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Abstract

A Finsler space F, for which the normal projective curvature tensor I\Gikh satisfies I\IjikhIm =
AnNien + tm(8L9jk — 6k9jn), Njxn # 0, where A,, and p,,, are non-zero covariant vectors field,
will be called a generalized N~ recurrent space. The curvature vector Hy, the curvature scalari
and Ricci tensor Ny, are non-vanishing. When the generalized Nj,,— recurrent space is affinely
connected space and under certain conditions, we obtain various results. Also, in generalized N~
recurrent space, Weyl's projective curvature tensoris a generalized recurrent tensor.

Keywords: Generalized N,,-Recurrent Space, Generalized Recurrent Tensor, Generalized Nj,,-
Recurrent Affinely Connected Space, Weyl's projective curvature recurrent tensor.

1.Introduction
K.Yano [20] defined the normal projective connection [T}, by

. . 1 .
(1-1) jlk = jlk - myl ]?;cr'
R.B.Misra and F.M.Meher [12] considered a space equipped with normal projective connection
1 Whose curvature tensor Ny, is recurrent with respect to normal projective connection I7;; and

they called it RNP-Finsler space. P.N. Pandey and V.J. Diwivedi [16]studiedRNP-Finsler space
and obtained many identities in RNP-Finsler space, most of these identities are also true in a
recurrent Finsler space with respect to Berwald’s connection coefﬁcientstLk. F. Y. A Qasem [17]

obtained several results concertingthe normal projective curvature tensorNjj,, in such space.
Let us consider a set of quantitiesg;; defined by [18]
(12) g0 y) =58:9,F(x, ).

The tensorg;;(x, y)is positively homogeneous of degree zero in ytand symmetric in i and j.
According to Euler’s theorem on homogeneous functions,the vectorsy;and y'satisfythe following
relations [18]

(13) a)yy'=F%b)g; =0y =0;y; and ) giy"* =Y

Cartan’s covariant derivative of the metric function F, vectory'and the metric tensor g;;vanish

identically, i.e. [18]
(1.4)a) F, = 0,b) y{k = Oandc) g;jx = 0.
A Finsler space whose connection parameterGjikis independent ofy’ is called an affinely

connected space[1]. Thus,an affinely connected space is characterized by one of the equivalent
equations

(1.5) a) G, = 0andb) Cyjyjn = 0.

The connection parameterTy;}of Cartan and G}kof Berwald coincide in affinely connected space
and they are independent of the direction argument, i.e. [18]
(1.6) a)9;GL, = Oandb) 9,T;} = 0.

Cartan’s connection parameterl;, coincides with Berwald’s connection parameterGL,for a
Landsberg space, which is characterized by [18]
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L7 y»Gin = —2Cjknry" = —2Pjp = 0.

Various authors denote the tensorCjy-y" by P, F. Ikeda[2],H. 1zumi ([4]-[7]), H. Izumiand M.
Toshida [8],M. Matsumoto [10] and H. Wosoughi [20].Since the equations (1.5a) and (1.6a)
imply(1.7), an affinely connected space is necessarily Landsberg space[1]. However, a Landsberg
space need not be an affinely connected space.

Cartan's covariant derivative of an arbitrary tensorT}: with respect to x*is given by
(1.8)a) 0;(Tap) — (T = Th (9;1i7) — T (0 Tie) — (9, Th) Pij.
where

b) PI:j = (01-Fh*1€)y" = 1};‘5(3’}1
and
_ ¢) Pgj = 9" Prin-

The tensor Hjy,, is called Berwaldcurvature tensor,it is positively homogeneous of degree zero

in y " and skew-symmetric in its last two lower indices which defined by [18]
jikh: = ah jik + ]'7;{ 7l;h + Gﬁijr —h/k.

