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Abstract

In this article, we prove Malinnikova’s result for Weinstein operator as follows: Let {d,}n=; bean
orthonormal basis for L2 (R%). If the sequences {e,}s-y € R$ and {a,}y-; < R$ are bounded, then

sup (1 = el ulyg ) 11E = @l P @)l ng) ) < oo

Keywords: Weinstein operator; Uncertainty principle; Orthonormal bases; Time—frequency
concentration.

Introduction

H.S. Shapiro proved in a number of uncertainty inequalities for orthonormal sequences that are
stronger than corresponding inequalities for a single function. Quantitative versions of H.S. Shapiro’s
results appeared in a recent article by Ph. Jaming and A. Powell [7] where, in particular, the following
sharp Mean Dispersion inequality was obtained. Let {e,},o be an orthonormal sequence in L2(R) ,then

forall N >0 ,
N

1 2
> ([liefzen

020 + [[1EBF )|, +a%F(E) )2
- L*(R) L*(R)

The equalit_y is attained for the sequence of Hermite function. Here,

2 24t A2 +
=t t, = t—||Itlz
. fR lexl?dt, 4% ex) fR( |1¢l2ex

which are called the time mean of e, the variance of e, respectively and F is the Fourier transform
defined for £ € L*(R%) n L2(R%) by

F()(©) = (2m) f (e,
]Rd

and extended from L'(R%) n L2(R%) to L?(IR?) in the usual way.

Next, E. Malinnikova in [8] proved the following Shapiro type inequality which is a generalization
of the Mean-Dispersion principle :
Let p > 0and {¢,}, be an orthonormal sequence in L?(R%), then

N

> (|||x|p¢n||§2(Rd) + | 1erF @
n=1

where C depends only on d and p. Here

1Pl gy = f 1X[2P |y | dx.
R4

In [4], J. Bourgain constructed an orthonormal basis for L?(R) consisting of functions £, €
L?(R), such that

sup (inf Ilx = anfulliagey + inf IIE = buPFU@llizcay) < oo

(N + 12N+ 1)
Ar '
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J. Bourgain remarked that the exponent 2 of |x —a,| and | — b,| is optimal. After that Karleinz
Grochenig and E. Malinnikova [6] proved astrong uncertainty principle for Reisz basis for Lz(]Rd) ,
such that

sup ( inf lllx = anl? full 2y + inf 1€ = balPFEIONzcay) < oo
n n n
This result therefore asserts that the J. Bourgain basis possesses the best possible phase space
Localization.
E. Malinnikova [8] proved uncertainty principle inequality for an orthonormal basis in LZ(]Rd) such
for p > d,

51711p (|||x - an|p(])n||Lz(Rd)|||f - bn|pT(¢n)(f)”L2(Rd)) = %

After that, E. Malinnikova [8] constructed an orthonormal basis for uncertainty principle in L? (R%),
, suchthat forp < d,

sup (111x = alP bl 2 gy 11E = BalPF (@) ()l 2y ) < o0
n
The purpose of this article is to extend these type inequalities to the Weinstein transform.

2.Preliminaries
We consider the Weinstein operator (also called Laplace-Bessel operator), (see[1,2]), defined on
R41 x (0, ) by
d
92 2a+1 0

— +—; d=2, a>-1/2.
- 16xl-2 Xdq axd /
1=

AW=

For d > 3, the operator Ais the Laplace-Beltrami operator on the Riemanian space on R4~ ! x
(0, 00) equipped with the metric (see [1])

a
sa+2/d-2
ds? = xie+?/ E dx?.
i=1

Weinstein operator has several applications in pure and applied mathematics especially in Fluid
Mechanics (e. g.[5,9]).

2.1. Weinstein (or Laplace-Bessel) Transform
For 1 < p < o, we denote by the Lebesgue space consisting of measurable functions f on R¢ = R%~1 x
R, equipped with the norm

1,
”f”L’;(M) = <fRd|f(x’,xd)|pdlla(x’,xd)> )

1l s (rety = €58 suplf ()] < o,
x€ERY
where for x = (x4, x4-1,%4) = (x', x4) and
2a+1 , xéa+1
d.ua(x) = Tda-1 _d-1 dx dxd = Tda-1 _d-1 dxy, -, dxg.
T 2z 2°72 T(a+1) T 2 2°772 I(a+1)

