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Abstract 
 

     In this present paper, we introduced a Finsler space 𝐹𝑛 which Cartan’s second curvature tensor 

𝑃𝑗𝑘ℎ
𝑖 satisfies the generalized birecurrence property with respect to Berwald’s connection parameters 

G𝑘ℎ
𝑖 which given by the condition 

ℬ𝑛ℬ𝑚𝑃𝑗𝑘ℎ
𝑖 = 𝑎𝑚𝑛 𝑃𝑗𝑘ℎ

𝑖 + 𝑏𝑚𝑛( 𝛿ℎ
𝑖 𝑔𝑗𝑘 − 𝛿𝑘

𝑖 𝑔𝑗ℎ) − 2 𝜇𝑚 ℬ𝑟(𝛿ℎ
𝑖 𝐶𝑗𝑘𝑛 − 𝛿𝑘

𝑖 𝐶𝑗ℎ𝑛)𝑦𝑟   ,𝑃𝑗𝑘ℎ
𝑖 ≠ 0 , 

where ℬ𝑛ℬ𝑚  is Berwald’ scovariant differential of second order with respect to 𝑥𝑚  and 𝑥𝑛 , 

successively, 𝜇𝑚is non-zero covariant vector field, 𝑎𝑚𝑛 and 𝑏𝑚𝑛  are non-zero recurrence vectors 

field of second order, such space is called as a generalized ℬ𝑃-Birecurrent space and denoted it 

briefly by 𝐺ℬ𝑃-𝐵𝐼𝑅𝐹𝑛. We have obtained Berwald’ scovariant derivative of second order for the 

h(v)-torsion tensor 𝑃𝑘ℎ
𝑖 , P-Ricci tensor 𝑃𝑗𝑘  and the curvature vector 𝑃𝑘  for Cartan’s second 

curvature tensor 𝑃𝑗𝑘ℎ
𝑖 . Also, we find some theorems of the associate curvature tensor 𝑃𝑖𝑗𝑘ℎ of the 

(hv)-curvature tensor 𝑃𝑗𝑘ℎ
𝑖 and the associate tensor 𝑃𝑗𝑘ℎ of the v(hv)-torsion tensor 𝑃𝑘ℎ

𝑖 in this space. 

We also obtained the necessary and sufficient condition for Cartan’s fourth curvature tensor 𝑃𝑗𝑘ℎ
𝑖  to 

be generalized birecurrent and the necessary and sufficient condition of Berwald’s covariant 

derivative of second order for the h(v)-torsion tensor 𝐻𝑘ℎ
𝑖 , the R-Ricci tensor 𝑅𝑗𝑘 andthe deviation 

tensor 𝐻ℎ 
𝑖 , also the necessary and sufficient condition for the curvature vector 𝑅𝑗 and the deviation 

tensor 𝐻𝑗 
𝑖  to be non-vanishing in this space. 

 

Keywords: Generalized ℬ𝑃-birecurrent space, Berwald’s covariant derivative of second order, 

Cartan’s second curvature tensor 𝑃𝑗𝑘ℎ
𝑖 . 

 

1. Introduction  
     The generalized recurrent space is characterized by different curvature tensors and used the 

sense of Berwald discussed byZ. Ahsan and M. Ali[1], S.M.S. Baleedi [2] and P.N.Pandey, S. 

Saxena and A. Goswani [5], 𝑊𝑗𝑘ℎ
𝑖 generalizedbirecurrent Finsler space and the special birecurrent of 

first and second kind studied by F.Y.A. Qasem and A.A.M. Saleem[7] and others. The generalized 

birecurrent space characterized by different curvature tensors and used the sense of Berwald 

studied by W.H.A. Hadi [3], F.Y.A. Qasem [6],F.Y.A. Qasem and W.H.A. Hadi ([8], [9], [10]). 

     An n-dimensional Finsler space, equipped with the metric function F satisfies the requisite 

conditions [11]. Let consider the components of the corresponding metric tensor 𝑔𝑖𝑗 , Cartan’s 

connection parametersΓ𝑗𝑘
∗𝑖and Berwald’s connection parameters 𝐺𝑗𝑘

𝑖 *. These are symmetric in their 

lower indices. 

     The vectors 𝑦𝑖 and  𝑦𝑖satisfy the following relations [11] 

(1.1)          a)    𝑦𝑖 = 𝑔𝑖𝑗  𝑦
𝑗 and        b)    𝑦𝑖  𝑦𝑖 = 𝐹2.        

