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Abstract

In this paper, we introduce the concepts of p-fuzzy g-open sets which is generalization of simply open
sets defined by Neubrunnove [9]. We also introduce and investigate, with the help of this new concept,
the concepts of qi,-Fuzzy open sets and qc,-Fuzzy closed sets. The relations between these concepts are
investigated and several examples are presented.
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1.Introduction and Preliminaries

The potential of the notion of fuzzy set studied by L. A. Zadeh [12] was realized by the researchers
and has successfully been applied for new investigations in all the branches of science and technology for
more than last five decades. Since Chang [3] defined the concept of a fuzzy topology, then many authors
investigated different properties of fuzzy open sets which are weaker than the property of openness of a
fuzzy set in a fuzzy topological space. For example, ([1],[10],[11],[13]) have considered such kind of
properties of fuzzy sets and most of the collection forms a fuzzy supra topology therein. A significant
contribution to the theory of generalized open sets has been reported by A. Csaszar ([6], [7], [8]) and ex-
tended by G. P. Chetty [5] in the context of fuzzy set theory with the name of generalized fuzzy topologi-
cal space. Our aim is to study the parallel concept of topology in a given fuzzy space with an incompara-
ble nature.

In the present paper, we introduce the concept of p-fuzzy q-open sets and study some of their proper-
ties. Finally, we discuss about some fundamental properties of such structure and some related notions. In
particular, we have shown that u -fuzzy q-open sets is a weaker form of u — fuzzy semi — open sets
introduce by G. Palani Chettry [5] in 2008. Lastly, we define qi,-Fuzzy open set which is a weaker than

p-fuzzy g-open set.
We , now, state a few definitions and results that are required in our work.

Let X be a nonempty setand F = {A|1: X — [0,1]} be the family of all fuzzy sets defined on X.
A subfamily u of F is called a generalized fuzzy topology (GFT) [16]if 0€ pu and V{1, | @ €
A} € u whenever A, € u forevery a € A. For A € F, the u — interior of A, denoted by i, (1), is
given by i,(1) =V{v € u|v <A1}. Moreover, in [2], it is established that for all A € F, i,(1) <
A it (A) = iy(4) and A € p if and only if 4 = i,(4). A fuzzy set A € F is said to be a u—
fuzzy closed set if 1 — Ais a u — fuzzy open set. The intersection of all u — fuzzy closed sets con-
taining A € F is called the u — closure of A. It is denoted by ¢, (1) and is given by ¢, (1) =A{y |1 —
Yy € i, A<y} In[5], it is established that ¢,(4) =1 —i,(1 —A) for all A € F. Finally, a fuzzy
subset A € F is called u— fuzzyregularopen [5] (resp.u— fuzzy semi— open[5], u-—
fuzzy pre open [4], p — fuzzy a — open[4] and u — fuzzy p — open[4]) if A = i,¢, (1) (resp. 4 <
i), A < i), A< iyciy(A) and A < cuiyc,(1)). The complement of a p—
fuzzy regular open set is called u — fuzzy regular closed; similar as the case for the other types.
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Lemma 1.1. Fora GFTS (X, u), then the following statements are equivalent :

(a) Every u-fuzzy open set of X is u-fuzzy regular open.

(b) Every fuzzy set of X is u-fuzzy g-open.

(c) Every fuzzy set of X is u-fuzzy B-closed.

(d) Every u-fuzzy open set of X is u-fuzzy semiclosed.
Proof . (a) = (b). Let A be any fuzzy set of , then 1 — 4 is fuzzy set of X , by (a) i,c,i, (1 —2) = i,(1 -
A), or equivalently, c,i,c,A = c,4 and since A < ¢, 4, then 1 < ¢,i,c, A and hence A is u-fuzzy -
open.
(b) = (c). is clear .
(c) = (d). Let v be any u-fuzzy open setof , by (c), i,c, v =i,c,ui, v < vand hence v is u-fuzzy sem-
iclosed.
(d) = (a). Letv be any u-fuzzy open set of X, by (d), i,c, v < v andsince v=1i,v <i,c,v. Thus
v =i,c, v and hence v is p-fuzzy regular open.

