" — 2 (B Cmmsys) e

-2 Cirmlsys( By Pjikh) -2 ( Cirnlpy )Bmpjkh
and

(2.7) By BmPrrn = mnPirn + bmn (GrrYk — Jiryn) — 2 (Bn Cirm|sys) Plih

—2 Cirmlsys( Bn P’éh) -2 ( Cirnlpyp) .BmP’éh'
Therefore, we have
Theorem 2.2. In GBP-BIRF, , the associate curvature tensor P, 0f the (hv)-curvature tensor ]kh
and the associate tensor Py, of the v(hv)-torsion tensor PL, ( for Cartan’s second curvature
tensorF’}-ikh ) is given by the equations (2.6) and (2.7), respectively.

3. The Necessary and Sufficient Condition

In this section, we shall obtain the necessary and sufficient condition for some tensors to be
generalized recurrent in GBR-TRE,.

For a Riemannian space V,, the projective curvature tensor Pjikh (Cartan’s second curvature
tensor) is defined by [1]
1) Rjxn =P+ § (8% Rk — Sk Rin )

Taking covariant derivative of second order (Berwald’s covariant derivative) of (3.1), with
respectto x™ and x™, successively, we get

(32  BuyBumRixn = BuBmPin + (6thBijk St ByBmRjn) -
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Using the condition (2.2) in (3 2), we get
B B leh = Amn P]kh + bmn( 5hgjk 6Il<gjh) —2 Um BT(6;lekn - Sllccjhn)yr
+3 (8% BuBmRjk — 6t ByBmRjn).
By using (3.1), the above equatlon can be written as
(3-3) B B R jkh — = 0mn R]kh + bmn( 6hg]k 5ligjh) —2 HUm BT(6;lekn - 612thn)yr
+ 3Ban(6h jk = O Rjn) — amn (8 Rix — 8k Ry )-
This shows that
BanR;kh = mn R]l'kh + bmn( (Sillgjk - 6llcgjh) -2 Um Br(ailzcjkn - 6Ilchhn)yr
If, and only if ,
BnBm (8% Rjke — 6 Rin) = @mn (6% Rjre — 61 Rjn )
Thus, we conclude:
Theorem 3.1. INGBP-BIRF, , Cartan’s fourth curvature tensor R}kh is generalized birecurrent if,
and only if, the tensor (&}, R, — 85 R;p, ) is birecurrent.

Transvecting (3.3) by y/, using (1.6b), (1.9b), (1.1a), (1.4b) and (1.9c), we get
(3.4) B,B Hkh Amn Hkh + bmn( 5h3’k - 6k}’h)
+§Ban(6h Hy — 8 Hp) =3 =G (8} Hy — L H).
This shows that
(3-5) BanHIlch = Amn Hll(h + bmn( SillYR - SIlth)
If, and only if,
BB (8f Hy — 8% Hp) = amn (8f Hy — 8k Hy )
Therefore, using the above assumptions and mathematical analysis, the following theorem have
been derived.
Theorem 3.2. InGBP-BIRF, , Berwald’s covariant derivative of the second order for the h(v) —
torsion tensor Hpyis given by the condition (3.5) if, and only if, the tensor (8}, Hy — 8% Hy, ) is
birecurrent.
Contracting the indices iand h in (3.3), using (1.9¢) and in view of (1.2), we get
(3.6) BanRjk = Amn Rjk + (M —1) by gjrx — 2(n— Dy Brcjknyr
+3 (0 = 1)ByByRjx — 5 (= Dy R
This shows that
(3.7) BanRjk = Amn Rjk + (M —1) by gjrx — 2(n— Dy Brcjknyr
If, and only if,
BanRjk = Qmn Rjk .
Therefore, we conclud the following:
Theorem 3.3. InGBP-BIRE,,Berwald’s covariant derivative of the second order for the R-Ricci
tensorR;is given by the equation (3.7 ) if, and only if, the R-Ricci tensor Rj; is birecurrent.

Transfecting the equation (3.6) by y*, using (1.4a), (1.9d), (1.1a) and (1.4b), yields
ByBnR; = Qon Ry + (0 = 1) by ¥ +5 (0 = DBy ByR; — (= Dy Ry,

This shows that

(38)  ByBuRi=amuRi+(m—1) by y;

If, and only if ,
BnBuRj = amn R} . '

Further, transvecting the equation (3.6) by y/, using (1.4a), (1.9c), (1.1a) and (1.4b), yields
BuBumH; = G Hy + (0 = 1) by ¥j +5 (0 = 1By B H; — 3 (0 — 1)t H;.

This shows that

(3.9)B,BnH; = amn Hj + (n — 1) by, yj
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if, and only if,

BanH] = Amn Hj .
The equations (3.8) and (3.9) show that the curvature vector R; and the curvature vector H;cannot
vanish if, and only if, the curvature vectorR;and the curvature vectorH;arebirecurrent,because the
vanishing of them would imply the vanishing of the covariant vector field b,,, ,i.e. b,, =0, a
contradiction.
Therefore, we conclude the following:
Theorem 3.4. INGBP-BIRF,,the curvature vector R; and the curvature vector H;arenon-vanishing

if, and only if, the curvature vector R; and the curvature vector H; are birecurrent.

Transvecting (3.4) by y*, using (1.6b), (1.9g), (1.1a),(1.1b), (1.4b) and (1.9f), we get

BanHfiL = 0mn Hfil + by (F* = 1) 5}1

+ 2By B (8 (M — DH — Hyy) = 2 G (81 (0 — DH — Hyy').
This shows that
(3.10) BB H}, = amp H: + by (F? — 1) 6}
If, and only if,

Ban(afiz (n—1H - thi) = Gmn (5;1 (n—1H — thi) .
Therefore, using the above assumptions and mathematical analysis, the following theorem have
been derived.
Theorem 3.5. InGBP-BIRF, , Berwald’s covariant derivative of the second order for the
deviation tensorH}, is is given by the equation (3.10)if, and only if, the tensor(d}1 (n—1)H —
Hpy") is birecurrent.
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