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Abstract 
 

     In this paper, we introduce the concepts of μ-fuzzy q-open sets which is generalization of simply open 

sets defined by Neubrunnove [9]. We also introduce and investigate, with the help of this new concept, 

the concepts of 𝑞𝑖𝜇-Fuzzy open sets and 𝑞𝑐𝜇-Fuzzy closed sets. The relations between these concepts are 

investigated and several examples are presented. 
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1.Introduction and Preliminaries 
     The potential of the notion of fuzzy set studied by L. A. Zadeh [12] was realized by the researchers 

and has successfully been applied for new investigations in all the branches of science and technology for 

more than last five decades. Since Chang [3] defined the concept of a fuzzy topology, then many authors 

investigated different properties of fuzzy open sets which are weaker than the property of openness of a 

fuzzy set in a fuzzy topological space. For example, ([1],[10],[11],[13]) have considered such kind of 

properties of fuzzy sets and most of the collection forms a fuzzy supra topology therein. A significant 

contribution to the theory of generalized open sets has been reported by A. Csaszar ([6], [7], [8]) and ex-

tended by G. P. Chetty [5] in the context of fuzzy set theory with the name of generalized fuzzy topologi-

cal space. Our aim is to study the parallel concept of topology in a given fuzzy space with an incompara-

ble nature. 

In the present paper, we introduce the concept of μ-fuzzy q-open sets and study some of their proper-

ties. Finally, we discuss about some fundamental properties of such structure and some related notions. In 

particular, we have shown that μ-fuzzy q-open sets is a weaker form of 𝜇 − 𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑚𝑖 − 𝑜𝑝𝑒𝑛 sets 

introduce by G. Palani Chettry [5] in 2008. Lastly, we define 𝑞𝑖𝜇-Fuzzy open set which is a weaker than 

μ-fuzzy q-open set. 
 

We , now, state a few definitions and results that are required in our work. 
 

 Let 𝑋 be a nonempty  set and ℱ =  {𝜆 | 𝜆 ∶  𝑋 →  [0, 1]} be the family of all fuzzy sets defined on 𝑋. 

A subfamily 𝜇 of ℱ is called a generalized fuzzy topology (𝐺𝐹𝑇)  [16] if  0 ∈  𝜇  and  ∨ {𝜆𝛼   |  𝛼 ∈
  𝛥}  ∈ 𝜇  whenever  𝜆𝛼 ∈ 𝜇  for every 𝛼 ∈   𝛥.  For 𝜆 ∈  ℱ, the 𝜇 − 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 of 𝜆, denoted by 𝑖𝜇(𝜆), is 

given by 𝑖𝜇(𝜆) = ∨ {𝜈 ∈  𝜇 |𝜈 ≤ 𝜆}.  Moreover, in [2], it is established that for all 𝜆 ∈  ℱ,  𝑖𝜇(𝜆) ≤

𝜆,    𝑖𝜇𝑖𝜇(𝜆)  =  𝑖𝜇(𝜆) and 𝜆 ∈  𝜇 if and only if 𝜆 =  𝑖𝜇(𝜆). A fuzzy set 𝜆 ∈  ℱ is said to be a 𝜇 −

𝑓𝑢𝑧𝑧𝑦 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡 if 1 − 𝜆 is a 𝜇 − 𝑓𝑢𝑧𝑧𝑦 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡. The intersection of all 𝜇 − 𝑓𝑢𝑧𝑧𝑦 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡𝑠 con-

taining 𝜆 ∈  ℱ is called the 𝜇 − 𝑐𝑙𝑜𝑠𝑢𝑟𝑒 of 𝜆. It is denoted by 𝑐𝜇(𝜆) and is given by 𝑐𝜇(𝜆)  = ∧ {𝛾  | 1 −

 𝛾 ∈  𝜇,     𝜆 ≤  𝛾}. In [5], it is established that 𝑐𝜇(𝜆)  = 1 − 𝑖𝜇(1 − 𝜆) for all 𝜆 ∈  ℱ. Finally, a fuzzy 

subset 𝜆 ∈  ℱ is called 𝜇 − 𝑓𝑢𝑧𝑧𝑦 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 𝑜𝑝𝑒𝑛 [5] (resp.𝜇 − 𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑚𝑖 − 𝑜𝑝𝑒𝑛[5], 𝜇 −
𝑓𝑢𝑧𝑧𝑦 𝑝𝑟𝑒 𝑜𝑝𝑒𝑛 [4], 𝜇 − 𝑓𝑢𝑧𝑧𝑦 𝛼 − 𝑜𝑝𝑒𝑛[4] and 𝜇 − 𝑓𝑢𝑧𝑧𝑦 𝛽 − 𝑜𝑝𝑒𝑛[4]) if 𝜆 =  𝑖𝜇𝑐𝜇(𝜆) (resp. 𝜆 ≤

 𝑐𝜇𝑖𝜇(𝜆), 𝜆 ≤  𝑖𝜇𝑐𝜇(𝜆), 𝜆 ≤  𝑖𝜇𝑐𝜇𝑖𝜇(𝜆) and 𝜆 ≤  𝑐𝜇𝑖𝜇𝑐𝜇(𝜆)). The complement of a 𝜇 −

𝑓𝑢𝑧𝑧𝑦 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 𝑜𝑝𝑒𝑛 set is called 𝜇 − 𝑓𝑢𝑧𝑧𝑦 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 𝑐𝑙𝑜𝑠𝑒𝑑;  similar as the case for the other types. 
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Lemma 1.1. For a GFTS (𝑋 , 𝜇), then the following statements are equivalent :  

(a) Every 𝜇-fuzzy open set of  𝑋 is 𝜇-fuzzy regular open. 

(b) Every fuzzy set of X is 𝜇-fuzzy 𝛽-open. 

(c) Every fuzzy set of X is 𝜇-fuzzy 𝛽-closed. 

(d) Every 𝜇-fuzzy open set of 𝑋 is 𝜇-fuzzy semiclosed. 

Proof . (a) ⇒ (b). Let 𝜆 be any fuzzy set of  , then 1 − 𝜆 is fuzzy set of 𝑋 , by (a) 𝑖𝜇𝑐𝜇𝑖𝜇(1 − 𝜆) = 𝑖𝜇(1 −

𝜆), or equivalently, 𝑐𝜇𝑖𝜇𝑐𝜇𝜆 = 𝑐𝜇𝜆 and since 𝜆 ≤ 𝑐𝜇𝜆, then 𝜆 ≤ 𝑐𝜇𝑖𝜇𝑐𝜇𝜆 and hence 𝜆 is 𝜇-fuzzy 𝛽-

open.  

(b) ⇒ (c). is clear . 