Lemma 1.2. Fora GFTS (X, u), then the following statements are equivalent :

(a) Every u-fuzzy open set is p-fuzzy closed.

(b) Every fuzzy set of X is u-fuzzy preclosed.

(c) Every fuzzy set of X is u-fuzzy preopen.
Proof . (a) = (b). Let 4 be any fuzzy set of X, by (a) ¢,i,4 = i,4, and since i,A < 1, then ¢,i,A < 4
and hence A is pu-fuzzy preclosed.
(b) & (c). isclear .
(b) = (a). Letv be any p-fuzzy opensetof ,by (b), c,v =c,i, v < vandsincev <c, v thenc,v =
v and hence v is u-fuzzy closed.

2. pn-Fuzzy g-open sets.
Definition 2.1. A fuzzy sets 1 of a GFTS (X, ) is called a p-fuzzy gq-open if i,c, 1 < c,i A

Theorem 2.1. Let A be a fuzzy set of a GFTS (X, u) , then the following statements are equivalent:

a) Aisa p-fuzzy g-open.

b) 1— Aisa p-fuzzy g-open.

C) iucuiy A= iuc,h.

d) cuiyc,A=c i A

e) There exist p-fuzzy open set v contained in A and a p-fuzzy closed set | containing A such that

Ln < cv

Proof . (a) = (b). Let A be a p-fuzzy g-open set. Then i,c, 4 < c,i,4, this implies that (1 — ¢,i,4) <
(1 —iuc, A) and hence i,c, (1 —4) < ¢,i, (1 —A). Therefore 1 — 4 is a u-fuzzy g-open set.

(b) = (c). Let 1 — A be a p-fuzzy g-open set, then i, c, (1 —2) < ¢,i,(1 —2) < iyc,iy,(1—A). im-
plies i, c, 4 < i,c,i, A Andsince i,c,i, A < i,c,A foreach fuzzy set A of X, i, c, 4 = i,c iy

(c) = (d). Obvios.

(d) = (e) : Since for each fuzzy set Aof X, i, A <A< ¢ A Put iyA=vandc,A=mn,ie,v=>rA<n
and by (d) iyn = i,cv < cuv.
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(e) = (a). Since v < A <n where v is p-fuzzy open set and n is p-fuzzy closed set. Then i, c, 4 < iyn
and ¢, v < ¢,i,A. And since i,n < c,v, this implies that i,c, < c,i,A and hence 1 is p-fuzzy g-open
set .

Corollary 2.1. Fora GFTS (X, ) , if i,(1) < ¢,(0), then every fuzzy set of X is u-fuzzy g-open set.

Remark 2.1. If u = t is the general topology the u-fuzzy g-open set is reduced to the simply open set in

[9].

Theorem 2.2. Let A be a fuzzy set of a GFTS (X, )

(@) If A is p-fuzzy semiopen set, then A is p-fuzzy g-open set .

(b) If A is u-fuzzy semiclosed set, then A is p-fuzzy g-open set.
Proof : (a) Let A be a u-fuzzy semiopen set, then 4 < ¢, i, A4 implies that ¢,A < c,i, 4, thus i,¢, A <
cu A < c,i, A and hence X is p-fuzzy g-open set.
(b). Let A be a p-fuzzy semiclosed set, then (1 — 1) is p-fuzzy semiopen, by (a) this implies that (1 — 1)
is p-fuzzy g-open and by Theorem 2.2 A is p-fuzzy g-open.

Remark 2.2. The converse of Theorem 2.2 is not true in general, this can be shown by the following ex-
ample.

Example 2.1 LetX =[0,1] A and v be fuzzy sets of X definedas (x) =0.5,Vx € Xand A(x) =x
.Cleary ,p={0,v}isaGFT on X and (X, u) isa GFTS . We note that i,,c, A = i, (1) = v and ¢,i, =
c,(0) = v . Since < v, then X is p-fuzzy g-open. But A £ v = ¢,i,4 and i,c,A = v £ A. Thus A is nei-
ther p-fuzzy semiopen set nor u-fuzzy semiclosed set.