For f € LL,(R%), the Weinstein (or Laplace-Bessel) transform is defined by
Fu(DE60 = [ F0 59w ) due@x), @2D)
]R+

where w(x, &) = e~¥*'$)j (x,€,), (x,€) € RE x RY, the kernel of Weinstein and j,is the spherical
Bessel function :

2k

ja(@) =T(a+ 1)2 T F((_l)k (g) , Zz€C.
k=0

a+k+1)
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For radial function f € L% (R%), the function f defined on R such that f(x) = f (|x|) for all x € RY,
is integrable with respect to the measure r2**4dr. Precisely, we have

[ F0he@ = aea [ FOIT2ear,
RY 0

where
Waa 1
Gad = 1 @-D/22a+@D/2[ (g + 1) 20+@D/2M (@ + (d + 1)/2)’
Forr > 0, we denote by B, = {x € R%, |x| < r} the ball in R of center 0 and radius r. The
characteristic function of a set A is denoted by y,, so that

! ifxeA
xa0() = {0 otherwise’

The Weinstein transform satisfies the following properties
1- Forall f € L3(R%), thatis

”TW(f)”ié(Ri) = ”f”lz,%r(]Ri)’
we have

?W_l(f)(f) = TW(f)(_S;,f fd)' ‘f = (f,; fd) € R‘-ii-
2 - For § > 0, we define the fractional operator (—Aw)g

Fur | (=85 | © = 161PFw (D).
3-1If f € L, (R$), then
||-7:W(f)||Lc&0(Rg) < ||f||L}x(Rg)-
4 - If £ and Fy, (f) are both in L% (R%), then inverse Weinstein transform is defined for almost every x €
R%by
F@ = | ROV D),

where w(x, &) = w(—x, §).
The generalized translation operator 7,, x € R associated with the Weinstein operator Ay, is defined
for a continue function f on R¢even with respect to the last variable by

[(a+1 T
T,.f(¥) = ( ) f f (x’ +y'; \/xﬁ +yZ+ 2x§y§c059) (sinf)?*deo,
Vi T(a +1/2) Jo

2.2)
y € RZ, where (x' +y' = x1 + Y1, Xg-1 + Vg-1)-

In particular for all x,y € R¢we have 1, f(y) = 7,f(x) and 7of = f. Moreover forall 1 <p <
o, f € Lb(RY), the function x — 7, f belongs to L, (R$) and we have
||Txf||Lg(]Rg) < ||f||Lg(]Rg)-
It is also well known that

T, w(, ) () = w(x, Dw(y, ), x,y,A € R%,
Therefore, for f € LY(RY), p=1o0r2
Fw (@ f)) = wlx, ) Fw (), x,y € R{.

By using the generalized translation, we define the generalized convolution prod- uct f *,, g of
functions f, g € L% (R%) as follows:
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For 9@ = | nf (5 y0@Mdu), xRt

This convolution is commutative and associative. Then (see [1]), if 1< p,q,r < o are such that
1/p+1/q—1=1/r, f*y g € Ly(R%) and we have the following Young inequality:
If *w 9||L3(Rg_) < ||f||Lg(Rg)||g||Lg(M)-
This allows us to define f =, g for f € LY, (R$) and g € LL(R$). Moreover, for f € L, (R$) and g €
LI(RY), q = 1or 2, we have
Fw(f *w 9) = Fw(HFw(9).

3. Existence of Some Orthonormal Bases forLZ(R%):

In this article utilizing Weinstein transform L%{(Ri), we prove uncertainty principle inequality for
orthonormal basis. The proof of the following theorem is based on the idea of bourgain [4] and
Malinnikova [8].

Remark 3.1 : There is an orthonormal sequence {1, }o,in L% (]R‘i) with bounded product of dispersion.
Indeed for y,,;: R¢ - R a radial real-valued Schwartz function supported in B, (0,2)/B,(0,1) with

—(2as+ds+s)

IIIPIIi%l(Rg) =1, consider ¥, (x) =2z P(27%x), then [[Ynllz jay = W1l 2R, supp
lpn(x) c B+ (0' 2_S+1)/B+ (0; 28)’ and
FwWn)(&) =2 Fw () (2°8).
Therefore, {1, }5-1 is an orthonormal sequence in L% (R$ )such that
lxl¥nll 2 ey = 2°1x[Y1 12 gays E1Fw @l 2 may = 2SI 2 (ra-