In view of Euler’s theorem on homogeneous functions, we have the following relations [18]

(1.9) a) 9;Hyy = Hjp, b) Hjlk.hy] = Hzlc_h' ¢) Hijkn = gijirichv
d) Hpy* = H}y, €) Hi, = 0 Hp, f) Hyge = Her,

9) Hyi = Hi,andh) H = —H.
The tensorHj, ,defined by
(1.10) Hjp = guxHjp-

2.Normal Projective Curvature Tensor
P.N. Pandey ([13] - [15]) obtained a relation between the normal projective curvature tensor

I\Ijikh and Berwald curvature tenser H}kh as follows:
. . 1 ..
L — L
(2.1) ien = Hikn = —7¥'0jHryen.
The normal projective curvature tensorNjj, is homogeneous of degree zero in yl.

Contracting the indices i and j in (2.1) and using the fact that the tensor Hj,,is positively
homogeneous of degree zero in y*, we get

(2.2) Nrgn = Hygn
Transvecting (2.1) by y/ and using (1.9b), we get
(2.3) Njiny’ = Hgp-

The projective curvature tensor le}m and the normal projective curvature tensor Njikh are
connected [9] by
(2.8)a) Wi, = Njp, + (65My; — My, 6; — klh),
where

b) Myp: = —nz—l_l (nNp + Npg)
and
. C)Njy: = j?cr'

The projective curvature tensor Wj,satisfies the following [18]:
(25) a) ]/Vjéchyj =Wy, and b) Winy* = Wy.

A Finsler space is called a recurrent Finsler space if it's normal projective curvature tensor j"kh
satisfies ([11], [14], [19])
(2.6)  Nignm = AmNjin, ikn # 0,
whereA,,is non-zero covariant vector field.
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3.Generalized Recurrent Space

Let us consider a Finsler spaceF, for which the normal projective curvature tensor I\Ij"khsatisfies
the condition
GDNfenim = AmNjin + tim (8595 = 6kgjn) Nfien # 0,
whereA,,and wu,,, are non-zero covariant vectors field,such space will be called a generalized N, —
recurrent space and the tenser will be called generalized N,,,— recurrent tensor.

Remark 3.1. Any curvature tensor which satisfies similar to the condition (3.1) will be
calledgeneralized recurrent tensor.
Contracting the indices i and j in (3.1) and using (2.2), we get
(3.2) H:khlm = AmHrgp-
Thus, the followingtheorem
Theorem 3.1.Ingeneralized Nj,,— recurrent space, Cartans covariantderivative of thetensorHy,,
behaves as recurrent.
Transvecting (3.1) by y7, using (1.4b), (2.3) and(1.3c),we get
(3.3) Hynjm = A Hkh + tm (84 — Bk yn)-
Transvecting (3.3) by y*, using (1.4b), (1.9d) and (1.3a), we get
34)  Hjym = m Hh+ﬂm(5hF2—yy)
Thus, the followingtheorem
Theorem 3.2.Ingeneralized N;,,,—recurrentspace, Cartans covariantderivative of the h(v)—torsion
tensor H}, and the deviation tensor H},are given by (3.3) and (3.4), respectively.
Contracting the indices i and h in (3.3)and using (1.99), we get
(3.5) Hk|m = AmHi + (n — Dpim Y-
Contracting the indices i and h in (3.4)and using (1.9h), we get
(3.6) Him = A H + o F2.
Contracting the indices i and h in (3.1)and using (2.4c), we get
B.NNjkjm = AmNji + (0 — Dpim g -
Thus, the followingtheorem
Theorem 3.3.The curvature vector Hy,the curvaturescalar H and Ricci tensorN;, of generalized
Ny, recurrentspace arenon — vanishing.

leferentlatlng (3.2) partially with respect tOyj we get

(3.8) 0;(HYxnim) = (0jAm)Hxen + Am0;Hn.
Differentiating (2.1) covariantly Wlth respect to x™ in the sense of Cartan and using (1.4b), we get
(3 9) lekh|m = Hjlkh|m n+1y (a Hrkh)|m

Using commutatlon formula exhibited by (1 8a) forH, rieh in (3.9), using (3.1) and (3.8), we get
(310) AmNfen + km(819jk = 6k9jn) = Hjienpm n+13’ {(OjAm)H cn

+ A0 Hi e + Hlsn (05 + Hiws (9 m,) + (9sHin) P
Using (2.1) in (3.10), we get
(31Y)  AmHfin + tm (8 9k — 8k9jn) = Hinm — n+1y (9 lm)Hrkh

Hsn(0iTem) + Hies (0 Tm) + (9sHien) Py,
This shows that '
Hixnim = AmHfyn + tm (849 — 61.9jn)

if and only if
(3.12)(0j A )Hyyen + Hisn (0;Tcm) + Hixs(0;T5) + (0sHiwn ) Pin
Thus, the followingtheorem
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Theorem 3.4.In generalized Nj,-recurrent space, Berwaldcurvature tensor th is generalized
recurrent if and only if(3.12)holds.