The next theorem gives us under which condition the p-fuzzy g-open set is p-fuzzy semiopen (resp.
u-fuzzy semiclosed).

Theorem 2.3. A p-fuzzy g-open set A of a GFTS (X, p) is u-fuzzy semiopen (resp. u-fuzzy semiclosed ) if
it is a u-fuzzy f-open (resp. p-fuzzy g-closed).

Proof. Let 4 be a u-fuzzy B-open set, i.e. 1 < c,i,c,A . Since A is p-fuzzy g-open, then by Theorem 2.1
Culycyd = ¢,y A, this implies that 1 < ¢,i, 4, and hence A is p-fuzzy semiopen set. The other case can be
prove similarly.

Theorem 2.4. A p-fuzzy preopen set A ( resp. p-fuzzy preclosed set 1) of a GFTS (X, ) is p-fuzzy a-
open (resp. p-fuzzy a-closed ) if it is a p-fuzzy g-open set.

Proof . LetA be a p-fuzzy preopen set of X, i.e. 1 < i,c,4 . Since A is p-fuzzy g-open, then i, c,A = i, c,i,4,
this implies that 1 < i,,c, i, 4 , and hence A is p-fuzzy a-open set. The other case is proved similary.

Remark 2.3. The finite union (resp. finite intersection) of p-fuzzy g-open sets need not be a p-fuzzy g-
open. This can be shown by the following example.

Example 2.2. Let X = [0,1] and , v be fuzzy sets of X defined by

1
<x<-
A(x) = x and v(x) ={°' Osx=7
1, otherwise.
Letu ={0,4,v,AUv}beaGFTonX. Cleary 1 — A and 1 — v are p-fuzzy g-open sets. Since i,c,[(1 -

MUA-W]=2Uv£1-(AUv)=c,i,A-DUu@—-v)] then (1—-2) U (1—v) is not p-fuzzy
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g-open. And since (1 -2) U (1 —v) =1 — (ANnv) is not u-fuzzy g-open. Thus A U v is not p-fuzzy g-
open although A and v are p-fuzzy g-open sets.

Remark 2.4. The p-fuzzy g-openness and p-fuzzy p-openness (resp. p-fuzzy pB-closedness) are in-
dependent notions. These can be shown by referring to Example 2.1. and by the next example.
From Example 2.1.the p-fuzzy g-open set A is neither p-fuzzy B-open nor p-fuzzy pB-closed. The
following example shows that the p-fuzzy B-open (u-fuzzy closed ) set need not p-fuzzy g-open.

Example 2.3. Let X = [0,1] and ,n, v be fuzzy sets of X defined as follows:

Ax)=x, n(x) =1—x and v(x) =0.5. Consider p={0, A, n, AUn} is a GFT on X. Since
culycyv =1=vand i,c,i,v=0<v.

Then v is p-fuzzy B-open (u-fuzzy B-closed). But i c,v =1i,(1) =AUun £ Ann=c,(0) = c,i,v.
Then v is not p-fuzzy g-open.

Theorem 2.5. Let A be a fuzzy set of a GFTS (X, ), then A is p-fuzzy g-open if and only if, there exist
two p-fuzzy g-open sets v and n such that v < A <nand i,n < ¢,v.

Proof. If A is pu-fuzzy g-open set, then the result is trivially true.

Conversely, since v < A <n where v and n are p-fuzzy g-open sets. Then i,c, A < i,c,n < c,i,n and
e v < ¢t v < ¢,i,A. And since iyn < c,v, then c,i,n < c,v. Therefore i,c,A < c,i,n < c,v, this
implies that i, c,A < i,c,v, thus i,c,A < i,c,v < c,i,v < c,i,A and hence X is u-fuzzy g-open set.

Theorem.2.6. Let A be a fuzzy set of a GFTS (X, u), then the following statements are equivalent.
(a) A is a p-fuzzy g-open.
(b) There exists u-fuzzy g-open set v such that v < 1 < ¢, v.
(c) There exists u-fuzzy g-open set n such that i,n < 1 <.

Proof. It is immediate from Theorem. 2.5.