2as+ds+s
2

Hence,

”|x|lpn”Lé(Ri)”lflTW(lpn)”L%r(Rg) = ”|);|¢”L§(IR{$)”lEll’D”Lé(R‘i) < oo,
L5 (R)
L%(R¢), our obtained results are complement to N. Ben salem and A. Rashed [3]. Let”s construct an
orthogonal sequence on R¢ as the following . For, a positive integer s , define

—(2as+ds+s)

Yrs(x) =2 2 P27x0)w(, 27%k), (3.3)

We construct orthogonal sequence and |1y (|| < 1. We use Weinstein transform in

where
w(x,2-5k) = 27K (2-Skuxy), k= (kg kg), k= (k' ky) € 474,
k| < 25

Observe that v, () is orthogonal sequence.
Lemma 3.2. Let 1y s(x) as (3.3) Then, supp (Yrs(x)) € {x = (xq,++,x)B 25 < xpp, < 25,m =
1,---,d}, the sequence {¢k:5(x)}ks is orthogonal, and for p = 2 there exists

2as+ds+s

Fow(Wrs) <2 2 TW(IZP)(ZSf' — k', 254 + kq).
1€ = 27kIFw eI Ol gy < 272D
Proof. From (2,1),
—(2as+ds+s)
Fulbe)© =2 1 | 0w 2R e E)dig (o)
R+
—(2as+ds+s)

=2 i -fdlp(Z‘Sx)e—i(x‘,.f/_z—skl)ja(z—skdxd)ja(fdxd) d,ua(x),
]R+

from (2.2), we get
ja(z_skdxd)ja(fdxd)
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Fa+1) (™
:% ) (%@ 5ka)? + (§a)? + 22 kagqc05 0) (sinB)?d6 |
so that
Ja(27%kaxa)ja(§aXa) = T /Z)Ja(xd(€d+2 ka)) fo (sind)2*dg

< ja(xa(a + 275ky)).
Therefore

—(2as+ds+s)

Fw(es) <2 2 fRdw(Z'Sx)e-“""f"z‘s"”ja(xd@d +27kg))dp (x)

(2as+ds+s)

Pl )@ <25 | ) e 0200 a (250 + ka))dia ().

Hence,

(2as+ds+s)
Fu(s) @ S22 Fy@h)@5E — k', 2564 + ko).
Now,

1 =275k W) Ol ) = |16 =2 P () O e,

— ! ! 2
< 2 (2as+ds+s) J'Rilé- ) sk|2|g:'W(ll))(ZS€ -k, Zsfd + kd)| d.ua(f)
a-1
< 2(2a5+d5+5)f Z|fi — 27%k|* + 1&g — 2 kg |PIFw () (258" — k', 2585 + k)P dug (§)
R$ =1

-1
< pastdss) f D 06— 27Kl 1+ 2 kg DIFW W25 = K, 2% + o) P dita §)
Ryi=1
B , 2 , 2 .
<2 fm(ln 12+ [n,] )|?W(l/))(n,nd)| du (')
< 27 [oaInl? 1w ) ()1 dis, ()
< 272 In|Fu @I DI ey < 272°D.
Remark 3.3. Enumerate k for fixed s > 2 as {k(n, s)}ﬁil, and write Yy, s(x) = Yg(ns)s(x) for n =
1, K
Lemma 3.4. Let ¥ (x) be defined as Lemma3.2.The supp (¥ s(x)) € {x = (x1,+,x4)B2571 <

Xm < 25,m=1,-,d}. Then
2

< B, d),

-1
|E - Z_Skll Z O-n:Fw (lpn,s)
n=1

12(R%)
where B (3, d) constant depends on v, d.

Proof : we have
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2

HIE 2" Skﬁzanf (¥ns)

13 (Rd)

f|e 27k,

< sz (1+1€?)
R

2
Gn?w (Wns)| dpa($)

l 1 2

Z o (ns)

n=1

dug(§)

-1 -1
2 2
<22 ) 1o sl gy + 22 ) ol f JEP B Wn o) dra ().
n=1 n=1 Ry

Put |: 11 +12,
-1
22

1, =2° Z|0n|2||¢nr$||i§(R$) = K
n=1

-1
=22 lonl | IR G| e (©)
n=1 +

-1
1 2
=2 ) ol [ |Pvtins| due®
— R
l 1 2
=22 Yol [ =i duato)
n—l

= 222|an|2 [~ Butbnsl dita o)
n=1 L

Since

ap(m) oaw(n, k)
an; an;