The two sets of quantities 𝑔𝑖𝑗 and its associate tensor 𝑔𝑖𝑗 are related by [11] 

(1.2)          𝑔𝑖𝑗𝑔𝑗𝑘 = 𝛿𝑖
𝑘 =  {

1   ,      𝑖𝑓      𝑖 = 𝑘       ,
0   ,      𝑖𝑓      𝑖 ≠ 𝑘       .

 

The tensor  𝐶𝑖𝑗𝑘  defined by   

 
∗The indices  𝑖 , 𝑗 , 𝑘 , …  assume positive integral values from 1 to n . 
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(1.3)          𝐶𝑖𝑗𝑘 =
1

2
�̇�𝑖 𝑔𝑗𝑘 =  

1

4
�̇�𝑖�̇�𝑗�̇�𝑘𝐹2 

is known as (h) hv - torsion tensor [11].  

   The (v) hv-torsion tensor  𝐶𝑖𝑘  
ℎ and its associate (h) hv-torsion tensor 𝐶𝑖𝑗𝑘are related by[11] 

(1.4)    a)  𝐶𝑗𝑘
𝑖 𝑦𝑗 = 0 = 𝐶𝑘𝑗

𝑖 𝑦𝑗     and  b)   𝐶𝑖𝑗𝑘𝑦𝑗 = 0    . 

Berwald’s covariant derivativeℬ𝑘𝑇𝑗
𝑖of an arbitrary tensor filed  𝑇𝑗

𝑖 with respect to𝑥𝑘is given by[11] 

(1.5)          ℬ𝑘𝑇𝑗
𝑖 ∶= 𝜕𝑘𝑇𝑗

𝑖 − (�̇�𝑟𝑇𝑗
𝑖) 𝐺𝑘

𝑟 + 𝑇𝑗
𝑟𝐺𝑟𝑘

𝑖 − 𝑇𝑟
𝑖𝐺𝑗𝑘

𝑟 . 

Berwald’s covariant derivative of the metric function, Fig. (1.1) and the vector 𝑦𝑖 vanish identically 

[11], i.e. 

(1.6)          a)   ℬ𝑘𝐹 = 0       and         b)  ℬ𝑘𝑦𝑖 = 0  . 

 
Fig. (1.1) Covariant Derivative Physics Forums 

 

    But Berwald’s covariant derivative of the metric tensor  𝑔𝑖𝑗 does not vanish, i.e.  ℬ𝑘𝑔𝑖𝑗 ≠ 0  and 

given by [11] 

(1.7)           ℬ𝑘𝑔𝑖𝑗 = −2 𝐶
𝑖𝑗𝑘׀ℎ

𝑦ℎ = −2 𝑦ℎℬℎ𝐶𝑖𝑗𝑘 . 

   The hv-curvature tensor ( Cartan’s second curvature tensor )is positively homogeneous of degree 

zero in the directional argument and is defined by [11] 

                   𝑃𝑗𝑘ℎ
𝑖 = �̇�ℎΓ𝑗𝑘

∗𝑖 + 𝐶𝑗𝑚
𝑖 𝑃𝑘ℎ 

𝑚 − 𝐶
𝑗ℎ׀𝑘
𝑖     , 

or equivalent  by  

                  𝑃𝑗𝑘ℎ
𝑖 = �̇�ℎ Γ𝑗𝑘

∗𝑖  + 𝐶𝑗𝑟 
𝑖 𝐶

𝑘ℎ׀𝑠 
𝑟 𝑦𝑠 − 𝐶

𝑗ℎ׀𝑘 

𝑖    , 

or 

                  𝑃𝑗𝑘ℎ
𝑖 = 𝐶

𝑘ℎ׀𝑗
𝑖 − 𝑔𝑖𝑟 𝐶

𝑗𝑘ℎ׀𝑟
+ 𝐶𝑗𝑘

𝑟 𝑃𝑟ℎ
𝑖 − 𝑃𝑗ℎ

𝑟 𝐶𝑟𝑘 
𝑖   . 