(c) ⇒ (d). Let 𝜈 be any 𝜇-fuzzy open set of  , by ( c ) , 𝑖𝜇𝑐𝜇 𝜈 = 𝑖𝜇𝑐𝜇𝑖𝜇  𝜈 ≤  𝜈 and hence 𝜈 is 𝜇-fuzzy sem-

iclosed.  

 (d) ⇒ (a).  Let 𝜈 be any μ-fuzzy open set of X , by ( d ) , 𝑖𝜇𝑐𝜇 𝜈 ≤  𝜈 and since 𝜈 = 𝑖𝜇 𝜈 ≤ 𝑖𝜇𝑐𝜇 𝜈. Thus 

𝜈 = 𝑖𝜇𝑐𝜇 𝜈  and hence ν is μ-fuzzy regular open. 

 

Lemma 1.2. For a GFTS (𝑋 , 𝜇), then the following statements are equivalent : 

(a) Every 𝜇-fuzzy open set is μ-fuzzy closed.  

(b) Every fuzzy set of 𝑋 is 𝜇-fuzzy preclosed. 

(c) Every fuzzy set of 𝑋 is 𝜇-fuzzy preopen. 

Proof . (a) ⇒ (b). Let 𝜆 be any fuzzy set of 𝑋, by (a) 𝑐𝜇𝑖𝜇𝜆 = 𝑖𝜇𝜆, and since 𝑖𝜇𝜆 ≤ 𝜆 , then 𝑐𝜇𝑖𝜇𝜆 ≤ 𝜆 

and hence 𝜆 is μ-fuzzy preclosed.  

(b) ⟺ (c). is clear . 

(b) ⇒ (a).  Let 𝜈 be any μ-fuzzy open set of  , by ( b ) , 𝑐𝜇𝜈 = 𝑐𝜇𝑖𝜇 𝜈 ≤  𝜈 and since 𝜈 ≤ 𝑐𝜇 𝜈  then 𝑐𝜇𝜈 =

 𝜈 and hence ν is 𝜇-fuzzy closed. 

   

2.  μ-Fuzzy q-open sets. 
 

Definition 2.1. A fuzzy sets 𝜆 of a GFTS (𝑋, 𝜇) is called a μ-fuzzy q-open if  𝑖𝜇𝑐𝜇 𝜆 ≤  𝑐𝜇𝑖𝜇𝜆. 

 

Theorem 2.1. Let 𝜆 be a fuzzy set of a GFTS (𝑋, 𝜇) , then the following statements are equivalent: 

a) 𝜆 is a μ-fuzzy q-open. 

b) 1 − 𝜆 is a μ-fuzzy q-open. 

c) 𝑖𝜇𝑐𝜇𝑖𝜇 𝜆 =  𝑖𝜇𝑐𝜇𝜆. 

d) 𝑐𝜇𝑖𝜇𝑐𝜇 𝜆 = 𝑐𝜇 𝑖𝜇𝜆 

e) There exist μ-fuzzy open set ν contained in 𝜆 and a μ-fuzzy closed set η  containing λ such that  

𝑖𝜇η ≤  𝑐𝜇𝜈 

Proof . (a) ⟹ (b). Let λ be a μ-fuzzy q-open set. Then 𝑖𝜇𝑐𝜇 𝜆 ≤  𝑐𝜇𝑖𝜇𝜆, this implies that (1 − 𝑐𝜇𝑖𝜇𝜆) ≤

(1 − 𝑖𝜇𝑐𝜇 𝜆) and hence 𝑖𝜇𝑐𝜇 (1 − 𝜆) ≤  𝑐𝜇𝑖𝜇(1 − 𝜆). Therefore 1 − 𝜆  is a μ-fuzzy q-open set. 

 

(b) ⟹ (c). Let 1 − 𝜆   be a μ-fuzzy q-open set, then 𝑖𝜇𝑐𝜇 (1 − 𝜆) ≤  𝑐𝜇𝑖𝜇(1 − 𝜆)  ≤  𝑖𝜇𝑐𝜇𝑖𝜇(1 − 𝜆). im-

plies 𝑖𝜇𝑐𝜇 𝜆 ≤  𝑖𝜇𝑐𝜇𝑖𝜇𝜆. And since 𝑖𝜇𝑐𝜇𝑖𝜇 𝜆 ≤  𝑖𝜇𝑐𝜇𝜆  for each fuzzy set 𝜆 of 𝑋, 𝑖𝜇𝑐𝜇 𝜆 =  𝑖𝜇𝑐𝜇𝑖𝜇𝜆.  

 

(c) ⟹ (d). Obvios. 

 

(d) ⟹ (e) : Since for each fuzzy set 𝜆 of 𝑋, 𝑖𝜇 𝜆 ≤ 𝜆 ≤  𝑐𝜇𝜆. Put  𝑖𝜇 𝜆 = 𝜈 and 𝑐𝜇 𝜆 = 𝜂, i.e., ν ≤ λ ≤ η 

and by (d) 𝑖𝜇𝜂 =  𝑖𝜇𝑐𝜇𝜈 ≤ 𝑐𝜇𝜈.  
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(e) ⟹ (a). Since  ν ≤ 𝜆 ≤ η where ν is μ-fuzzy open set and 𝜂 is μ-fuzzy closed set. Then 𝑖𝜇𝑐𝜇 𝜆 ≤  𝑖𝜇𝜂 

and 𝑐𝜇 𝜈 ≤  𝑐𝜇𝑖𝜇𝜆. And since 𝑖𝜇𝜂 ≤  𝑐𝜇𝜈, this implies that 𝑖𝜇𝑐𝜇 ≤  𝑐𝜇𝑖𝜇𝜆 and hence 𝜆 is μ-fuzzy q-open 

set .  

 

Corollary 2.1. For a GFTS (𝑋, 𝜇) , if  𝑖𝜇(1) ≤  𝑐𝜇(0), then every fuzzy set of 𝑋 is μ-fuzzy q-open set. 

 

Remark 2.1. If 𝜇 =  𝜏 is the general topology the 𝜇-fuzzy q-open set is reduced to the simply open set in 

[9].  

 

Theorem 2.2.  Let λ be a fuzzy set of a GFTS (𝑋, 𝜇)  

(a) If  λ  is μ-fuzzy semiopen set, then λ is μ-fuzzy q-open set . 

(b) If λ is μ-fuzzy semiclosed set, then λ is μ-fuzzy q-open set.  

Proof : (a) Let λ be a μ-fuzzy semiopen set, then 𝜆 ≤  𝑐𝜇𝑖𝜇𝜆  implies that 𝑐𝜇𝜆 ≤  𝑐𝜇𝑖𝜇𝜆 , thus 𝑖𝜇𝑐𝜇𝜆 ≤

 𝑐𝜇 𝜆 ≤  𝑐𝜇𝑖𝜇  𝜆  and hence λ is μ-fuzzy q-open set. 