8,y (V¥ 1) = ()8, ¥ (0, K) + %0, KB Y(r) + 2 Z

let suppy c [-1,1]¢"1 x [0,1],

)

d-1 P
oY 0%w(n, k) 0%w(n,k) 2a+10w(nk
Y(MAL,w(1, k) =Y(@) (Z w(n, k) w(n, k) + a+10w(n ))

= on7 ong Na  Ong
Since
0%ja(Maka) 2a+10j,(akq) 2
+ = —kaju(Naka).
677(21 a E a JaMakaq)

YA k) = (k12w k) + k2w, k)
i = |kI*pm)w(n, k).
BW(n,k) () _, dw(n, k) oyp(n) +20‘P(n,k) aY(n)
on; on; o On;  On; 0ng  Ong

j=1

d-1 [
_ L ——0(m) _0w(n,k)0oY(n)
=2 Z ikjw(n, k) o, +2 e g
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Therefore
I < 22 Yrhlon k12 fgalb (e, k)| dua (n)

-1 -1 a-1 all)( )
— n

+22 ) Lol [ I8 pGDIR G Bldia(n + 2 Y lonl? Y [i5]2 | ‘ 2
n=1 Ry n=1 =1 R 97

|w(n, k)|dug ()

-1 -
aYpm)| [0w(n, k)
22 ) Iz || I o,
_ ~ R | ONa Na
Since,
- dj,(mak
le(m, k)| <1, Yalaka) <kgy.
g
-1 -1 -1
I, < 22 Z|an|2 k|2 + 22 Z|an|2 C(w,d) 422 2|an|2 C(w, d).
n=1 n=1 n=1
Hence,

2

< B(d, ),

-1
|€ —27%k| Z onFw (l/)n,s)
n=1

12(R%)
where B(d, ) constant depends on 1, d.
Theorem 3.5. There exists an orthonormal basis {¢,, }s=, for L% (R$) and bounded sequences {e, }=, C

R¢ and {a,.}%.; c R%, such that
sup (11 = el ull g ) 1€ = @l (@)l ) < o

Proof. Let the sequence {f} }=, of smooth functions with compact supports be dense on the unite sphere
in L2 (R$). There we construct orthonormal basis of the form U, 4,, where each Ais a finite
orthonormal system with compact support is already obtained. let G,_,be the linear span of these
functions, we also put G, = {0}. Define
f=fc—Pe_,Jr-

Note that ||f||ig(R$) <1, because f L Pg,_ fi, and ”fk”i%x(mﬁ) =1.
Take s large enough such that the supports of w; (do not intersect the supports of f and of functions in
G-, SO that

supp f c [_25‘—2'25—2]11—1 X [0 ) 25—2]

supp b © [—2572,2572]9-1 x [0, 2572]
and we have used the fact that Fy,(f) in the Schwartz space

J. 81+ D21 (P < .
Now, define '

0
by = —f +nvi s

/K

0
b,=—f+o +y ,
2 ,—st 1¥1 s 2Y2 s
6

b3 = \/_K—Sf + 0-11/)1,5 + 0-21/)2 ,S + Y3ll}3 ,S?

0
by, = ——=f + 011 s + 0P s + - + O 1 Pk,—1 s + Vi, WPk, s

/K

Univ. Aden J. Nat. and Appl. Sc. Vol. 24 No.2 — October 2020 475



Phase space localization of orthonormal sequences in............... Amgad R. Naji, Ammer Z. Othman

Let 0< 6 < 1/4 be sufficiently small. Clearly, b, are orthogonal to G, _;. The constants a4, -+, ox__,and
Y1, ", Yk, are chosen for {bl}f:sl an orthonormal sequence. Thus

-1
0 0
[ pibncdinad = [ | =1+ owthns +vihes || =
RY Rg KS n=1

k-1
d )
\/— \/Ef + nz::l OnYn s T yklpk,s .ua(x)

when (k # 1),
| pibrcua@ =0,
Rd

+
we obtain (when1 <[ < k),

92 -1 ) )
[P+ [ ol s duaCo + [ ol s duaCo =0,
Ko &4 ns

92 -1
1, oy + D 0% + a7, = 0.
$ n=1
Hence
l_

6%
oy = _?”f”L%x(M) - ) op. (3.7)
N
1

=

S
Il

When (I = k)
f by 2dpa () = 1,
R

-1
62 2 2
J, PG = [ TP dnal+ | D ot dna+ [ v dna) = 1
+ +5 +n=1 ¥

Then
-1

92
I, oy + D o742 =1
s n=1

Hence
l_

2
vi=1-L 0 0 = 2. 38)
t K, " "La(RE) "
1

=

S
Il

Clearly, from inequalities (3.7), (3.8), we obtain
2

>|ylf=21-—,
lvil = |l K,
ol <
ol ==
By the last two inequalities, we know that o; is close to zero and y; is close to one. Thus we expect to
have b, close to w; . In fact
30