     The hv-curvature tensor   𝑃𝑗𝑘ℎ
𝑖 , itsassociate curvature tensor  𝑃𝑖𝑗𝑘ℎ , the v(hv)–torsion 

tensor  𝑃𝑘ℎ 
𝑖 and the P-Ricci tensor  𝑃𝑗𝑘  satisfy [11] 

(1.8)          a)   𝑃𝑗𝑘ℎ
𝑖  𝑦𝑗 = 𝑃𝑘ℎ

𝑖        ,      b)       𝑔𝑖𝑟𝑃𝑗𝑘ℎ
𝑟 = 𝑃𝑖𝑗𝑘ℎ    , 

                  c)   𝑔𝑟𝑝𝑃𝑘ℎ
𝑟 = 𝑃𝑘𝑝ℎ     ,     d)      𝑃𝑗𝑘𝑖

𝑖 = 𝑃𝑗𝑘            and           e)      𝑃𝑘𝑖
𝑖 = 𝑃𝑘 .    

     Cartan’s third curvature tensor    𝑅𝑗𝑘ℎ
𝑖  ,the R-Ricci tensor  𝑅𝑗𝑘  in sense of Cartan. The h(v)-

torsion tensor 𝐻𝑘ℎ  
𝑖 , the deviation tensor 𝐻𝑘 

𝑖  , the curvature vector𝐻𝑘and the scalar curvature  𝐻 in 

sense of  Berwald, is given by [11] 

(1.9)          a)      𝑅𝑗𝑘ℎ
𝑖 = Γℎ𝑗𝑘

∗𝑖 + (Γ𝑙𝑗𝑘
∗𝑖 )𝐺ℎ

𝑙 + 𝐶𝑗𝑚
𝑖 (𝐺𝑘ℎ

𝑚 − 𝐺𝑘𝑙
𝑚𝐺ℎ

𝑙 ) + Γ𝑚𝑘 
∗𝑖 Γ𝑗ℎ

∗𝑚 − 𝑘/ℎ ∗∗, 

                  b)      𝑅𝑗𝑘ℎ
𝑖 𝑦𝑗 = 𝐻𝑘ℎ

𝑖 = 𝐾𝑗𝑘ℎ
𝑖 𝑦𝑗        ,        c)      𝑅𝑗𝑘𝑦𝑗 = 𝐻𝑘     ,  

                  d)     𝑅𝑗𝑘𝑦𝑘 = 𝑅𝑗                             ,         e)      𝑅𝑗𝑘𝑖
𝑖 = 𝑅𝑗𝑘        ,  

                  f)   𝐻𝑘 𝑦
𝑘 = (𝑛 − 1)𝐻        and                g)      𝐻𝑗𝑘 

𝑖 𝑦𝑗 =  𝐻𝑘
𝑖 . 

 
** −k h ⁄ means the subtraction from the former term by interchanging the indices  k  and  h . 
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2.  Generalized 𝓑𝑷-Birecurrent Space 

     A Finsler space 𝐹𝑛 whose Cartan's second curvature tensor𝑃𝑗𝑘ℎ
𝑖  satisfies the condition[4] 

(2.1)       ℬ𝑚𝑃𝑗𝑘ℎ
𝑖 = 𝜆𝑚 𝑃𝑗𝑘ℎ

𝑖 + 𝜇𝑚( 𝛿ℎ
𝑖 𝑔𝑗𝑘 −  𝛿𝑘

𝑖 𝑔𝑗ℎ)     ,      𝑃𝑗𝑘ℎ
𝑖 ≠ 0    , 

where ℬ𝑚is covariant derivative of first order with respect to  𝑥𝑚, the quantities 𝜆𝑚 and  𝜇𝑚  are 

non-null covariant vectors field. He called such space as a generalized ℬ𝑃-recurrent space, and 

denoted it briefly by𝐺ℬ𝑃-𝑅𝐹𝑛 . 

    By taking the covariant derivative (in sense of Berwald) for (2.1), with respect to  𝑥𝑛, we get 

[12] 

(2.2)       ℬ𝑛ℬ𝑚𝑃𝑗𝑘ℎ
𝑖 = 𝑎𝑚𝑛 𝑃𝑗𝑘ℎ

𝑖 + 𝑏𝑚𝑛( 𝛿ℎ
𝑖 𝑔𝑗𝑘 −  𝛿𝑘

𝑖 𝑔𝑗ℎ) − 2 𝜇𝑚 ℬ𝑟(𝛿ℎ
𝑖 𝐶𝑗𝑘𝑛 −  𝛿𝑘

𝑖 𝐶𝑗ℎ𝑛)𝑦𝑟 ,       

where ℬ𝑛ℬ𝑚is covariant derivative of second order (Berwald’s covariant differential operator) with 

respect to  𝑥𝑚 and  𝑥𝑛 , respectively, the quantities 𝑎𝑚𝑛 and  𝑏𝑚𝑛 are non-null covariant vectors 

field. She called such space as a generalized  ℬ𝑃-birecurrent space, and denoted it briefly by 𝐺ℬ𝑃-

𝐵𝐼𝑅𝐹𝑛. 
 