(b). Let λ be a μ-fuzzy semiclosed set, then (1 − 𝜆) is μ-fuzzy semiopen, by (a) this implies that (1 − 𝜆) 

is μ-fuzzy q-open and by Theorem 2.2  λ is μ-fuzzy q-open. 

 

Remark 2.2. The converse of  Theorem 2.2 is not true in general, this can be shown by the following ex-

ample. 

 

Example 2.1    Let 𝑋 = [0, 1]  𝜆  and  𝜈  be fuzzy sets of  𝑋 defined as (𝑥) = 0.5 , ∀ 𝑥 ∈ 𝑋 and 𝜆(𝑥) = 𝑥 

. Cleary , μ = { 0 , ν } is a GFT on 𝑋 and (𝑋, 𝜇) is a GFTS . We note that 𝑖𝜇𝑐𝜇 𝜆 = 𝑖𝜇(1) =  𝜈  and 𝑐𝜇𝑖𝜇 =

𝑐𝜇(0) =  𝜈 . Since ≤ 𝜈 , then λ is μ-fuzzy q-open. But 𝜆 ≰ 𝜈 = 𝑐𝜇𝑖𝜇𝜆 and 𝑖𝜇𝑐𝜇𝜆 = 𝜈 ≰ 𝜆. Thus λ is nei-

ther μ-fuzzy semiopen set nor μ-fuzzy semiclosed set. 

 

The next theorem gives us under which condition  the μ-fuzzy q-open set is μ-fuzzy semiopen (resp. 

μ-fuzzy semiclosed). 

 

Theorem 2.3. A μ-fuzzy q-open set 𝜆 of a GFTS (𝑋, 𝜇) is μ-fuzzy semiopen (resp. μ-fuzzy semiclosed ) if  

it is a μ-fuzzy 𝛽-open (resp. μ-fuzzy 𝛽-closed). 

Proof. Let 𝜆  be a μ-fuzzy β-open set, i.e.  𝜆 ≤ 𝑐𝜇𝑖𝜇𝑐𝜇𝜆 . Since 𝜆 is μ-fuzzy q-open, then by Theorem 2.1 

𝑐𝜇𝑖𝜇𝑐𝜇𝜆 = 𝑐𝜇𝑖𝜇𝜆, this implies that 𝜆 ≤ 𝑐𝜇𝑖𝜇𝜆 , and hence λ is μ-fuzzy semiopen set. The other case can be 

prove similarly. 

  

Theorem 2.4. A μ-fuzzy preopen set 𝜆 ( resp. μ-fuzzy preclosed set 𝜆)  of a GFTS (𝑋, 𝜇) is μ-fuzzy α-

open (resp. μ-fuzzy α-closed ) if  it is a μ-fuzzy q-open set. 

Proof . Let λ  be a μ-fuzzy preopen set of 𝑋, i.e. 𝜆 ≤ 𝑖𝜇𝑐𝜇𝜆 . Since λ is μ-fuzzy q-open, then 𝑖𝜇𝑐𝜇𝜆 = 𝑖𝜇𝑐𝜇𝑖𝜇𝜆, 

this implies that 𝜆 ≤ 𝑖𝜇𝑐𝜇𝑖𝜇𝜆 , and hence λ is μ-fuzzy α-open set. The other case is proved similary. 

  

Remark 2.3. The finite union (resp. finite intersection) of μ-fuzzy q-open sets need not be a μ-fuzzy q-

open. This can be shown by the following example. 

 

Example 2.2. Let 𝑋 = [0, 1] and  , 𝜈 be fuzzy sets of 𝑋 defined by 

𝜆(𝑥) = 𝑥  and 𝜈(𝑥) = {
0 ,          0 ≤ 𝑥 ≤

1

2

1,         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.
  

Let 𝜇 = { 0, 𝜆, 𝜈, 𝜆 ∪ 𝜈 } be a GFT on X. Cleary 1 − 𝜆 and 1 − 𝜈 are μ-fuzzy q-open sets. Since 𝑖𝜇𝑐𝜇[(1 −

 λ) ∪ (1 −  ν)] = 𝜆 ∪ 𝜈 ≰ 1 − (𝜆 ∪ 𝜈) = 𝑐𝜇𝑖𝜇[(1 − 𝜆) ∪ (1 − 𝜈)], then (1 − λ)  ∪  (1 − ν) is not μ-fuzzy 
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q-open. And since (1 − 𝜆) ∪ (1 − 𝜈) = 1 − (𝜆 ∩ 𝜈) is not μ-fuzzy q-open. Thus 𝜆 ∪ 𝜈 is not μ-fuzzy q-

open although λ and ν are μ-fuzzy q-open sets. 

 

Remark 2.4. The μ-fuzzy q-openness and μ-fuzzy β-openness (resp. μ-fuzzy β-closedness) are in-

dependent notions. These can be shown by referring to Example 2.1. and by the next example. 

From Example 2.1.the μ-fuzzy q-open set λ is neither μ-fuzzy β-open nor μ-fuzzy β-closed. The 

following example shows that the μ-fuzzy β-open (μ-fuzzy closed ) set need not μ-fuzzy q-open. 

 

Example 2.3. Let 𝑋 = [0, 1] and  ,𝜂, ν be fuzzy sets of 𝑋 defined as follows:  

𝜆(𝑥) = 𝑥  ,   𝜂(𝑥) = 1 − 𝑥   𝑎𝑛𝑑   𝜈(𝑥) = 0.5. Consider μ = {0, λ, η, λ ∪ η} is a GFT on 𝑋. Since  

𝑐𝜇𝑖𝜇𝑐𝜇𝜈 = 1 ≥ 𝜈 and 𝑖𝜇𝑐𝜇𝑖𝜇𝜈 = 0 ≤ 𝜈. 

Then ν is μ-fuzzy β-open (μ-fuzzy β-closed). But 𝑖𝜇𝑐𝜇𝜈 = 𝑖𝜇(1) = 𝜆 ∪ 𝜂 ≰ 𝜆 ∩ 𝜂 = 𝑐𝜇(0) = 𝑐𝜇𝑖𝜇𝜈. 
Then ν is not μ-fuzzy q-open.  

 

Theorem 2.5. Let λ be a fuzzy set of a GFTS (𝑋, 𝜇), then λ is μ-fuzzy q-open if and only if, there exist 

two μ-fuzzy q-open sets ν and η such that 𝜈 ≤ 𝜆 ≤ 𝜂 and 𝑖𝜇𝜂 ≤ 𝑐𝜇𝑣. 

Proof. If λ is μ-fuzzy q-open set, then the result  is trivially true. 

