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Abstract

In this paper, the group theoretic method is used to derive some classes of proper and improper
partial bilateral generating functions for certain special polynomial. Some new and known results
are obtained as special cases of the main results.
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1. Introduction and Preliminaries:

Generating functions play a large role in the study of special functions. Generating functions
which are available in the literature are almost bilateral in nature. There is a death of trilateral
generating functions in the field of special functions. Group-theoretic method of obtaining
generating functions for various special functions has been receiving much attention in recent
years. Group Theoretic Method proposed by Louis Weisner in 1955, who employed this method to
find generating relations for a large class of special functions. Weisner discussed the group-
theoretic significance of generating functions for Hypergeometric, Hermite, and Bessel functions
[10, 11 and 12] respectively. This technique was used by Khan et.al [2, 3, 4] for obtaining
generating functions for various special functions. Miller, McBride, Srivastava and Manocha [6, 5
and 9], respectively , reported Group theoretic method for obtaining generating relations in their
books.

In this paper, we have used the group-theoretic method to obtain new classes of generating
functions from a given class of generating function. In this section, we give the brief introduction to
Konhauser, Gegenbauer and Laguerre polynomials. Also, we define the recently used terms proper
and improper partial bilateral generating functions.

The Konhauser biorthogonal polynomials are defined by [1]

Y (x;k)= Z Z( )U(”E‘HJ , (L1)

where (a)n is the pochhammer symbol [9], @ >—1 and K is a positive integer.
In particular, we note [9, p.432]
Y (x1) = L9(x), (1.2)

where Lﬁf‘)(x) denotes the modified Laguerre polynomials defined by [7]

ng(x):(“n“)nlﬁ(_n;ua; ), (L3)

which for & = 0 reduces to the classical Laguerre polynomials Ln(x) givenin [7].
The Gegenbauer polynomials, as introduced in [7], are defined by:

i (2v), 1.1-x

Note that
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cO) = (2") (L5)
Ci?(x) = Pn(x) , (1.6)
CP(x)=U,(x), (1.7)

where P, (X) is Legendre polynomials and U, (x)is Tchebycheff polynomials of second kind,
respectively (see [7]).
It is also known that the Gegenbauer and Ultraspherical polynomials Pn(“'ﬁ)(x) are linked by the

following relation [7]:
(2v),

CrM= 5 ) R (x). (18)
Now, we consider the following partial differential operators (cf. [1, 5]):
4, O 0 _ o _
R, = xy 1h&+h5+(k+l)y 1h2%+y 'h(1l—h+km) (1.9
and
R, = (22 -t 122 2 s 28 +s)zt (1.10)
2 oz ot '

So that
R[Y 06K y“h" |= k@+n+m) Y, 0ck)y“ h™

R,[C®)(2) " |=(s+n+DCL)  (2) 5. (1.12)
Consequently, we have

_(kmsl X
exp(WRy) f (x,y,h) = (L—kwy *h) " expl x - ————
1 (1 kwy*h)*
x f x vy h (1.13)
(L—kwy )" (L—kwy )" (L—kwy h)*
and
242\~ Z-vt t
exp(vR,) f(z,t) =(1—2vzt +vit°)™” f , , (1.14)
V1-2vzt +vi2 1-2vzt +vt?

where ‘2vzt —vztz‘ <1
Next, we define the recently used terms proper partial bilateral generating relation and improper
partial bilateral generating relation for two classical polynomials introduced by Sarkar (cf. [8]).

Definition 1.1 Proper partial bilateral generating function for two classical polynomials is the
relation

G(x,z,w)= Za w'pl), (x) a2 (2), (1.15)

where the coefficients a,'s are quite arbitrary, p“) (x) and '), (z) are any two classical

polynomials of order (m + n) with the parameters « and £, respectively. where «and £ are

complex numbers , n is a positive integer or zero and m is integer number.
Definition 1.2 Improper partial bilateral generating relation for two classical polynomials, is the
relation
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X Z, W Za W pm+n qk+n( ) ! (116)

where the coefficients a,’s are quite arbitrary and pr(n‘ﬂ)n(x),qﬁf)n(z) are any two classical

polynomials of order (m + n) and (k + n) with the parameters cwand /3 respectively.

In the following section, we have obtained new classes of improper bilateral generating functions
for some orthogonal polynomials.

2. Improper partial bilateral generating functions:
We derive the main result in the form of the following theorem:

Theorem (1) : If there exist the following class of improper partial bilateral generating functions
for the Konhauser and Gegenbauer polynomials by means of the relation
G(x,z,w) = > a,w" Y@ (x;k) C¥(z) , (2.1)
n=0

n+m n+s

where a, is arbitrary , then the following generating function holds

—(1+a+km)
(1—wk ) (L-2vz+v )w 2 exp| x—— >
(1—wk)*
X Z-V Wy
e c 1-2vz+v? ‘
(1—wk)* (1—wk)*v1—2vz +V?
WP n+q
Za Y kP(m+ n+1),(s+n+1), Y., (xk)C¥ (2), (2.2)

n,p,q=0
where ‘ZVZ—V ‘<1. Equation (2.2) represents a new class of improper partial bilateral generating
function for Konhauser and Gegenbauer polynomials.