Result 2.1.Every generalized ℬ𝑃-recurrent space is generalized ℬ𝑃-birecurrent space. 

    Transfecting the condition (2.2) by 𝑦𝑗, using (1.6b), (1.8a), (1.1a) and (1.4c), we get  

(2.3)       ℬ𝑛ℬ𝑚𝑃𝑘ℎ
𝑖 = 𝑎𝑚𝑛 𝑃𝑘ℎ

𝑖 + 𝑏𝑚𝑛( 𝛿ℎ
𝑖 𝑦𝑘 −  𝛿𝑘

𝑖 𝑦ℎ). 

Contracting the indices I and h in (2.2) and (2.3), using(1.8d), (1.8e) and in view of (1.2), we get 

(2.4)       ℬ𝑛ℬ𝑚𝑃𝑗𝑘 = 𝑎𝑚𝑛 𝑃𝑗𝑘 + 𝑏𝑚𝑛 (𝑛 − 1)𝑔𝑗𝑘 − 2 𝜇𝑚 ℬ𝑟(𝑛 − 1) 𝐶𝑗𝑘𝑛𝑦𝑟 

and 

(2.5)       ℬ𝑛ℬ𝑚 𝑃𝑘 = 𝑎𝑚𝑛𝑃𝑘 + 𝑏𝑚𝑛 (𝑛 − 1)𝑦𝑘. 

Therefore, we have  

Theorem 2.1. In 𝐺ℬ𝑃-𝐵𝐼𝑅𝐹𝑛, the v(hv)-torsion tensor𝑃𝑘ℎ
𝑖  , the P-Ricci tensor𝑃𝑗𝑘andthe curvature 

vector 𝑃𝑘 ( for Cartan’s second curvature tensor 𝑃𝑗𝑘ℎ
𝑖  ) are given by (2.3),(2.4) and (2.5), 

respectively. 

Trausvecting (2.2) and(2.3) by𝑔𝑖𝑟, using (1.8b), (1.8c), (1.7) and in view of (1.2), we get 
(2.6)       ℬ𝑛ℬ𝑚𝑃𝑗𝑘𝑟ℎ = 𝑎𝑚𝑛𝑃𝑗𝑘𝑟ℎ + 𝑏𝑚𝑛(𝑔𝑟ℎ𝑔𝑗𝑘 − 𝑔𝑟𝑘𝑔𝑗ℎ) 

                                  − 2 𝜇𝑚 ℬ𝑟(𝑔𝑟ℎ𝐶𝑗𝑘𝑛 − 𝑔𝑟𝑘𝐶𝑗ℎ𝑛)𝑦𝑟 − 2 ( ℬ𝑛 𝐶𝑖𝑟𝑚׀𝑠
𝑦𝑠) 𝑃𝑗𝑘ℎ

𝑖  

− 2 𝐶
𝑖𝑟𝑚׀𝑠

𝑦𝑠( ℬ𝑛 𝑃𝑗𝑘ℎ
𝑖 ) − 2 ( 𝐶

𝑖𝑟𝑛׀𝑝
𝑦𝑝) ℬ𝑚𝑃𝑗𝑘ℎ

𝑖  

and 

(2.7)          ℬ𝑛ℬ𝑚𝑃𝑘𝑟ℎ = 𝑎𝑚𝑛𝑃𝑘𝑟ℎ + 𝑏𝑚𝑛 (𝑔ℎ𝑟𝑦𝑘 − 𝑔𝑘𝑟𝑦ℎ) − 2 ( ℬ𝑛 𝐶𝑖𝑟𝑚׀𝑠
𝑦𝑠) 𝑃𝑘ℎ

𝑖  

                                    −2 𝐶
𝑖𝑟𝑚׀𝑠

𝑦𝑠( ℬ𝑛 𝑃𝑘ℎ
𝑖 ) − 2 ( 𝐶

𝑖𝑟𝑛׀𝑝
𝑦𝑝) ℬ𝑚𝑃𝑘ℎ

𝑖 . 