Conversely, since 𝜈 ≤ 𝜆 ≤ 𝜂 where ν and η are μ-fuzzy q-open sets. Then 𝑖𝜇𝑐𝜇𝜆 ≤ 𝑖𝜇𝑐𝜇𝜂 ≤ 𝑐𝜇𝑖𝜇𝜂 and 

𝑖𝜇𝑐𝜇𝜈 ≤ 𝑐𝜇𝑖𝜇𝜈 ≤ 𝑐𝜇𝑖𝜇𝜆. And since 𝑖𝜇𝜂 ≤ 𝑐𝜇𝜈, then 𝑐𝜇𝑖𝜇𝜂 ≤ 𝑐𝜇𝜈. Therefore 𝑖𝜇𝑐𝜇𝜆 ≤ 𝑐𝜇𝑖𝜇𝜂 ≤ 𝑐𝜇𝜈, this 

implies that 𝑖𝜇𝑐𝜇𝜆 ≤ 𝑖𝜇𝑐𝜇𝜈, thus 𝑖𝜇𝑐𝜇𝜆 ≤ 𝑖𝜇𝑐𝜇𝜈 ≤ 𝑐𝜇𝑖𝜇𝜈 ≤ 𝑐𝜇𝑖𝜇𝜆 and hence λ is μ-fuzzy q-open set.  

 

Theorem.2.6. Let 𝜆 be a fuzzy set of a GFTS (𝑋, 𝜇), then the following statements are equivalent. 

(a) λ is a μ-fuzzy q-open. 

(b) There exists μ-fuzzy q-open set ν such that 𝜈 ≤ 𝜆 ≤ 𝑐𝜇𝜈. 

(c)  There exists μ-fuzzy q-open set 𝜂 such that 𝑖𝜇𝜂 ≤ 𝜆 ≤ 𝜂. 

Proof. It is immediate from Theorem. 2.5. 

  

Corollary.2.2. Let λ be a fuzzy set of a GFTS (𝑋, 𝜇),  

(a) if there exists μ-fuzzy semiclosed set η of X such that 𝑖𝜇𝜂 ≤ 𝜆 ≤ 𝜂, then λ is μ-fuzzy q-

open.  

(b) if there exists μ-fuzzy semiopen set ν of 𝑋 such that 𝜈 ≤ 𝜆 ≤ 𝑐𝜇𝜈, then λ is μ-fuzzy q-open. 

  

Theorem 2.7. Let λ be a fuzzy set of a GFTS (𝑋, 𝜇), then the following statements are equivalent : 

(a) λ is μ-fuzzy q-open.  

(b) There exist μ-fuzzy α-open set ν and μ-fuzzy α-closed set η of X such that ν ≤ λ ≤ η and 

iμη ≤ cμν. 

(c) There exist μ-fuzzy semiopen set δ  and μ-fuzzy semiclosed set ξ of X such that δ ≤ λ ≤ ξ 

and iμξ ≤ cμδ. 

Proof . Follows from Theorem 2.1, Theorem 2.2 and Theorem 2.5. 

 

Theorem 2.8. Let λ be a fuzzy set of a GFTS (𝑋, 𝜇), then the following statements are equivalent : 

(a) λ is μ-fuzzy q-open. 

(b) iμαcμλ ≤ cμαiμλ. 

(c) iμscμλ ≤ cμsiμλ. 

Proof . Follows from Theorem 2.7. 

 

Theorem 2.9. For a GFTS (𝑋, 𝜇), then the following statements are equivalent : 

(a) Every μ-fuzzy open set is μ-fuzzy regular open.  
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(b) Every μ-fuzzy q-open set is μ-fuzzy semiopen.  

(c) Every μ-fuzzy q-open set is μ-fuzzy semiclosed. 

Proof . It follows from Lemma 1.1 and Theorem 2.3. 

 

Theorem 2.10. For a GFTS (𝑋, 𝜇) , then the following the statements are equivalent  

(a) Every μ-fuzzy open set is μ-fuzzy closed . 

(b) Every μ-fuzzy q-open set is μ-fuzzy α-open. 

(c) Every μ-fuzzy q-open set is μ-fuzzy α-closed. 

(d) Every μ-fuzzy q-open set is μ-fuzzy open. 

(e) Every μ-fuzzy q-open set is μ-fuzzy closed. 

Proof . (a)⟹(b) Follows from Lemma 2.2. and Theorem 2.4.  

(b)⟺(c) is clear . 

(a)⟹(d) Let 𝜆 be a µ-fuzzy q-open set , i.e. 𝑖𝜇𝑐𝜇λ ≤ 𝑐𝜇𝑖𝜇𝜆, by (a)  . 𝑖𝜇𝑐𝜇λ ≤ 𝑖𝜇 , by Lemma 2.2.  𝜆 ≤

𝑖𝜇𝑐𝜇λ ≤ 𝑖𝜇𝜆 and hence λ is µ-fuzzy open . 

(d)⟺(e) is clear. 

(e)⟹(a) Follows from observation that every µ-fuzzy open set is µ-fuzzy q-open. 

 

3. μ-Fuzzy q-interior and μ-Fuzzy q-closure. 
 

Definition 3.1. Let λ by a fuzzy set of a GFTS (𝑋, 𝜇) and defined the following sets:  

𝑞𝑖𝜇 𝜆 =∪ {𝜈|  𝜈 ≤ 𝜆 , 𝜈 𝑖𝑠 𝑎 𝜇 − 𝑓𝑢𝑧𝑧𝑦 𝑞 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 𝑜𝑓 𝑋 }; 

𝑞𝑐𝜇 𝜆 =∩ {𝜈|  𝜆 ≤ 𝜈 , 𝜈 𝑖𝑠 𝑎 𝜇 − 𝑓𝑢𝑧𝑧𝑦 𝑞 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 𝑜𝑓 𝑋 }. 

We  call 𝑞𝑖𝜇 𝜆 the μ-fuzzy q-interior of  λ  and  𝑞𝑐𝜇 𝜆, the μ-fuzzy q-closure of  λ. 

  

Theorem 3.1. Let λ , 𝑣 and {𝜆𝑡|𝑡 ∈ 𝑇  , 𝑇  𝑖𝑠 𝑎𝑛 𝑖𝑛𝑑𝑒𝑥 𝑠𝑒𝑡} be fuzzy sets of a GFTS (𝑋, 𝜇), then the fol-

lowing properties hold : 

(a) 𝑖𝜇 𝜆 ≤ 𝑞𝑖𝜇 𝜆 ≤  𝜆 ≤ 𝑞𝑐𝜇𝜆 ≤  𝑐𝜇 𝜆 . 

(b) If λ is μ-fuzzy q-open set , then 𝑞 𝑖𝜇 𝜆 = 𝑞 𝑐𝜇 𝜆 = 𝜆. 