Proof of the Theorem 1

Let

G(x, 2, W) = > a,w" Y, (x; k) C(2) @3

on multiplying both sind:: of above equation by y“t®, which gives us

YUEG(x, 2, W) = > a,w" YD 06K) CD Yt @4
=0

Now, replacing w by whtv in (2.4), we get

yt°G (X, z, whtv) = >~ a, (Wv)"Y ) (x; k) y*h"C{2 (z)t=*"

n+m n-+s
n=0

(2.5)
Applying the results in (1.5), (1.6), (1.7) and (1.8) to equation (2.5), we obtain

—(1+a+km)

(L-wky *h) (- 2vzt+v2t? ) exp Xx—— 2

1
(L—wky*h)*
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<G X z—vt wvyt
vV 1
A—wkythyc VIZVZEVET gtk 1 ovzt 4 v
n+pvn+q

Za

n,p,q=0
Finally, When puttlng y =t =h =1 in the above equation (2.6), we arrive at the result (2.2).

—————(ky*'h)Py“(m+n+1),(s+n+1), Y, (xK)ICL, () ™ (2.6)

n+m+p s+n+q

It may be of special interest to point out that, for s = m, the above theorem has become a nice
class of generating functions forms proper partial bilateral generating functions. We state these
results in the form of following corollary:

Corollary If there exist the following class of (proper) partial bilateral generating function for the
Konhauser and Gegenbauer polynomials by means of the relation

G(x,z,wW) = > aw"Y@(xk) C(2)
n=0

n+m n-+m

where a, is arbitrary , then the following general class of generating function is hold

—(1+a+km) (s 2
(1-wk (L-2vz+v?) 2 exp| x— 7
(L—wk)*
e X z-v wv
Wk)k NL-2vz v (1 Wk) V1-2vz+V?
0 n+p n+q
Z T ke (mn+1),(men+), Y9, (6K)ICO,..(2), (2.7)

n,p,q=0 p ql
where ‘2vz—v ‘<1.

Remark : using relation (1.8) in results (2.2) and (2.7), we get the following relations:

—(1+a+km)

1—wk 1-2vz+v (ﬂZexp X—
L-wk) ) 1

(1—wk)¥

X Z—-V Y

N 2’ 1
(1—wk)k Vi-2vztv (1—wk)¥v1-2vz +V?

xG

© N+ py,N+q
= Ya, k' (m+n+1),(s+n+D), (Q&Yxﬂw(x;k)a&w 2(2) @8
n,p,q=0 plql (ﬂ )s+n+q
and
—(l+a+km)
(1—wk (L-2vz+v )(ﬁ 2’ exp| X — -

(1—wk)k
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X Z—-V wv

1 2’ 1
Aowk)s VImVZH o vy
o WPy

= DA
n,p,q=0 plql (ﬂ l)m+n+q

respectively.

In the following section, we have obtained new and known classes of proper partial bilateral

generating functions as particular cases of the above main results.

xG

kP(m+n+1),(m+n+1), MYW (x:K)PY 2779 (7), (2.9)

n+m+p m-+n+q

Particular Cases:
I. On putting k =21in Theorem 1, we get the following known result due to Sarkar [8]:

(1_ W)_(1+a+m) (1_ 2VZ+V ) e eXp(_ ﬁj

X Z-vV Wy
xG , ,
{(1—W) V1-2vz+V? (1—W)\/1—2VZ+V2J

n+pvn+q

S (@) )
zaﬂ p ql m +n +1)p(S +n +1) Ln+m+p(X)Cs+n+q( ) (210)
n,p.gq=
where ‘2vz—v2‘<1 and G(X, z,W) = D" a,w"Ly) (X)C (2)
n=0

For s=min (2.10) gives the following class of (proper) partial bilateral generating function for
the Laguerre and Gegenbauer polynomials due to Sarkar [8]:

(l_ W)_(1+a+m) (l_ 2VZ+V ) Ve EXP(_ ﬁj

X Z-V W
xG , )
((1—W) V1-2vz+V? (l—W)\/l—ZVZ—I-VZJ

0 n+p, ,N+q

= Zanwl—q'(m+n+1) (m+n+1), L, (0CY..(2), (2.11)

n+m+p m+n+q
n,p,q=0
where ‘ZVZ—VZ‘ <1.

1
Il. On putting ﬂ:E in Theorem (1) and using relation (1.6), we get the following new
improper partial bilateral generating functions for Konhauser and Legendre polynomials:

—(1+a+km) s+1 X

(1 2vz+V° T(i) exp| X————

(1—wk)k

(1—wk)

X Z—-V wv

1 2’ 1
Aowk)e VImVZH i v

xG
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n+ n+
>, WPy

- Ya,

n,p,q=0 p!q!
where ‘2vz—v2‘<1.

KP(m+n+1),(s+n+1), Y9, (KP4 (z), (212

n+m+p

[Il.  Onputting =1 in Theorem (1) and using relation (1.7), we get the following improper
partial bilateral generating functions for Konhauser and Tchebycheff polynomials:

—(1+a+km)

1-wk) ™ « 1—2vz+v27(1+%)ex x—— X
(L wk) ( ) p

1

(1—wk)*

X Z—-V wv

1 2’ 1
Aowk)e VEmVZH o v

xG

0 n+p, ,N+q
_ Zan%kp(m+n+l)p(s+n+l)q Y kU (2),  (213)
n’p'q:O H -

where ‘2vz —vz‘ <1.

IV.  Onputting z=1 in Theorem (1) and using relation (1.5), we get

—(1+a+km) 3
A-wk) ©  (@-2v+v? )2 exp x—%
(1— k)
e X 1-v wv
1 2’ 1
A—wik)k V1=V gk 1—ov 2

0 an+pvn+q
= 2.a

o= plgi(s+n+1)!

where ‘2vz—v2‘<1.

kKP(m+n+1),(s+n+1), Y (xk) , (2.14)

n+m+p
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