Therefore, we have  

Theorem 2.2. In 𝐺ℬ𝑃-𝐵𝐼𝑅𝐹𝑛 , the associate curvature tensor 𝑃𝑖𝑗𝑘ℎof the (hv)-curvature tensor𝑃𝑗𝑘ℎ
𝑖  

and the associate tensor  𝑃𝑗𝑘ℎ  of the v(hv)-torsion tensor  𝑃𝑘ℎ
𝑖  ( for Cartan’s second curvature 

tensor𝑃𝑗𝑘ℎ
𝑖  ) is given by the equations (2.6) and (2.7), respectively. 

 

3. The Necessary and Sufficient Condition 
    In this section, we shall obtain the necessary and sufficient condition for some tensors to be 

generalized recurrent in  𝐺ℬ𝑅-𝑇𝑅𝐹𝑛. 

     For a Riemannian space V4 , the projective curvature tensor 𝑃𝑗𝑘ℎ
𝑖  (Cartan’s second curvature 

tensor) is defined by [1] 

(3.1)        𝑅𝑗𝑘ℎ
𝑖 = 𝑃𝑗𝑘ℎ

𝑖 +
1

3
(𝛿ℎ 

𝑖 𝑅𝑗𝑘 − 𝛿𝑘 
𝑖 𝑅𝑗ℎ )    . 

     Taking covariant derivative of second order (Berwald’s covariant derivative) of (3.1), with 

respect to  𝑥𝑚  and  𝑥𝑛, successively, we get   

(3.2)        ℬ𝑛ℬ𝑚𝑅𝑗𝑘ℎ
𝑖 = ℬ𝑛ℬ𝑚𝑃𝑗𝑘ℎ

𝑖 +
1

3
(𝛿ℎ 

𝑖 ℬ𝑛ℬ𝑚𝑅𝑗𝑘 − 𝛿𝑘 
𝑖 ℬ𝑛ℬ𝑚𝑅𝑗ℎ) . 
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Using the condition (2.2) in (3.2), we get 

               ℬ𝑛ℬ𝑚𝑅𝑗𝑘ℎ
𝑖 = 𝑎𝑚𝑛 𝑃𝑗𝑘ℎ

𝑖 + 𝑏𝑚𝑛( 𝛿ℎ
𝑖 𝑔𝑗𝑘 −  𝛿𝑘

𝑖 𝑔𝑗ℎ) − 2 𝜇𝑚 ℬ𝑟(𝛿ℎ
𝑖 𝐶𝑗𝑘𝑛 −  𝛿𝑘

𝑖 𝐶𝑗ℎ𝑛)𝑦𝑟 

               +
1

3
(𝛿ℎ 

𝑖 ℬ𝑛ℬ𝑚𝑅𝑗𝑘 − 𝛿𝑘 
𝑖 ℬ𝑛ℬ𝑚𝑅𝑗ℎ). 

By using (3.1), the above equation can be written as  

(3.3)        ℬ𝑛ℬ𝑚𝑅𝑗𝑘ℎ
𝑖 = 𝑎𝑚𝑛 𝑅𝑗𝑘ℎ

𝑖 + 𝑏𝑚𝑛( 𝛿ℎ
𝑖 𝑔𝑗𝑘 −  𝛿𝑘

𝑖 𝑔𝑗ℎ) − 2 𝜇𝑚 ℬ𝑟(𝛿ℎ
𝑖 𝐶𝑗𝑘𝑛 −  𝛿𝑘

𝑖 𝐶𝑗ℎ𝑛)𝑦𝑟 

               +
1

3
ℬ𝑛ℬ𝑚(𝛿ℎ 

𝑖 𝑅𝑗𝑘 − 𝛿𝑘 
𝑖 𝑅𝑗ℎ) −

1

3
𝑎𝑚𝑛 (𝛿ℎ 

𝑖 𝑅𝑗𝑘 − 𝛿𝑘 
𝑖 𝑅𝑗ℎ ). 