(c) 1 − 𝑞 𝑖𝜇 𝜆 = 𝑞 𝑐𝜇(1 −  𝜆). 

(d)  1 − 𝑞𝑐𝜇  𝜆 = 𝑞 𝑖𝜇(1 −  𝜆). 

(e) If 𝜆 ≤  𝜈, then 𝑞 𝑖𝜇 𝜆 ≤ 𝑞 𝑖𝜇 𝜈. 

(f) If 𝜆 ≤  𝜈, then 𝑞 𝑐𝜇 𝜆 ≤ 𝑞 𝑐𝜇 𝜈. 

(g) 𝑞 𝑖𝜇 𝑞 𝑖𝜇𝜆 = 𝑞 𝑖𝜇  𝜆.   

(h)  𝑞 𝑐𝜇 𝑞 𝑐𝜇𝜆 = 𝑞 𝑐𝜇 𝜆. 

(i) ∪𝑡∈𝑇 [ 𝑞 𝑖𝜇  (𝜆𝑡)] ≤ 𝑞 𝑖𝜇 [∪𝑡∈𝑇 𝜆𝑡]. 

(j) 𝑞 𝑖𝜇[ ∩𝑡∈𝑇  𝜆𝑡] ≤ ∩𝑡∈𝑇 [𝑞 𝑖𝜇(𝜆𝑡)].   

(k) ∪𝑡∈𝑇 [ 𝑞 𝑐𝜇 (𝜆𝑡)] ≤ 𝑞 𝑐𝜇 [∪𝑡∈𝑇 𝜆𝑡]. 

(l) 𝑞 𝑐𝜇[ ∩𝑡∈𝑇  𝜆𝑡] ≤ ∩𝑡∈𝑇 [𝑞 𝑐𝜇(𝜆𝑡)]. 

Proof . (a) and (b) are clear from Definition 3.1. 

(c) 𝑞𝑖𝜇 𝜆 =∪ {𝜈|  𝜈 ≤ 𝜆 , 𝜈 𝑖𝑠 𝑎 𝜇 − 𝑓𝑢𝑧𝑧𝑦 𝑞 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 𝑜𝑓 𝑋 } this implies that 1 − 𝑞𝑖𝜇 𝜆 = 1 − (∪

{𝜈|  𝜈 ≤ 𝜆 , 𝜈 𝑖𝑠 𝑎 𝜇 − 𝑓𝑢𝑧𝑧𝑦 𝑞 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 𝑜𝑓 𝑋 }) 

=∩ {1 − 𝜈| 1 − 𝜆 ≤ 1 − 𝜈, 1 − 𝜈 𝑖𝑠 𝑎 𝜇 − 𝑓𝑢𝑧𝑧𝑦 𝑞 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 𝑜𝑓 𝑋} = 𝑞𝑐𝜇(1 − 𝜆) 

(d) It is similar to the proof  of  (c) . 

(e). Let 𝜌 be a fuzzy point of X such that 𝜌 ∈ 𝑞 𝑖𝜇 𝜆. Then there exists a μ-fuzzy q-open set η such 

that 𝜂 ≤ 𝜆 with  𝜌 ∈ 𝜂. Since 𝜆 ≤ 𝜈, then 𝜂 ≤ 𝜆, this implies that 𝜂 ≤ 𝑞𝑖𝜇𝜈 . Therefore 𝜌 ∈ 𝑞𝑖𝜇𝜈. Hence 

𝑞𝑖𝜇𝜆 ≤ 𝑞𝑖𝜇𝜈. 
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(f). Since ≤ 𝜈 , then 1 − 𝜈 ≤ 1 − 𝜆, from (e), this implies that 𝑞𝑖𝜇  (1 − 𝜈) ≤ 𝑞 𝑖𝜇(1-λ) then , by (d), 1 −

𝑞𝑐𝜇 𝜈 ≤ 1 − 𝑞 𝑐𝜇𝜆, therefore 𝑞𝑐𝜇 𝜆 ≤ 𝑞 𝑐𝜇𝜈.  

(g). In view of (a) we need only to show that : 𝑞𝑖𝜇𝜆 ≤ 𝑞 𝑖𝜇  𝑞 𝑖𝜇𝜆. Let ρ be a fuzzy point of X such that 𝜌 ∈

𝑞𝑖𝜇𝜆. Then there exists a μ-fuzzy q-open set η such that 𝜌 ∈ 𝜂 ≤λ, then ≤ 𝑞𝑖𝜇𝜆 . therefore 𝜂 ≤ 𝑞𝑖𝜇𝑞𝑖𝜇𝜆. This 

implies that 𝜌 ∈ 𝑞𝑖𝜇𝑞𝑖𝜇𝜆. Thus the proof is complete.   

( h ). Since 1- λ  is fuzzy set of  X , then by ( g )  𝑞𝑖𝜇  𝑞𝑖𝜇(1 − 𝜆) = 𝑞 𝑖𝜇(1 − 𝜆). By (d), then implies that 

𝑞𝑖𝜇 (1 − 𝑞𝑐𝜇𝜆) = 1 − 𝑞 𝑐𝜇𝜆. Again by (d), this implies that 1 − 𝑞𝑐𝜇 𝑞𝑐𝜇𝜆 = 1 − 𝑞 𝑐𝜇𝜆 and hence 

𝑞𝑐𝜇 𝑞𝑐𝜇𝜆 = 𝑞 𝑐𝜇𝜆. 

(i). Follows from  (e). 

(j).  Follows from  (e).  

(k). Follows from  (f), or  from (j) and (c). 

 (l). Follows from  (f), or  from (i) and (c). 

( later we can prove the properties  (e) and (g) easily by using Theorem 4.6) 

 

Corollary  3.1. Let λ be a fuzzy set of a GFTS (𝑋, 𝜇), then 

(a) 𝑖𝜇𝑞𝑖𝜇𝜆 = 𝑞𝑖𝜇 𝑖𝜇𝜆 = 𝑞𝑐𝜇 𝑖𝜇𝜆 = 𝑖𝜇𝜆, 

(b)   𝑐𝜇𝑞𝑐𝜇𝜆 = 𝑞𝑐𝜇 𝑐𝜇𝜆 = 𝑞𝑖𝜇𝑐𝜇𝜆 = 𝑐𝜇𝜆.  

 

Remark 3.1. The converse of (b) in Theorem 3.1 is not true, therefore 𝑞𝑖𝜇  and 𝑞𝑐𝜇𝜆 need not μ-

fuzzy q-open sets. This can be shown by following example. 

 

Example 3.1. let 𝑋 = [0,1] and λ a be fuzzy sets of  𝑋 defined by :  

𝜆𝑎(𝑥) = {
1 ,   0 < 𝑥 < 𝑎

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

Where 𝑎 ∈ (0,1] and 𝜆0(𝑥) = 0 , ∀ 𝑥 ∈ 𝑋. 