Contracting the indices i and h in (3.11) and using (2.9f), we get

(3-13) Amij + #m(n_l)gjk = jk|m n+1y {(a Am) rkt H;ﬁst(aj[‘k*rfl

rks(a rt )+ (a H kt) ]m}

This shows that
Hjgym = AmHjx + i (n=1) g .-

if and only if
(3-14) yt{(ajlm) Ikt + Hrrst(ajrk*ril) + rks(a Ft ) + (0 rkt)P;lj} = 0.
Thus, the following theorem
Theorem 3.5.In generalized N,,—recurrent space, Ricci tensor Hjis non — vanishing if and only
if(3.14)holds.
Also, (3.11) can be written as

(3.15) H]kh|m AmHjl;ch - Mm'(SiI{gjk - 51?9]'@) il {(6 Am)Hrkh
H;sh(ajrkﬁ) + ;ks(aj ) + (6 Hlyn) P}
Transvecting (3. 15)byyband using (1.3a), we get
1 .
(316)  Z2{Hfinim — — tm (SR ik = 889jn)} = =7 {(9Am) HEien
rsh(aj['k*rfz) + Hyos (0;Tm) + (aerrkh)PjSm}'
From (3.15) and (3.16), we get
(3.17) enim — AmHfin — tm (85951 — 8k9jn) = yby 22 {Hnym —
—tim (SR gk — 6F g,h)}.
Thus, the following theorem
Theorem 3.6.In generalized N, — recurrent space, the curvature tensor H; khIS generalized
recurrentif and only ify, {Hjpm — AmHjxn — tm (85 gk — 68 gjn)} = Oholds.
Transvecting (3.3)bygs;, using (1.10) and (1.4c), we get

(3.18)  Hysnim = AmHisn + m(GsnYrk — IskYn)-
Thus, the following theorem
Theorem 3.7.In generalized N,,, — recurrentspace,Cartans covariantderivative of theassociate

tensorHy ,0f the h(v)-torsion tensorH_,is given by (3.18).
Transvecting (3.11)byg;;, using (1.9¢), (1.3¢) and (1 4c), we get
(3.19) AmHiten + tim (9enGjx — 9ex9jn) = Hitkhim — n+1}’t{(a Am)Hikn
+H11:sh(aj km) + rks(a] ) + (6 Hrkh) j}
This shows that
(3.20)H;tknjm = AmHjekn + Mm(9endjx — 9eedjn)
if and only if
(321)  (0jdm)Hfyen + rsh(a ) + Hiws(0i5) + (aerTkh)Prsnj =0
Thus, the followingtheorem
Theorem 3.8.In generalized N, — recurrentspace,theassociatetensor Hjg, Of the curvature

tensorH, khIS given by (3.20) if and only if(3.21)holds.

Remark 3.2. Ifthegeneralized N,z recurrentspaceis affinely connected space, so the new space
will be called generalized N;,,,—recurrent space affinely connected space. It will be sufficient to
call the curvature tensor which satisfies this space by generalized recurrent.
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Let us consider generalized N,—recurrentaffinely connected space.
In view of (1.8¢), (1. 7) and if 3 Ay = 0,(3.11) becomes
(3.22) jikh|m AmHj ikn + Mm(5h9]k 5k9jn)-
Thus, the following theorem
Theorem 3.9.1n the generalized Nj,,- recurrentaffinely connected space,ifthe directional derivative
of covariant vector field vanish, then thecurvature tensorHj,,, is generalized recurrent.
In view of (1.8c), (1.7)and if 6j/1m = 0,(3.19) becomes
(323)  Hjeknim = AmHjern + tm(9endjx — 9exdjn)-
Thus, the followingtheorem
Theorem 3.10.In the generalized N, -recurrentaffinely connected space,if the directional

derivative of covariant vector field vanish, then theassociatetensorHg,0f thecurvature tensor
Hjikhis generalized recurrent.