Corollary.2.2. Let X be a fuzzy set of a GFTS (X, ),
(a) if there exists p-fuzzy semiclosed set n of X such that iyn < A <7, then A is p-fuzzy g-
open.
(b) if there exists p-fuzzy semiopen set v of X such that v < A < c,v, then A is p-fuzzy g-open.

Theorem 2.7. Let A be a fuzzy set of a GFTS (X, u), then the following statements are equivalent :
(a) A is p-fuzzy g-open.
(b) There exist p-fuzzy a-open set v and p-fuzzy a-closed set n of X such that v<2A <n and
iy < cpv.
(c) There exist u-fuzzy semiopen set & and p-fuzzy semiclosed set § of X such that § <A <&
and i,§ < c,6.
Proof . Follows from Theorem 2.1, Theorem 2.2 and Theorem 2.5.

Theorem 2.8. Let A be a fuzzy set of a GFTS (X, ), then the following statements are equivalent :
(a) A is p-fuzzy g-open.
(b) iyac A < cyaiy.
(€) iyscyA < cysiyA

Proof . Follows from Theorem 2.7.

Theorem 2.9. Fora GFTS (X, ), then the following statements are equivalent :
(a) Every p-fuzzy open set is p-fuzzy regular open.
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(b) Every p-fuzzy g-open set is p-fuzzy semiopen.
(c) Every u-fuzzy g-open set is p-fuzzy semiclosed.
Proof . It follows from Lemma 1.1 and Theorem 2.3.

Theorem 2.10. For a GFTS (X, u) , then the following the statements are equivalent
(a) Every p-fuzzy open set is p-fuzzy closed .
(b) Every p-fuzzy g-open set is p-fuzzy a-open.
(c) Every u-fuzzy g-open set is p-fuzzy a-closed.
(d) Every p-fuzzy g-open set is p-fuzzy open.
(e) Every u-fuzzy g-open set is p-fuzzy closed.
Proof . (a)=(b) Follows from Lemma 2.2. and Theorem 2.4.
(b)e=(c) is clear .
(@)=(d) Let 4 be a p-fuzzy g-open set , i.e. i,c,A < c,i 4, by @) . i, c,A<1i,,bylemma22 A<
iyc A < i, A and hence A is p-fuzzy open .
(dy=(e) is clear.
(e)=(a) Follows from observation that every u-fuzzy open set is p-fuzzy g-open.

3. n-Fuzzy g-interior and p-Fuzzy g-closure.

Definition 3.1. Let A by a fuzzy set of a GFTS (X, 1) and defined the following sets:
qi, A=U{v| v<A,visau— fuzzy q —opensetof X };
qe, A=n{v| A<v,visapu— fuzzy q — openset of X }.

We call gi,, A the p-fuzzy g-interior of A and qc, 4, the p-fuzzy g-closure of 2.

Theorem 3.1. Let A, vand {A;|t € T ,T is an index set} be fuzzy sets of a GFTS (X, u), then the fol-
lowing properties hold :

@ iyd<qi,A< 1 <qcd < ¢, 1.

(b) If }is u-fuzzy g-openset, thenq i, A =qc, A = A.

© 1-qiydA=qc,(1— ).

(d 1-gqc, A=qi,(1— A).

() IfA < v, thenqiyA<qi,v.

(f) A < v, thenqgc, A<qc,v.

@ qiyqiA=qi, A

(h) geuqcur=qc, A

() Uer [q, D] < @iy [Uper At]

() qiu[Neer At] < Neer [q i (A0)].

(K) Uter [ ¢ (AD)] < q ¢, [Urer At].

(1) qeul Neer At] < Neer [q ¢, (AD)].
Proof . (a) and (b) are clear from Definition 3.1.
(© qiuA=u{v|v<A,visau— fuzzy q — opensetof X } this implies that 1 —qi, A =1— (U
{vlv<A,visap— fuzzy q — openset of X })

=N{l1-v|1-A<1-v,1—-visau— fuzzy q —opensetof X} =qc,(1—2)

(d) It is similar to the proof of (c) .
(). Let p be a fuzzy point of X such that p € q i, 4. Then there exists a p-fuzzy g-open set n such
that n < A with p € n. Since 1 < v, then n < 4, this implies that n < qi,v . Therefore p € qi,v. Hence
qiyd < qiyv.
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(f). Since <v , then 1 —v < 1 — A, from (e), this implies that qi, (1 —v) < q i,(1-A) then , by (d), 1 —

qc, v < 1—q c,4, therefore gc, A < q ¢, v.