The collection of all 𝜆𝑎 ( where 𝑎 ∈ [0,1] ) form a GFT on 𝑋 namely 𝜇 .  

Consider 

𝜈(𝑥) = {
1 ,   𝑥 ∈ 𝑄 ∩ [0,1]
0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

is a fuzzy set of 𝑋. We find 𝑞𝑖𝜇𝜈 = 𝜈 and 𝑞𝑐𝜇𝜈 = 𝜈. But 

𝑖𝜇𝑐𝜇𝜈 = 𝑖𝜇(1) = 𝜆1 ≰ 1 − 𝜆1 = 𝑐𝜇(0) = 𝑐𝜇𝑖𝜇𝜈 

Hence ν is not μ-fuzzy q-open set. 

 

Remark  3.2. In (i) , (j) , (k) and (l) of  Theorem 3.1. the  equality does not necessarily hold as shown in the 

following examples. 

  

Example 3.2. let 𝑋 = [0,1] and λ , ν , and η be fuzzy sets of X defined as follows:  

 𝜆(𝑥) = 𝑥     ,     𝜈(𝑥) =  {
𝑥 ,   ≤ 𝑥 ≤

1

2

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
       𝑎𝑛𝑑        𝜂(𝑥) =  {

0 ,   ≤ 𝑥 ≤
1

2

𝑥 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
  

Consider 𝜇 =  {0, 𝜆} be a GFTS on X. 

Then 𝑞 𝑖𝜇 (𝜈) = 𝜈      ,    𝑞 𝑖𝜇(𝜂) = {
0 ,   ≤ 𝑥 ≤

1

2

1 − 𝑥 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.
 

This implies that 𝑞 𝑖𝜇  (𝜈) ∪  𝑞 𝑖𝜇(𝜂) = 𝜆 ∩ (1 − 𝜆). But 𝑞 𝑖𝜇(𝜈 ∪ 𝜂) = 𝜆,  

thus 𝑞 𝑖𝜇(𝜈 ∪ 𝜂)  ≠  𝑞 𝑖𝜇(𝜈) ∪  𝑞 𝑖𝜇(𝜂). And by Theorem 2.2.1. (c), we have  

𝑞𝑐𝜇[ (1 − 𝜈) ∩ (1 − 𝜂)] ≠ 𝑞𝑐𝜇(1 − 𝜈) ∩ 𝑞𝑐𝜇(1 − 𝜂).  

 

 



Generalized Fuzzy q-open sets…………………Rdhwan Mohammed  Aqeel, Rashed Alkhadher Nasser 

Univ. Aden J. Nat. and Appl. Sc. Vol. 24 No.2 – October 2020                                                  463 
 

Example 3.3. Let 𝑋 = [0,1], λ and ν be fuzzy sets of X defined by : 

𝜆(𝑥) = {
1   , 0 ≤ 𝑥 ≤

1

2
 

𝑥  , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
   and      𝜈(𝑥) = {

𝑥   , 0 ≤ 𝑥 ≤
1

2
 

1  , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
 . 

Consider 𝜇 = {0, 𝜆, 𝜈, 1} be a GFTS on X. Then 𝑞𝑖𝜇𝜆 = 𝜆  𝑎𝑛𝑑  𝑞𝑖𝜇(𝜈) = 𝜈 this implies that 𝑞𝑖𝜇𝜆 ∩ 𝑞𝑖𝜇𝜈 =

𝜆 ∩ 𝜈 = ( 𝜆 ∩ 𝜈)(𝑥) = 𝑥.  

But 𝑞𝑖𝜇(𝜆 ∩ 𝜈) = 𝜈 ∩ (𝜆 − 1) = 𝜈 ∩ (1 − 𝜆)(𝑥) = {
𝑥  , 0 ≤ 𝑥 ≤

1

2

1 − 𝑥  , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠
   

Thus  𝑞𝑖𝜇𝜆 ∩ 𝑞𝑖𝜇𝜈 ≠ 𝑞𝑖𝜇( 𝜆 ∩ 𝜈). And by Theorem 2.2.1.( c ), we have 

 𝑞𝑐𝜇[(1 − 𝜈) ∪ (1 − 𝜈)] ≠ 𝑞𝑐𝜇(1 − 𝜈) ∪  𝑞𝑐𝜇(1 − 𝜆). 

                                            

Theorem 3.2. Let λ be a fuzzy set of a GFTS ( X , μ ) , then the following statements are equivalent :  

(a) 𝑞𝑖𝜇𝜆 (𝑟𝑒𝑠𝑝. 𝑞𝑐𝜇𝜆) is μ-fuzzy q-open. 

(b)  𝑖𝜇 𝑐𝜇𝑞𝑖𝜇𝜆 ≤ 𝑐𝜇  𝑖𝜇 𝜆 (𝑟𝑒𝑠𝑝. 𝑖𝜇𝑐𝜇𝜆 ≤ 𝑐𝜇 𝑖𝜇 𝑞𝑐𝜇𝜆).  

(c) 𝑞𝑐𝜇(1 − 𝜆) (𝑟𝑒𝑠𝑝. 𝑞𝑖𝜇(1 − 𝜆)is μ-fuzzy q-open. 

Proof. It is straight forward. 

 

Theorem 3.3. For a GFTS ( X , μ ), if every μ-fuzzy open set is μ-fuzzy regular open , then 𝑞𝑖𝜇𝜆 (𝑞𝑐𝜇𝜆 ) is μ-

fuzzy q-open, for each fuzzy set λ of  X. 

Proof. Let λ be any fuzzy set of X, then by Theorem 2.9. 𝑞𝑖𝜇𝜆 = 𝑠𝑖𝜇𝜆 is μ-fuzzy semiopen set, therefore  

𝑞𝑖𝜇𝜆 is μ-fuzzy q-open.  

The proof of other case is similarly 

Theorem 3.4. Let λ be a fuzzy set of a GFTS (X , μ) , then λ is μ-fuzzy clopen iff 𝑞𝑖𝜇𝑐𝜇𝜆 ≤ 𝑞𝑐𝜇𝑖𝜇𝜆.  

Proof. It is immediate by Corollary 2.1. 

 

4. 𝒒𝒊𝝁-Fuzzy set and 𝒒𝒊𝝁-Fuzzy. 

Definition 4.1. A fuzzy set λ of a GFTS (X , μ) is called : 

(i) 𝑞𝑖𝜇-Fuzzy set if  𝑞𝑖𝜇𝜆 = 𝜆  

(ii) 𝑞𝑐𝜇-Fuzzy sets if  𝑞𝑐𝜇𝜆 = 𝜆 or equivalently, if 1 − 𝜆 𝑖𝑠 𝑞𝑖𝜇-Fuzzy set. 