This shows that  

               ℬ𝑛ℬ𝑚𝑅𝑗𝑘ℎ
𝑖 = 𝑎𝑚𝑛 𝑅𝑗𝑘ℎ

𝑖 + 𝑏𝑚𝑛( 𝛿ℎ
𝑖 𝑔𝑗𝑘 −  𝛿𝑘

𝑖 𝑔𝑗ℎ) − 2 𝜇𝑚 ℬ𝑟(𝛿ℎ
𝑖 𝐶𝑗𝑘𝑛 −  𝛿𝑘

𝑖 𝐶𝑗ℎ𝑛)𝑦𝑟 

If, and only if , 

               ℬ𝑛ℬ𝑚(𝛿ℎ 
𝑖 𝑅𝑗𝑘 − 𝛿𝑘 

𝑖 𝑅𝑗ℎ) =  𝑎𝑚𝑛 (𝛿ℎ 
𝑖 𝑅𝑗𝑘 − 𝛿𝑘 

𝑖 𝑅𝑗ℎ ). 

Thus, we conclude: 

Theorem 3.1. In𝐺ℬ𝑃-𝐵𝐼𝑅𝐹𝑛 , Cartan’s fourth curvature tensor 𝑅𝑗𝑘ℎ
𝑖  is generalized birecurrent if, 

and only if, the tensor  (𝛿ℎ 
𝑖 𝑅𝑗𝑘 − 𝛿𝑘 

𝑖 𝑅𝑗ℎ ) is birecurrent. 
 

Transvecting (3.3) by 𝑦𝑗, using (1.6b), (1.9b), (1.1a), (1.4b) and (1.9c), we get 

(3.4)        ℬ𝑛ℬ𝑚𝐻𝑘ℎ
𝑖 = 𝑎𝑚𝑛 𝐻𝑘ℎ

𝑖 + 𝑏𝑚𝑛( 𝛿ℎ
𝑖 𝑦𝑘 −  𝛿𝑘

𝑖 𝑦ℎ) 

               +
1

3
ℬ𝑛ℬ𝑚(𝛿ℎ 

𝑖 𝐻𝑘 − 𝛿𝑘 
𝑖 𝐻ℎ) −

1

3
𝑎𝑚𝑛 (𝛿ℎ 

𝑖 𝐻𝑘 − 𝛿𝑘 
𝑖 𝐻ℎ ). 

This shows that  

(3.5)        ℬ𝑛ℬ𝑚𝐻𝑘ℎ
𝑖 = 𝑎𝑚𝑛 𝐻𝑘ℎ

𝑖 + 𝑏𝑚𝑛( 𝛿ℎ
𝑖 𝑦𝑘 −  𝛿𝑘

𝑖 𝑦ℎ) 

If, and only if,  

               ℬ𝑛ℬ𝑚(𝛿ℎ 
𝑖 𝐻𝑘 − 𝛿𝑘 

𝑖 𝐻ℎ) =  𝑎𝑚𝑛 (𝛿ℎ 
𝑖 𝐻𝑘 − 𝛿𝑘 

𝑖 𝐻ℎ )  . 

Therefore, using the above assumptions and mathematical analysis, the following theorem have 

been derived.    
Theorem 3.2.  In𝐺ℬ𝑃-𝐵𝐼𝑅𝐹𝑛 , Berwald’s covariant derivative of the second order for the h(v) –

torsion tensor  𝐻𝑘ℎ
𝑖 is given by the condition (3.5) if, and only if, the tensor(𝛿ℎ 

𝑖 𝐻𝑘 − 𝛿𝑘 
𝑖 𝐻ℎ ) is 

birecurrent. 

Contracting the indices  i and  h  in (3.3), using (1.9e) and in view of (1.2), we get  

(3.6)        ℬ𝑛ℬ𝑚𝑅𝑗𝑘 = 𝑎𝑚𝑛 𝑅𝑗𝑘 + (𝑛 − 1) 𝑏𝑚𝑛 𝑔𝑗𝑘 − 2 (𝑛 − 1)𝜇𝑚 ℬ𝑟𝐶𝑗𝑘𝑛𝑦𝑟 

               +
1

3
(𝑛 − 1)ℬ𝑛ℬ𝑚𝑅𝑗𝑘 −

1

3
(𝑛 − 1)𝑎𝑚𝑛 𝑅𝑗𝑘. 

This shows that  

(3.7)        ℬ𝑛ℬ𝑚𝑅𝑗𝑘 = 𝑎𝑚𝑛 𝑅𝑗𝑘 + (𝑛 − 1) 𝑏𝑚𝑛 𝑔𝑗𝑘 − 2 (𝑛 − 1)𝜇𝑚 ℬ𝑟𝐶𝑗𝑘𝑛𝑦𝑟 

If, and only if,  

               ℬ𝑛ℬ𝑚𝑅𝑗𝑘 =  𝑎𝑚𝑛 𝑅𝑗𝑘  . 