(9). In view of (a) we need only to show that : qi,A < q i, q i,A. Let p be a fuzzy point of X such that p €
qi,A. Then there exists a p-fuzzy g-open set n such that p € n <A, then < qi, 4 . therefore n < qi,qi, A. This

implies that p € qi,qi,A. Thus the proof is complete.

(h). Since 1- & is fuzzy set of X, thenby (g) qi, qi,(1 —4) = q i, (1 —2). By (d), then implies that
qiy, (1- qcﬂ/l) =1-gqc,A. Again by (d), this implies that 1 —gqc, gc,4=1—q c,A and hence

qcy qcud = q ¢ .

(i). Follows from (e).

(). Follows from (e).

(k). Follows from (f), or from (j) and (c).

(D). Follows from (f), or from (i) and (c).

(later we can prove the properties (e) and (g) easily by using Theorem 4.6)

Corollary 3.1. Let A be a fuzzy set of a GFTS (X, ), then
@ i,qi A =qi, i,A=qc, i,A=i,4,
() cuqcud =qc, A = qiyc A = ¢yl

Remark 3.1. The converse of (b) in Theorem 3.1 is not true, therefore qi, and gc,A need not p-

fuzzy g-open sets. This can be shown by following example.

Example 3.1. let X = [0,1] and A a be fuzzy sets of X defined by :
1, 0<x<a
10 ={,

, otherwise
Wherea € (0,1] and A5(x) =0,V x € X.
The collection of all A, (where a € [0,1] ) forma GFT on X namely u .
Consider
(1, xeQn[o01]

v(x) = {O, otherwise

is a fuzzy set of X. We find gi,,v = v and qc,v = v. But
eyv=1,1)=24 £1-12; =¢,(0) = ¢,iyv

Hence v is not p-fuzzy g-open set.

Remark 3.2.In (i), (j) , (k) and (I) of Theorem 3.1. the equality does not necessarily hold as shown in the

following examples.

Example 3.2. let X = [0,1] and A, v, and 1 be fuzzy sets of X defined as follows:

1 1
M) =x v(x)={x' SXS3 0 and n(x)={0' Sx=3
0, otherwise X, otherwise
Consider u = {0,4} bea GFTS on X.
1
Thenqi, V) =v , qiu(n)={ 0, =x=3

1 —x, otherwise.

This implies that g i, (v) U q i,(n) = AN (1—A1).Butqi,(vun) =4,
thusq i,(vun) # qi,(v) U qi,(n). And by Theorem 2.2.1. (c), we have
qeu[ (1 =v)n (A =m]# qc,(1 —v) N g, (1 —n).
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Example 3.3. Let X = [0,1], A and v be fuzzy sets of X defined by :
1,0Sx§l x,OSxS%

Alx) = { 2 and v(x) = { .
x ,otherwise 1 ,otherwise

Consider 4 = {0,4,v, 1} be a GFTS on X. Then qi,A = A and qi,(v) = v thisimplies that qi, A N qi,v =
Anv=_(Anv)(x) = x.
x,0<x S%
1 —x ,otherwis
Thus qi,A N qi,v # qi,(ANv). And by Theorem 2.2.1.( ¢ ), we have

qe, [1=v)u (A =v)] #qc, (1 —v) U qc, (1 - D).

Butqiﬂ(/lnv)=vn(/1—1)=vn(1—/1)(x)={

Theorem 3.2. Let A be a fuzzy set of a GFTS ( X, ), then the following statements are equivalent :
@ qi,A (resp.qc,2) is p-fuzzy g-open.
(b) i,cuqiyA <c,i,A(resp.iyc A < c, i, qcyl).
(©) qc, (1 —2) (resp.qi, (1 — A)is u-fuzzy g-open.