 

Theorem 4.1. Let λ be a fuzzy set of GFTS (X , μ), then  

(a) λ is 𝑞 𝑖𝜇-fuzzy set ( resp. 𝑞 𝑖𝜇-fuzzy) set, iff 𝜆 ≤ 𝑞 𝑖𝜇𝜆 (resp. 𝑞 𝑐𝜇𝜆 ≤ 𝜆 ). 

(b) 𝑞 𝑖𝜇 λ ( resp. 𝑞 𝑐𝜇  λ) is 𝑞 𝑖𝜇-fuzzy set (resp. 𝑞 𝑐𝜇-fuzzy set). 

Proof . Follows from Theorem 3.1. and the above definition. 

 

Theorem 4.2. Let λ be a fuzzy set of GFTS (X,µ), if λ is µ-fuzzy q-open , then λ is 𝑞𝑖𝜇-fuzzy set and 

𝑞𝑐𝜇-fuzzy set . 

Proof . Follows from Theorem 3.1. (b) and Definition 4.1. 

 

Remark 4.1.  It is clear , by Example 3.1, that the converse of Theorem 4.2 is not true . 

 

Theorem 4.3. For a GFTS (X , μ), then every fuzzy set of X is 𝑞 𝑖𝜇-fuzzy set iff every fuzzy set of X is 

𝑞 𝑐𝜇-fuzzy set. 

Proof . It is clear from Definition 4.1.  

 

Theorem 4.4. In a GFTS (X ,μ)  

(a) 0 and 1 are 𝑞 𝑖𝜇-fuzzy sets ( 0 and 1 are 𝑞 𝑐𝜇-fuzzy sets ).  
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(b) The arbitrary union (resp. intersection ) of 𝑞𝑖𝜇-fuzzy sets (resp. 𝑞 𝑐𝜇-fuzzy sets) is a 𝑞 𝑖𝜇-fuzzy set 

(resp. 𝑞𝑐𝜇-fuzzy set ). 

Proof . (a) is clear. (b). Let {𝜆𝑡| 𝑡 ∈ 𝑇} be a family of 𝑞 𝑖𝜇-fuzzy sets of X . From Theorem 3.1. (i) we have 

∪𝑡∈𝑇 (𝑞 𝑖𝜇𝜆𝑡) ≤ ∪𝑡∈𝑇 (𝑞 𝑖𝜇𝑡). We need only to show that 𝑞𝑖𝜇(∪𝑡∈𝑇 𝜆𝑡) ≤∪𝑡∈𝑇 (𝑞 𝑖𝜇𝜆𝑡). By Theorem 

3.1.(a) 𝑞𝑖𝜇(∪𝑡∈𝑇 𝜆𝑡) ≤ ∪𝑡∈𝑇 𝜆𝑡 =∪𝑡∈𝑇 (𝑞 𝑖𝜇𝜆𝑡). Thus the proof is complete . 

The proof of the other case follows from Definition 4.1 and the above. 

 

Remark 4.2. the collection of all 𝑞 𝑖𝜇-fuzzy sets in a GFTS (X , μ) form a GFT on X , containing  all μ-

fuzzy q-open sets of λ. Thus (X , 𝑞 𝑖𝜇) is m-fuzzy space. Where if 1 is μ-fuzzy open set of X , X is called m-

fuzzy space.  

The following example shows that the finite intersection (resp. union) of 𝑞 𝑖𝜇-fuzzy set (resp. 𝑞 𝑐𝜇-fuzzy set) 

need not 𝑞 𝑖𝜇-fuzzy set (resp. 𝑞 𝑐𝜇-fuzzy set). 

 

Example 4.1. Let λ and ν be fuzzy sets a GFTS (X , μ) as defined in Example 2.2 

Then λ and ν are 𝑞 𝑖𝜇-fuzzy sets. But 𝜆 ∩ 𝜈 is not 𝑞 𝑖𝜇-fuzzy set,  

since 𝑞 𝑖𝜇(𝜆 ∩ 𝜈) = 𝜆 ∩ (1 − 𝜆) ≠ 𝜆 ∩ 𝜈. Equivalently (1 − 𝜆) ∪ (1 − 𝜈) is not  𝑞 𝑐𝜇-fuzzy set , althghou 

(1 − 𝜆) and (1 − 𝜈) are 𝑞 𝑐𝜇-fuzzy sets. 
 

Theorem 4.5. A fuzzy set λ of a GFTS ( X , μ) is 𝑞 𝑖𝜇-fuzzy set iff for each fuzzy singleton p of λ , there 

exists a 𝑞 𝑖𝜇-fuzzy set 𝜆𝑝 of X such that 𝑝 ≤ 𝜆𝑝 ≤ 𝜆 . 

Proof . the sufficiency is clear.  

Necessity . By hypothesis, we have 𝜆 =∪𝑝≤𝜆 𝜆𝑝, then, by Theorem 4.4.(b), λ is 𝑞 𝑖𝜇-fuzzy set of X 

Theorem 4.6. Let λ be a fuzzy set of a GFTS (X , μ), then 

 𝑞 𝑖𝜇𝜆 =∪ {𝜈| 𝜈 ≤ 𝜆, 𝜈 𝑖𝑠 𝑎 𝑞 𝑖𝜇-fuzzy set of X } . Therefore , 𝑞 𝑖𝜇𝜆 is the largest  

𝑞 𝑖𝜇-fuzzy set contained in λ and 𝑞 𝑐𝜇𝜆 =∩ { 𝜂| 𝜆 ≤ 𝜂, 𝜂 𝑖𝑠 𝑎 𝑞 𝑐𝜇-fuzzy set of X}. Therefore 𝑞 𝑐𝜇𝜆 is the 

smallest 𝑞 𝑖𝜇-fuzzy set containing λ. 

Proof . By definition of 𝑞 𝑖𝜇𝜆 and since every μ-fuzzy q-open set is 𝑞 𝑖𝜇-fuzzy set , then 𝑞 𝑖𝜇𝜆 ≤∪

{ 𝜈| 𝜈 ≤ 𝜆, 𝜈 𝑖𝑠 𝑎 𝑞 𝑖𝜇-fuzzy set of X}. And since every 𝑞 𝑖𝜇-fuzzy set is the union of μ-fuzzy q-open sets 

,then for each 𝑞 𝑖𝜇-fuzzy set 𝜈 ≤ 𝜆  𝜈 is the union of μ-fuzzy q-open sets contained in λ, and from defini-

tion of 𝑞 𝑖𝜇𝜆 , then  

∪ {𝜈| 𝜈 ≤ 𝜆, 𝜈 𝑖𝑠 𝑎 𝑞 𝑖𝜇-fuzzy set of X }≤ 𝑞 𝑖𝜇𝜆. 