In view of (1.8¢c), (1.7) and if (’5 Am = 0,(3.13) becomes

(3 24) k|m_/1 H]k"’.“m(n 1)g]k
Thus, the followingtheorem
Theorem 3.11.In the generalized N~ recurrentaffinely connected space, if the directional

derivative of covariant vector field vanish, then the H —Ricci tensorHjyis non-vanishing.

Remark 3.3. Anaffinely connected space is necessarilyLandsberg space. However, Landsberg
space need not bean affinely connected space. Hence, any result obtained in affinely connected
spaceare satisfiesLandsberg space.

4.Weyl'sProjective CurvatureGeneralizedN,,, — RecurrentSpace

Letus consider a Finsler spaceF,for which the normal projective curvature tensor I\Ijikhsatisfies
the condition (3.1).

Differentiating (2.4b) covariantly with respect to x™ in the sense of Cartan, we get

1
(4.1) Minim = = —— (nNinjm + Nhgem)-
Using (3.7) in (4.1), we get
1

(42)  Mipjm = A {— —— (WNjep, + Nhk)}
Using (2.4b) in (4.2), we get
(4.3) Minim = AmMyn —
Thus, the following theorem
Theorem 4.1.In generalized Ny, —recurrentspace,Cartan derivative ofthetensor Myis given by
(4.3).
leferentlatlng (2 4a) covarlantly with respect to x™ in the sense of Cartan, we get
GDWienim = Nienim + (6kMnjpm — Minm8; — k/h).
Using (3 1)and (4.3)in (4.4), we get ' _
(4.5)W, kh|m = m{N}kh + (5th1 Mkh(sjl — k/h} + um (8rgji — 6jlgkh)-
Using (2.4) in (4.5), we get '
(48)Wiknim = AnWikn + tm (8rgjk — 6; Gren)-
Thus, the following theorem
Theorem 4.2.1n generalized N;,,,—recurrent space,the projective curvaturetensor hlsgenerallzed
recurrent.
Transvecting (4. 6)byy1 using (2 5a), (1 4b) and (1.3c),we get

(4. 7)th|m = AmWiin + tim (811 — V' Gin)-

— T HUmIkh-

n+1

—THUmIkh-

n+1
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Transvejcting (4.7)byy*, using (2.5b), (1.4b) and (1.3a), we get

(4-8)Wppm = AnWy + tm (8rF? — y'yn)-

Thus, the followingtheorem

Theorem 4.2.In generalized N, — recurrentspace,Cartan derivativeofthe projective

torsiontensoriW},, andtheprojective deviation tensoriW;given by (4.7) and (4.8),respectively.
Now, we know that Finsler spaceF;,, in general, is not generalized N,,—recurrent spaceif the tensor
M,;, of Finsler space E,is given by (4.3). But ifthe projective curvature tensorl/l/j‘}(h is generalized
recurrenttensor, our space is necessarilygeneralized N ,,-recurrent space and this may be seen as
follows:

Let us consider a Finsler space F,in which the projective curvature tensor jl}(hand the tensor
M, pare generalized recurrenttensors.
Differentiating (2.4a) covariantly with respect to x™ in the sense of Cartan, we get
(49)Njienim = Wiienpm = (85Mnjim — Mynjm8f — k|h).
Using (4.3), (4.6) and the properties &% in (4.9), we get
(410)Njenm = Am{Wien — (8icMpj — Micn} — k|R)} + i (819 % — 6} Gicn)-
Using (2.4a) in (4.10), we get
(41)Nfiehm = AmNjien + tim (89 jk — 6} Gin):
Thus, the followingtheorem
Theorem 4.3.InFinsler space F,, if theprojective curvaturetensorl/l/j‘}{h and thetensor M,,are
generalized recurrenttensors, then the space considered is necessarily generalized Nj,,-recurrent
space.
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