Proof. It is straight forward.

Theorem 3.3. For a GFTS ( X, p), if every p-fuzzy open set is p-fuzzy regular open , then gi, A (q cuhd ) is p-
fuzzy g-open, for each fuzzy set A of X.

Proof. Let A be any fuzzy set of X, then by Theorem 2.9. qi,A = si, 4 is p-fuzzy semiopen set, therefore
qi, A is p-fuzzy g-open.

The proof of other case is similarly

Theorem 3.4. Let A be a fuzzy set of a GFTS (X, ) , then A is p-fuzzy clopen iff gi, c, A < qc,i,A.

Proof. It is immediate by Corollary 2.1.

4. qi,-Fuzzy set and qi,-Fuzzy.
Definition 4.1. A fuzzy set A of a GFTS (X, ) is called :
(i) qi,-Fuzzy setif qi,d =2
(ii) qc,-Fuzzy setsif qc,A = A or equivalently, if 1 — A is qi,-Fuzzy set.

Theorem 4.1. Let A be a fuzzy set of GFTS (X, p), then
(@) \is q i,-fuzzy set (resp. q i,-fuzzy) set, iff A < q i, A (resp. g c,A < 1).
(b) q iy, A(resp.qc, A)is q i,-fuzzy set (resp. q c,-fuzzy set).

Proof . Follows from Theorem 3.1. and the above definition.

Theorem 4.2. Let A be a fuzzy set of GFTS (X,u), if A is p-fuzzy g-open , then A is qi,-fuzzy set and
qc,-fuzzy set.
Proof . Follows from Theorem 3.1. (b) and Definition 4.1.

Remark 4.1. Itis clear , by Example 3.1, that the converse of Theorem 4.2 is not true .

Theorem 4.3. For a GFTS (X, ), then every fuzzy set of X is q i,,-fuzzy set iff every fuzzy set of X is
q ¢, -fuzzy set.
Proof . It is clear from Definition 4.1.

Theorem 4.4. In a GFTS (X ,u)
(@ Oand1lare q i,-fuzzy sets (0 and 1 are q c,-fuzzy sets ).
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(b)  The arbitrary union (resp. intersection ) of gi, -fuzzy sets (resp. q c,-fuzzy sets) is a q i,,-fuzzy set
(resp. qc,-fuzzy set).
Proof . (a) is clear. (b). Let {A;| t € T} be a family of q i, -fuzzy sets of X . From Theorem 3.1. (i) we have
Urer (q iyAt) < Uer (q iyt). We need only to show that qi,(Urer A;) <Uer (q iyA¢). By Theorem
3.1.a) qiy(Urer A¢) < Uger A =User (g i,A¢). Thus the proof is complete .
The proof of the other case follows from Definition 4.1 and the above.

Remark 4.2. the collection of all g i,,-fuzzy sets in a GFTS (X, p) form a GFT on X, containing all p-
fuzzy g-open sets of L. Thus (X, q i,,) is m-fuzzy space. Where if 1 is p-fuzzy open set of X, X'is called m-
fuzzy space.

The following example shows that the finite intersection (resp. union) of q i, -fuzzy set (resp. q c,-fuzzy set)
need not q i,-fuzzy set (resp. q c,-fuzzy set).

Example 4.1. Let X and v be fuzzy sets a GFTS (X, p) as defined in Example 2.2

Then A and v are q i,-fuzzy sets. But A n v is not q i,,-fuzzy set,

since q i,(ANv) =4An(1—2)#Anv.Equivalently (1 —-2) U (1 —v)isnot q c,-fuzzy set, althghou
(1—-4) and (1 —v) are q c,-fuzzy sets.

Theorem 4.5. A fuzzy set A of a GFTS ( X, p) is q i,,-fuzzy set iff for each fuzzy singleton p of A , there
exists a q i,-fuzzy set 4, of Xsuchthatp <1, < 1.

Proof . the sufficiency is clear.