2
”bl - l/)l'S”L%x(]Ri) < Fs (3.9)

To see this,

”bl - wl,s”ié(Rg) < ”bl - Vllpl,s”;x(ﬂgg) + |1 - Vll2
2
< ”bl - Vllpl,s”ia(ﬂﬁ) + I?_Sz

< ZNFIZ ooy + Db la ]2 +
- Ks L?I(R+) n=11"n Ks
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62 62 6
< —+Kggt+—
Ks Ks Ks
2

L2006
Ks Ks
20,0
Ks = Ks

36

Ks

Now, we prove that

11x = enlPnll z (ng) < o
It is sufficient to prove that

115G 2ty < -
Using inequality (3.9), we have
|IIx|bz(x)Ilfé(Rg) = nglxIZIbl(x)lzdua(x)

< [ P10 = s COP @) + [l s it ()
RY R¢

2 2
< Zzsllbl(x) - lpl'S(x)”L%{(]Ri) + ”lxll/)l ’S(x)”L?l(]Rz)
2
< 2%5||py(x) - zpl,s(x)||La(M) + 225D
< 302%5 + 23D < C,.
For the Weinstein transform we estimate ||[§ — 2‘5k|7-},l,(171)||i2 (RY)’ where
11§ = 27kl (b 17 gy = f 6= 2K PIF (b P dpa (§)
IR+

2
0

/K

< 3f 1€ — 275k, |2
RS

-1
f + Z On wn ,S + Vll»bl,s d.ua(f)
n=1

9 2
Fv <\/_K_sf> dug($)

-1 2

> 0 Fu(thn )

n=1

- 2
+3 fpalé = 27kil*| By (i )| da ().
To estimate the first term, we put8 = 1/4

3 2ot ()| i
fﬂgglf— il W(J_K_sf>

= [ Jg= 2|
Ry

13 f | — 275k, |? A (€)
R

Aa(®) = 1oz | K= 2 RPIE (PDPdia®

— 3 2—Sk 2 j;' 2d
—16KSfR$If— 1T ()2 dpa(§)

3
= o7 |y 061+ DR e ®

< < 3C.

16K,
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For the second term, using Lemma 3.4 we see that

1-1 2
3] |‘>; _Z_Skll2 zo-n:]:w(l/)n,s)
Rﬁ n=1
The third term proved in Lemma 3.2
- 2
[ e = 2t Rl ) due ) < D,
Ry

due(§) < B, d).

Then
1§ = 27kl Ry (Bl gy < D-s + B(h,d) +3C < C_g

Thus
_ 2 - 2
l|x — 2 Skllbl”Lé(Ri)Hlf -2 Skllj:w(bl)”ll%r(Rz) <C.
We set Ay = {by, ... ....., by} and continue the procedure. We want to check that the resulting
orthonormal sequence is complete, once again. First,

K
Pafic = PoyJet ) (F.b) by
=1

Ks

1Poficlls gy = 1P fill 2 ey + D B2
=1

Ks
= Wfie = Fi gy + D I BOP
=1
) 2
=1- ”f”lz,%x(]Rﬁ) + K <\/_K_s llf”iﬁ(]]&ﬁ))
=1- ”f”i?z(ﬂ@i) + Qzllf”;}l(mi)
> 62

When 8 = %, we have

Po fells > —

” kak”L%,(Ri) = E

Suppose that the orthonormal sequence Uy_; Agis not complete. Let G be closed span. Then there exists
h € L4 (R,) such that ”h”Lé(Ri) =1 and his orthogonal to G. For some k we have ||h — fk||La(1R1+) <

1/4 since {f, } is adens sequence on the unite sphere of L%X(IR‘},). Then we obtain the contradiction

1 2
16 < ”PGk(fk)”L?x(]Rg) < ”PG(fk)“i%l(]Rg) = [P (fi — h)“ié(Ri) < Ilfk - h||§é(m)
1

<—.
16
Then the orthonormal sequence Uy_; Agis complete. The proof is finished.
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