Therefore, we conclud the following: 
Theorem 3.3.  In𝐺ℬ𝑃-𝐵𝐼𝑅𝐹𝑛,Berwald’s covariant derivative of the second order for the R-Ricci 

tensor𝑅𝑗𝑘is given by the equation (3.7 ) if, and only if, the R-Ricci tensor 𝑅𝑗𝑘 is birecurrent. 
 

Transfecting the equation (3.6) by 𝑦𝑘, using (1.4a), (1.9d), (1.1a) and (1.4b), yields 

               ℬ𝑛ℬ𝑚𝑅𝑗 = 𝑎𝑚𝑛 𝑅𝑗 + (𝑛 − 1) 𝑏𝑚𝑛 𝑦𝑗 +
1

3
(𝑛 − 1)ℬ𝑛ℬ𝑚𝑅𝑗 −

1

3
(𝑛 − 1)𝑎𝑚𝑛 𝑅𝑗. 

This shows that  

(3.8)       ℬ𝑛ℬ𝑚𝑅𝑗 = 𝑎𝑚𝑛 𝑅𝑗 + (𝑛 − 1) 𝑏𝑚𝑛 𝑦𝑗 

If, and only if , 

               ℬ𝑛ℬ𝑚𝑅𝑗 =  𝑎𝑚𝑛 𝑅𝑗  . 

Further, transvecting the equation (3.6) by 𝑦𝑗, using (1.4a), (1.9c), (1.1a) and (1.4b), yields 

               ℬ𝑛ℬ𝑚𝐻𝑗 = 𝑎𝑚𝑛 𝐻𝑗 + (𝑛 − 1) 𝑏𝑚𝑛 𝑦𝑗 +
1

3
(𝑛 − 1)ℬ𝑛ℬ𝑚𝐻𝑗 −

1

3
(𝑛 − 1)𝑎𝑚𝑛 𝐻𝑗. 

This shows that  

(3.9)ℬ𝑛ℬ𝑚𝐻𝑗 = 𝑎𝑚𝑛 𝐻𝑗 + (𝑛 − 1) 𝑏𝑚𝑛 𝑦𝑗 
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if, and only if,  

               ℬ𝑛ℬ𝑚𝐻𝑗 =  𝑎𝑚𝑛 𝐻𝑗  . 

The equations (3.8) and (3.9) show that the curvature vector  𝑅𝑗 and the curvature vector  𝐻𝑗cannot 

vanish if, and only if, the curvature vector𝑅𝑗and the curvature vector𝐻𝑗arebirecurrent,because the 

vanishing of them would imply the vanishing of the covariant vector field  𝑏𝑚𝑛  , i.e.  𝑏𝑚𝑛 = 0 , a 

contradiction. 

Therefore, we conclude the following: 

Theorem 3.4. In𝐺ℬ𝑃-𝐵𝐼𝑅𝐹𝑛,the curvature vector 𝑅𝑗 and the curvature vector 𝐻𝑗arenon-vanishing 

if, and only if, the curvature vector 𝑅𝑗 and the curvature vector  𝐻𝑗 are birecurrent. 
 

Transvecting (3.4) by 𝑦𝑘, using (1.6b), (1.9g), (1.1a),(1.1b), (1.4b) and (1.9f), we get 

               ℬ𝑛ℬ𝑚𝐻ℎ
𝑖 = 𝑎𝑚𝑛 𝐻ℎ

𝑖 + 𝑏𝑚𝑛(𝐹2 − 1 ) 𝛿ℎ
𝑖  

               +
1

3
ℬ𝑛ℬ𝑚(𝛿ℎ 

𝑖 (𝑛 − 1)𝐻 − 𝐻ℎ𝑦𝑖) −
1

3
𝑎𝑚𝑛 (𝛿ℎ 

𝑖 (𝑛 − 1)𝐻 − 𝐻ℎ𝑦𝑖). 

This shows that  

(3.10)    ℬ𝑛ℬ𝑚𝐻ℎ
𝑖 = 𝑎𝑚𝑛 𝐻ℎ

𝑖 + 𝑏𝑚𝑛(𝐹2 − 1 ) 𝛿ℎ
𝑖  

If, and only if,  

               ℬ𝑛ℬ𝑚(𝛿ℎ 
𝑖 (𝑛 − 1)𝐻 − 𝐻ℎ𝑦𝑖) =  𝑎𝑚𝑛 (𝛿ℎ 

𝑖 (𝑛 − 1)𝐻 − 𝐻ℎ𝑦𝑖)  . 