Necessity . By hypothesis, we have 4 =U, <3 4,, then, by Theorem 4.4.(b), A is g i,,-fuzzy set of X
Theorem 4.6. Let A be a fuzzy set of a GFTS (X, p), then

qi,A=U{v|v <Avisaqi,fuzzy set of X } . Therefore , q i, 4 is the largest

q i,-fuzzy set contained in A and q c,A =N {n| 1 < n,n is a q ¢,-fuzzy set of X}. Therefore q c, 4 is the
smallest g i,,-fuzzy set containing A.

Proof . By definition of qi,A and since every u-fuzzy g-open set is q i,-fuzzy set , then q i, A <U
{vlv < Avisaqi,fuzzy set of X}. And since every q i,-fuzzy set is the union of p-fuzzy g-open sets
,then for each q i,,-fuzzy set v < 1 v is the union of p-fuzzy g-open sets contained in %, and from defini-
tion of g i, 4, then

U{vlv <Avisaqi,fuzzy setof X }< q i, 1.

Thus q i,A =U {v|v < 4,V is a q i,-fuzzy set of X}. Therefore by Theorem 4.4. (b) q i, A is the largest
q i,-fuzzy set contained in 1.

The proof of the other case is similar

Theorem 4.7. For a GFTS (X, p), if every fuzzy point of X is u-fuzzy g-open , then every fuzzy set of X
is q i,-fuzzy set and q c,-fuzzy set.

Proof . Let A be any fuzzy set of X . Since A =U { p|p € 4, p is p-fuzzy g-open set}. Then A is the un-
ion of p-fuzzy g-open sets. Thus g i,4 = Aand hence A is q i,-fuzzy set. Also from Theorem 4.3. A
is q c,-fuzzy set.

Remark 4.3. In (X, p) that is in Example 3.1. we note that every fuzzy point of X is p-fuzzy g-open set,
since either |p| # 0, then i,c,(p) = i,(1 —A) =0, or |p| = 0, then i,c,(p) = i, (1 —A;) = 0. Thus
by the theorem above qi, A = qc, = 4, for each fuzzy set 1 of X.
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Theorem 4.8. For a DFTS (X, p), if every p-fuzzy open set of X is p-fuzzy regular open , then every
qi,-fuzzy set (qc,-fuzzy set) is u-fuzzy g-open.

Proof. Let A be any qi,-fuzzy set of X , i.e. 1 = qi,A. From Theorem 2.9 , then 4 = qi, A = si, A and
since si, A is u-fuzzy semiopen set ,then A is p-fuzzy semiopen , therefore A is p-fuzzy g-open .

The proof of the other case is similar.

Theorem 4.9. Let A be a qi,-fuzzy set (resp. gc,-fuzzy set), then. 4 < qi,qc,qi A (resp. qc,qigc A <
A).

Proof . Since A is qi,-fuzzy set ,then 1 < qi, 4, then

A< qi,A <qc,qiA= A <qc,qi,A.Thus A < qi A < qi,qc,qi,A.

The proof of the other case is similar.

Corollary 4.1. Let 1 be a qi,-fuzzy set (resp. qc,-fuzzy set), then
(@ A <gqcuqiyd (resp. qiyqc A < A).
(b) 2 <qiuqc A (resp. gc,qiyA < A).
(©) A <qcuqiyqc,A (resp. qi qc,qiyd < A).
(d) qiyqc A < qcuqiyd

Theorem 4.10. Let A be a fuzzy set of a GFTS (X, p), then A is u-fuzzy g-open iff A is qi,-fuzzy set
(resp. qc,-fuzzy set) and qi, A (resp. qc,4) is p-fuzzy g-open.
Proof . It is obvious.

Theorem 4.11. For a GFTS (X, p) , if every fuzzy point of X is p-fuzzy g-open set, then for each fuzzy
set A such that qi, 4 (qc,A) is p-fuzzy g-open, A is u-fuzzy g-open.
Proof . It follows Theorem 4.7. and Theorem 4.10.

In the end of this paper, the following diagram give summary of the last results.

n-fuzzy semiopen set
n-fuzzy semiclosed set
n-fuzzy B-open set _|—’ n-fuzzy q-open set
u-fuzzy B-closed <_|__

gi, -fuzzy set
gc, -fuzzy set
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