Thus 𝑞 𝑖𝜇𝜆 =∪ {𝜈| 𝜈 ≤ 𝜆 , 𝜈 𝑖𝑠 𝑎 𝑞 𝑖𝜇-fuzzy set of X}. Therefore by Theorem 4.4. (b) 𝑞 𝑖𝜇𝜆  is the largest 

𝑞 𝑖𝜇-fuzzy set contained in λ.  

The proof of the other case is similar 

 

Theorem 4.7. For a GFTS (X , μ), if every fuzzy point of X is μ-fuzzy q-open , then every fuzzy set of X 

is 𝑞 𝑖𝜇-fuzzy set and 𝑞 𝑐𝜇-fuzzy set. 

Proof . Let λ be any fuzzy set of X . Since 𝜆 =∪ { 𝑝|𝑝 ∈ 𝜆 , 𝑝 is μ-fuzzy q-open set}. Then λ is the un-

ion of μ-fuzzy q-open sets. Thus 𝑞 𝑖𝜇𝜆 = 𝜆and hence λ is 𝑞 𝑖𝜇-fuzzy set. Also from Theorem 4.3. λ 

is 𝑞 𝑐𝜇-fuzzy set.  

 

Remark 4.3. In (X , μ) that is in Example 3.1. we note that every fuzzy point of  X is μ-fuzzy q-open set, 

since either |𝑝| ≠ 0, then 𝑖𝜇𝑐𝜇(𝑝) = 𝑖𝜇(1 − 𝜆|𝑝|) = 0, or |𝑝| = 0, then 𝑖𝜇𝑐𝜇(𝑝) = 𝑖𝜇(1 − 𝜆1) = 0. Thus 

by the theorem above 𝑞𝑖𝜇𝜆 = 𝑞𝑐𝜇 = 𝜆, for each fuzzy set λ of X.  
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Theorem 4.8. For a DFTS (X , μ), if every μ-fuzzy open set of X is μ-fuzzy regular open , then every 

𝑞𝑖𝜇-fuzzy set (𝑞𝑐𝜇-fuzzy set) is μ-fuzzy q-open. 

Proof. Let λ be any 𝑞𝑖𝜇-fuzzy set of X , i.e. 𝜆 = 𝑞𝑖𝜇𝜆. From Theorem 2.9 , then 𝜆 = 𝑞𝑖𝜇𝜆 = 𝑠𝑖𝜇𝜆 and 

since 𝑠𝑖𝜇𝜆 is μ-fuzzy semiopen set ,then λ is μ-fuzzy semiopen , therefore λ is μ-fuzzy q-open .  

The proof of the other case is similar. 

 

Theorem 4.9. Let λ be a 𝑞𝑖𝜇-fuzzy set (resp. 𝑞𝑐𝜇-fuzzy set), then. 𝜆 ≤ 𝑞𝑖𝜇𝑞𝑐𝜇𝑞𝑖𝜇𝜆 (resp. 𝑞𝑐𝜇𝑞𝑖𝜇𝑞𝑐𝜇𝜆 ≤

𝜆). 

Proof . Since λ is 𝑞𝑖𝜇-fuzzy set ,then 𝜆 ≤ 𝑞𝑖𝜇𝜆, then  

 𝜆 ≤ 𝑞𝑖𝜇𝜆 ≤ 𝑞𝑐𝜇𝑞𝑖𝜇𝜆 ⇒  𝜆 ≤ 𝑞𝑐𝜇𝑞𝑖𝜇𝜆 . Thus 𝜆 ≤ 𝑞𝑖𝜇𝜆 ≤ 𝑞𝑖𝜇𝑞𝑐𝜇𝑞𝑖𝜇𝜆.  

The proof of the other case is similar.  

 

Corollary 4.1. Let λ be  a 𝑞𝑖𝜇-fuzzy set (resp. 𝑞𝑐𝜇-fuzzy set), then  

(a) 𝜆 ≤ 𝑞𝑐𝜇𝑞𝑖𝜇𝜆              (resp. 𝑞𝑖𝜇𝑞𝑐𝜇𝜆 ≤  𝜆). 

(b) 𝜆 ≤ 𝑞𝑖𝜇𝑞𝑐𝜇𝜆              (resp. 𝑞𝑐𝜇𝑞𝑖𝜇𝜆 ≤  𝜆). 

(c) 𝜆 ≤ 𝑞𝑐𝜇𝑞𝑖𝜇𝑞𝑐𝜇𝜆        (resp. 𝑞𝑖𝜇𝑞𝑐𝜇𝑞𝑖𝜇𝜆 ≤  𝜆). 

(d) 𝑞𝑖𝜇𝑞𝑐𝜇𝜆 ≤ 𝑞𝑐𝜇𝑞𝑖𝜇𝜆    

 

Theorem 4.10. Let λ be a fuzzy set of a GFTS (X , μ), then λ is μ-fuzzy q-open iff  λ is 𝑞𝑖𝜇-fuzzy set 

(resp. 𝑞𝑐𝜇-fuzzy set) and 𝑞𝑖𝜇𝜆 (resp. 𝑞𝑐𝜇𝜆) is μ-fuzzy q-open. 

Proof . It is obvious. 

 

Theorem 4.11. For a GFTS (X , μ) , if every fuzzy point of X is μ-fuzzy q-open set, then for each fuzzy 

set λ such that 𝑞𝑖𝜇𝜆   (𝑞𝑐𝜇𝜆) is μ-fuzzy q-open, λ is μ-fuzzy q-open. 

Proof . It follows Theorem 4.7. and Theorem 4.10. 

 

In the end of this paper, the following diagram give summary of the last results.  
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 الملخص
 

تعُد تعميمًا للمجموعات  والتي qفي هذا البحث قدمنا مفهوم المجموعات الضبابية المعممة المفتوحة من النوع 

بسيطة الفتح التي قدمها بايسويس. ومن خلال هذا المفهوم عرفنا نوع جديد من المجموعات الضبابية المعممة 

 𝑞_𝑖الأضعف من المجموعات الضبابية المفتوحة المعممة وأسميناه المجموعات الضبابية المعممة المفتوحة من النوع 

 كما قمنا بدراسة العلاقة بين هذه المفاهيم والمفاهيم المعروفة سابقًا. ،صةودرسنا الكثير من خواصه وخصائ
 

 ،𝑞المجموعات الضبابية المعممة المفتوحة من النوع  المعممة،الفضاءات التوبولوجية الضبابية  :الكلمات المفتاحية
 .𝑞_𝑐المجموعات الضبابية المعممة المغلقة من النوع و،  𝑞_𝑖المجموعات الضبابية المعممة المفتوحة من النوع 
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