Therefore, using the above assumptions and mathematical analysis, the following theorem have 

been derived.    
Theorem 3.5.  In 𝐺ℬ𝑃 - 𝐵𝐼𝑅𝐹𝑛  , Berwald’s covariant derivative of the second order for the 

deviation tensor𝐻ℎ
𝑖  is is given by the equation (3.10)if, and only if, the tensor(𝛿ℎ 

𝑖 (𝑛 − 1)𝐻 −

𝐻ℎ𝑦𝑖) is birecurrent. 
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 الملخص
 

قدمنا      الورقة،  هذه  فنسل  في  فيه  الذي  رفضاء  الثا  يكون  التقوسي  𝑃𝑗𝑘ℎ لكارتان   نيالموتر 
𝑖 خاصية    يحقق 

 بروالد والمعطى بالحالة ثنائي المعاودة المعمم بالنسبة لروابط
ℬ𝑛ℬ𝑚𝑃𝑗𝑘ℎ

𝑖 = 𝑎𝑚𝑛 𝑃𝑗𝑘ℎ
𝑖 + 𝑏𝑚𝑛( 𝛿ℎ

𝑖 𝑔𝑗𝑘 − 𝛿𝑘
𝑖 𝑔𝑗ℎ) − 2 𝜇𝑚 ℬ𝑟(𝛿ℎ

𝑖 𝐶𝑗𝑘𝑛 − 𝛿𝑘
𝑖 𝐶𝑗ℎ𝑛)𝑦𝑟 , 𝑃𝑗𝑘ℎ

𝑖 ≠ 0 , 

 𝑎𝑚𝑛على التعاقب حيث و 𝑥𝑚𝑥𝑛  ية المعاودة بالنسبة إلى المسقط الوضعينائ مشتقة بروالد ث هي   ℬ𝑛ℬ𝑚حيث  

الثة  غير صفريهي حقول    𝑏𝑚𝑛 و الرتبة  من  متحدة الاختلاف  وأطلقنا  انيلمتجهات  - ℬ𝑃تعميم فضاء   يهعل ة 

  بروالد في مفهوم  المعاودة    ثنائيةلمشتقة المتحدة الاختلاف  ا أوجدنا    .𝐺ℬ𝑃-𝐵𝐼𝑅𝐹𝑛ي المعاودة ورمزنا إليه  نائث

ال ل  𝑃𝑘ℎ،لتوائي  لموتر 
𝑖 رتشي التقوسي،  𝑃𝑗𝑘  تقوسات  تم   ،𝑃𝑘  المتجه  على    كذلك    المبرهنات بعض  الحصول 

المرافق   التقوسي  التقوسي  ل 𝑃𝑖𝑗𝑘ℎللموتر  𝑃𝑗𝑘ℎلموتر 
𝑖   المرافق  𝑃𝑘ℎتوائي  الا   للموتر 𝑃𝑗𝑘والموتر 

𝑖   هذا في

 𝑅𝑗𝑘ℎكارتان ل  ثالث ي ال وسلموتر التقل   ، كذلك أوجدنا الشرط اللازم والكافيالفضاء
𝑖 ثنائي المعاودة  ا  ليكون معمم ،  

والكافي  كذلك اللازم  الاختلاف  ا   لإيجاد  الشرط  المتحدة  الا  بروالدمفهوم  بلمشتقة   𝐻𝑘ℎ لتوائيللموتر 
𝑖،    تقوس

 𝐻ℎ  الانحرافي  الموترو 𝑅𝑗𝑘  رتشي
𝑖 المتجهات التقوسية  لكي تكون  الشرط اللازم والكافي  يضا أوجدناأو𝑅𝑗  و𝐻𝑗 

 .في هذا الفضاء غير منتهية
 

فضاء  مفتاحية:  الكلمات  ال المُ ئاثنُ-𝐵𝑃تعميم  الاختلافا ،  عاودةي  المتحدة  الثانية  لمشتقة  الدرجة  مفهوم  ب من 

𝑃𝑗𝑘ℎلكارتان   نيثا قوسي الت لموتر الا  ،بروالد
𝑖 . 
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